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PREFACE. 



The invention of Analytic Geometry by Descartes in the 
early part of the seventeenth century, quickly followed by that 
of the Infinitesimal Calculus by Newton and Leibnitz, pro- 
duced a complete revolution in the mathematical sciences them- 
selves and accelerated in an astonishing degree the progress of 
all the sciences in which mathematics are applied, but arrested 
fi)r a time the progress of pure geometry. The new methods, 
characterized by great generality and &ciliiy in their application 
to problems of the most varied kinds, offered to the succeeding 
generations of investigators more inviting fields of research and 
promises of surer and richer reward than the special and ap- 
parently more restricted methods of the ancients. During the 
eighteenth century hardly any important addition to geometry 
was made that was not the direct product, either of the Cartesian 
method alone, or of that method in alliance with the Infinitesi- 
mal Calculus. 

With the present century, however, a new era commenced in 
pure geometry. The first impulse was given by the Descriptive 
Geometry of Monge ; then followed Carnot's Theory of Trans- 
versals, Poncelet's Projective Properties of Figures and Method 
of Eedprocal Polars, the researches of Steiner, Poinsot, Geb- 
GONNE, Cayley, MacCullagh, and many others, crowned by 
the brilliant discoveries of Chasles. 

All this progress, it is true, has been chiefly in the higher 
departments of pure geometry, and has not yet essentially changed 
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the substance or form of what is known as Elementary Geometry, 
which is little more than the Geometry of Euclid in a modem 
dress^ with certain necessary additions in solid geometry; for, 
although some of the recent discoveries are of a remarkably 
simple character and (if simplicity were the only requisite) might 
be introduced into the elements, it is generally conceded that in 
elementary instruction it is most expedient to commence with the 
Euclidian geometry, and to reserve the new developments for 
subsequent study under the name of the Modem Geometry, 

Nevertheless, this advance in the general science has not fidled 
to produce its l^itimate effect upon the primary branch; and 
the modem treatises on the elements, especially in France, fix)m 
that of Legenbbe in 1794 to that of BoucHig and Combeboubse 
in 1868, exhibit a gradual and marked improvement both in 
matter and method. 

In the following treatise, designed especially for use in colleges 
and schools, I have endeavored to set forth the elements with all 
the rigor and completeness demanded by the present state of the 
gena^ science, without seriously departing fi^m the established 
order of the propositions, or sacrificing the simplicity of demon- 
stration required in a purely elementary work. Some subjects, 
pot usually included in elementary works, are so placed that they 
may be omitted without breaking the chain of demonstration, 
and the remainder may be used as an abridged course in those 
schools where the time allotted to the study does not suffice for 
the perusal of the whole. Such, for example, are the articles on 
Maxima and Minima at the end of Book V. and those on Similar 
Polyedrons and the E^ular Polyedrons at the end of Book VII. 

As the student can make no solid acquisitions in geometry 
without frequent practice in the application of the principles he 
has acquired, a copious collection of exercises is given in the 
Appendix. The discouraging difficulties which the young student 
commonly experiences in his first attempts at demonstrating new 
theorems, or solving new problems^ are here obviated in a great 
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d^ree by giving him such suggestions for the solution of many 
of the exercises as may fidrly be presumed to be necessary foi 
him at the successive stages of his progress. These suggestions 
are given with less and less frequency as he advances, and he 
IS finally left to rely entirely upon his own resources when he 
may be supposed to have acquired by practice considerable 
familiarity with principles, and dexterity in their application. 

The Appendix on the Modem Oeomdrj/y although restricted to 
the properties of the straight line and circle, will serve a good 
purpose, it is hoped, either as an introduction to such works as 
those of PoNCELET and Chasles in which the methods of pure 
geometry are employed, or as a companion to the works of 
Salmon and others in which the new geometry is treated by the 
analytic method. 

In the preparation of this work, I have derived valuable aid 
fix>m a number of the more recent French treatises on Element- 
ary Geometry, and especially from those of Bobillieb, Bbiot, 
CoMPAGNON, Legendbe (edited by Blanchet), and the very 
complete TraiU de OSomitrie ^ISmentaire of EouCH]^ and CoM- 
BEBOUSSE. The last named work has furnished many of the 
exercises of Appendix I. and much of the matter of Appendix II. 

WaSHIKOTON UNrV^EBSITY, 

St. Louis, June 1, 1869. 
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10 GEOMETRY. 

Buch boundary to be abstracted and considered separately from the 
solid. Moreover, we may suppose a surface of indefinite extent as to 
length and breadth ; such a surface has no limits. 

Similarly, a line may be considered, not only as the limit of a 
surface, but as abstracted from the surface and existing separately in 
space. Moreover, we may suppose a line of indefinite length, or 
without limits. * 

Finally, a point may be considered, not merely as a limit of a line, 
but abstractly as having only position in space. 

5. Definitiona, A straight line is the shortest 

line between two points ; as AB, 

Since our first conception of a straight line may be regarded as 
derived from a comparison of all the lines that can be imagined to 
exist between two points, i.e., of lines of limited length, this definition 
(which is the most common one) may be admitted as expressing such 
a first conception ; but since we can suppose straight lines of indefi- 
nite extent, a more general definition is the following : 

A straight line is a line of which every portion is the shortest line 
between the points limiting thai portion. 

A broken line is a line composed of differ- 
ent successive straight lines; as ABCDEF, 

A curved line, or simply a curve, is a line 
no portion of which is straight; as ABO, 

If a point moves along a line, it is said to describe the line. 

6. Definitions, A plane surface, or simply a 
plane, is a surface in which, if any two points 
are taken, the straight line joining these 
points lies wholly in the surface. 

A curved surface is a surface no portion of which is plane. 

7. Solids are classified according to the nature of the surfaces 
which limit them. The most simple are bounded by planes. 

8. Definitions, A geometrical figure is any combination of points, 
lines, surfaces, or solids, formed under given conditions. Figures 
formed by points and lines in a plane are called plane figures. Those 
formed by straight lines alone are called rectilinear, or right-lined, 
figures ; a straight line being ol\en called a right line. 
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9. D^inUians. Oeametry may be defined as the science of extension 
and position. More specifically, it is the science which treats of the 
construction of figures under given conditions, of their meamremeinL 
and of their propertiea. 

Plane geometry treats of plane figures. 

The consideration of all other figures belongs to the geometry oj 
gpace, also called the geometry of three dimensions. 

10. Some terms of frequent use in geometry are here defined. 

A theorem is a truth requiring demonstration. A lemma is an 
auxiliary theorem employed in the demonstration of another theo- 
rem. A problem is a question proposed for solution. An axiom is a 
truth assumed as self-evident. A postukUe (in geometry) assumes 
the possibility of the solution of some problem. 

Theorems, problems, axioms and postulates are all called propo- 
sitio)is, 

A corollary is an immediate consequence deduced from one or more 
propositions. A scholium is a remark upon one or more propositions, 
pointing out their use, their connection, their limitation, or their 
extension. An hypothesis is a supposition, made either in the enun« 
elation of a proposition, or in the course of a demonstration. 
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HECTILTNEAB FIGURES. 
THE STRAIGHT LINE. 

1. Axiom, There can be but one straight line between the same 
two points. 

2. Postulate, A straight line can be drawn between any two points; 
and any straight line can h^ produced (i, e,, prolonged) indefinitely^ 

3. Axiom, If two indefinite straight lines coincide in two points, 
they coincide throughout their whole extent, and form but one line. 

Hence two points determine a straight line; and a straight line 
may be designated by any two of its points. 

4. Different straight lines drawn from the same point are said to 
have different directions; as OA, OD, etc. The ^ 

point from which they are drawn, or at which ^ 

they commence, is often called the origin. 

If any one of the lines, as OA, be produced 

through 0, the portions OA, OB, on opposite boa 
sides of 0, may be regarded as two different lines haying opposite 
directions reckoned from the common origin 0, 

Hence, also, every straight line AB has two opposite directions, 

namely, from A toward B (A being regarded as 

its origin) expressed by AB, and from B toward ^ 

A (B being regarded as its origin) expressed by BA. If a line AB 

is to be produced through B, that is, toward 

Gf we should express this by saying that t — + j — - 

AB is to he produced; but if it is to be 
12 
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produced through A, that is toward jD, we should express this by 
saying that £A is to be produced. 

ANGLES. 

5. Definition, An angle is a figure formed by two 
straight lines drawn from the same point; thus 
0-4, OB form an angle at 0. The lines OA, OB 
are called the ddea of the angle ; the common point 
O, its vertex. 

An isolated angle may be designated by the letter at its vertex, as 
'*the angle 0;*' but when several angles are formed at the same 
point by different lines, as OA, OB, OC, we desig- 
nate the angle intended by three letters ; namely, by 
one letter on each of its sides, together with the one 
at its vertex, which must be written between the other 
two. Thus, with these lines there are formed three 
different angles, which are distinguished as A OB, -BOCand AOC. 

Two angles, such as A OB, BOC, which have the same vertex 
and a common side OB between them, are called adjacent 

6. Definition, Two angles are equal when one can be placed upon 
the other so that they shall coincide. Thus, the 
angles A OB and A' O'B' are equal, if A'O'B' can 
be superposed upon A OB so that while O'A' coin- 
cides with OA, O'B' shall also coincide with OB. 
The equality of the two angles is not affected by 
producing the sides ; for the coincident sides con- 
tinue to coincide when produced indefinitely (3).* Thus the magnitude 
of an angle is independent of the length of its sides. 

7. A clear notion of the magnitude of an angle will be obtained 
by supposing that one of its sides, as OB, was at first 
coincident with the other side OA, and that it has 
revolved about the point (turning upon as the leg 
of a pair of dividers turns upon its hinge) until it 
has arrived at the position OB. During this revolution the movable 
side makes with the fixed side a varying angle, which increases by 
insensible degrees, that is, continuously; and the revolving line is 

* An AraHc nameral alone refers to an article in tlie same Book ; but in refer- 
ring to articles in another Book, the number of the Book is also j^iven. 
2 
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said to describe, or to generate^ the angle A OB. By continuing th« 
revolution, an angle of any magnitude may be generated. 

It is evident from this mode of generation, as well as from the defi« 
nition (6), that the magnitude of an angle is independent of the 
length of its sides. 



PERPENDICULARS AND OBLIQUE LINES. 

8. Definition. When one straight line meets another, so as to make 
two adjacent angles equal, each of these angles is called a right 
angle; and the first line is said to he perpendicular to the second. 

Thus, if AOC and BOC are equal angles, ^ 

each is a right angle, and the line CO is per- 
pendicular to AB, 

Intersecting lines not perpendicular are said 

to be oblique to each other. 
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PROPOSITION I.— THEOREM. 

9. At a given point in a straight line one perpendicular to the Une 
can be drawn, and biU one. 

Let be the given point in the line AB. Suppose a line OD^ 
constantly passing through 0, to revolve about ^ 

0, starting from the position OA In any one 
of its successive positions, it makes two different 
angles with the line AB; one, J. 02), with the 
portion OA; and another, -BOD, with the por- 
tion OB. As it revolves from the position OA around to the posi- 
tion OB, the angle A OD will continuously increase, and t][ie angle 
BOD will continuously decrease. There will therefore be one posi- 
tion, as OC, where the two angles become equal ; and there can evi- 
dently be but one. 

10. Corollary. All right angles are equal. That is, the right 
angles AOC, BOC made by a line CO 
meeting AB, are each equal to each of 
the right angles^' 0' (7', B'O'C, made 
by a line CO' meeting any other line 
A'B'. For, the line A' O'B' can be ap- j, — 
plied to the line A OB, so that 0' shall 
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BOOK I. 15 

fietll upon 0, and then OC* will fall upon 0(7, unless there can be 
two perpendiculars to AM at 0, which by the preceding proposition 
is impossible. The lines will therefore coincide and the angles will 
be equal (6).. 

PROPOSITION n.— THEOREM. 

11. The two adjacent angles which one straight line makes with 
anotlier are together eqwd to two right angles. 

If the two angles are equal, they are right rmgles by the definition 
(8), and no proof is necessary. 

If they are not equal, as AOD and BOD, still the sum of AOD 
and BOD is equal to two right angles. For, let OCbe drawn at 
perpendicular to AB, The angle AOD is the ^ 

sum of the two angles J. 00 and COD, Adding 
the angle BOD, the sum of the two angles A OD 
and BOD is the sum of the three angles AOC, 
COD and BOD. The first of these three is a '^ ^ ' 

right angle, and the other two are together equal to the right angle 
BOC; hence the sum of the angles AOD and BOD is equal to two 
right angles. 

12. Corollary I. If one of the two adjacent angles which one 
line makes with another is a right angle, the other is also a right 
angle. 

13. Corollary II. If a line CD is perpen- 
dicular to another line AB, then, reciprocally, 
the line AB is perpendicular to CD. For, 
CO being perpendicular to AB &t 0, AOC ^' 
is a right angle, hence (Cor. I.) AOD is a 
right angle, and ^ or AB is perpendicular 
to CD. ^ 

14. Corollary III. The sum of all the consecutive angles, A OB^ 
BOC, COD, DOE, formed on the same side 

of a straight line AE, at a common point 0, 
is equal to two right angles. For, their sum 
is equal to the sum of the two adjacent angles 
A OB, BOE, which by the proposition is equal 
to two right angles. 
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16. ChroUary IV. The sum of all the consecutive angles A OB^ 
BOG, COD, DOE, EOA, formed about a 
point 0, is equal to four right angles. For, 
if two straight lines are drawn through 0, 
perpendicular to each other, the sum of all 
the consecutive angles formed about will 
be equal to the four right angles formed by 
the perpendiculars. 

16. Scholium, A straight line revolving from the position OA 
around to the position OB describes the two 
right angles AOC and COB; hence OA and 
OB, regarded as two different lines having 
opposite directions (4), are frequently said to 
make an angle with each other equal to two " '^ ^ 
right angles. 

A line revolving from the position OA from right to left, that va^ 
successively into the positions OC, OB, OD, 
when it has arrived at the position OD will 
have described an angle greater than two 
right angles. On the other hand, if th^ 
position OD is reached by revolving from 
left to right, that is, successively into the 
positions OE, OD, then the angle AOD is 
less than two right angles. Thus, any two ^ 

straight lines drawn from a common point make two different angleci 
with each other, one less and the other greater than two right angles. 
Hereafter the angle which is less than two right angles will b^ 
understood, unless otherwise expressly stated. 

17. Definitions. An acute angle is an angle ^ 
less than a right angle; as AOD. An obtiise 
angle is an angle greater than a right angle; as 
BOD. 

18. When the sum of two angles is equal to a " "^ ** 
right angle, each is called the complement of the other. Thus DOC 
is the complement of AOD, and AOD is the complement of DOC. 

19. When the sum of two angles is equal to two right angles, each 
is called the supplement of the other. Thus BOD is the supplement 
of A OD, and AOD is the supplement of BOD. 
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20. It is evident that the complements of equal angles arn equal 
to each other; and also that the supplements of equal angles are 
equal to each other. 

PROPOSITION III.—THEOREM. 

21. Conversely, if the awn of two adjacent angles is equal to two 
right angles^ their exteriot sides are in the same straight line. 

Let the sum of the adjacent angles AOD, 
BOD, be equal to two right angles; then, (9 J. 
and OB are in the same straight line. 

For ^02> is the supplement of AOD (19), 
and is therefore identical with the angle which OD makes with the 
prolongation of AO (11). Therefore OB and the prolongation of 
A O are the same line. 

22. Every proposition consists of an hypothesis and a conclusion. 
The converse of a proposition is a second proposition of which the 
hypothesis and conclusion are respectively the conclusion and hy- 
pothesis of the first. For example. Proposition II. may be enun- 
ciated thus : 

Hypothesis — if two adjacent angles have their exterior sides in the 
same straight line, then — Conclusion — ^the sum of these adjacent 
angles is equal to two right angles. 

And Proposition III. may be enunciated thus : 

Hypothesis — if the sum of two adjacent angles is equal to two 
right angles, then — Conclusion — these adjacent angles have their 
exterior sides in the same straight line. 

Each of these propositions is therefore the converse of the other. 

A proposition and its converse are however not always both true. 

PROPOSITION IV.— THEOREM. 

23. If two straigJU lines intersect each other, the opposite (or verticat) 
angles are equal, 

LfOt AB and CD intersect in 0; then will the 

opposite, or vertical, angles AOC and BOD be 

equal. For, each of these angles is the supple- 

taient of the same angle BOC, or AOD, and 

hence they are equal (20). 

2« B 
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In like manner it is proved that the opposite angles A OD and 
BOOaTQ equal. 

24. Corollary I. The straight line EOF which bisects the angle 
AOG also bisects its vertical angle BOD. For, the angle FOD is 
equal to its vertical angle EOC, and FOB is 

equal to its vertical angle EOA , therefore if 
EOC and EOA are equal, FOD and FOB 
are equal. 

25. Corollary II. The two straight lines 
EOF, HOO, which bisect the two pairs of 
vertical angles, are perpendicular to each 
other. For, HOC = HOB and COE = 

BOF; hence, by addition, HOC + COE = HOB + BOF; that 
is, HOE = HOF; therefore, by the definition (8), HO b perpen- 
dicular to FK 
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PROPOSITION v.— THEOREM. 

26. From a given point wiihovi a draight line, one perpendicular 
can be drawn to ihact line,. and hut one. 

Let AB be the given straight line and P the given point. 

The line AB divides the plane in which it 
b situated into two portions. Let the por- 
tion containing P, which we suppose to be 
the upper portion, be revolved about the line 
AB (i.e., folded over) until the point F comes 
into the lower portion; and let P' be that 
point in the plane with which P coincides 
after this revolution. Restoring P to its 

original position, join FF\ cutting AB in C, and again revolve the 
upper portion of the plane about AB until P again coincides with 
P'. Since the line AB is fixed during the revolution, the point C is 
fixed; therefore P(7 will coincide with P'C, aid the angle PCD 
with the angle P'CD. These angles are therefore equal (6), and 
BC is perpendicular to PP' (8), or PC perpendicular to AB (13). 
There can therefore be one perpendicular from the point P to the 
line AB. 

Moreover, PC is the only perpendicular. Let PD be any oth^t 
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line drawn from P to -4J5, and join P*D, Then, when the upper 
portion of the plane is revolved until P coincides with P\D being 
fixed, PD coincides with P*Dy and consequently the angle PBG with 
the angle P'DC. Hence the angles PDC and P'DC are equal. 
Now PJP' being the only straight line that can be drawn from P to 
P' (1), PDP* is not a straight line ; and if PD is produced to -E, 
PDE and DP' are different straight lines. Hence the angle PJDP' 
is less than two right angles, and its half, PDC^ is less than one 
right angle ; that is, PD is an oblique line. Therefore PC is the 
only perpendicular. 

27. Corollary. Of the two angles which any oblique line drawn 
from P makes with AB, that one is acute within which the perpen 
dicular from Pupon AB falls; thus, PDC is acute. 

PROPOSITION VI.— THEOREM. 

28. The perpendicular is the shortest line that can be draum from a 
point to a straight line. 

Let PC be the perpendicular, and PD any oblique line, from the 
point P to the line ^P. ThenPC<PD. 

For, produce PC to P', making CP' = 
CPf and join P'D. When the portion of the 
plane which contains P is revolved about 
AB, as in the preceding proposition, until P 
coincides with P', PD also coincides with 
P'D; and hence PD = P'D. But the 
straight line PP\ being the shortest distance 
between the points P and P', is less than the broken line PDl^. 
Therefore PC7, the half of the straight line, is less than PD, the half 
of the broken line. 

29. Definition. By the distance of a point from a line is always 
understood the shortest distance. By the preceding proposition, 
therefore, the perpendicular measures the distance of a point from a 
straight line. 

Also, by the distance of one point from another is understood the 
Aortest distance, that is, the straight line between the points. 
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PROPOSITION VII.— THEOREM. 

30. Thoo oblique lines dravm from the same point to a straight line^ 
cutting off equal distances from the foot of the perpendicular, are equaL 

Let the oblique lines PD, PE, meet the line AB in the points D 
and E, cutting off the equal distances CD 
and CE from the foot of the perpendicular. 
Then PD = PE 

For, DCE being perpendicular to PC, 

and CD = CE, the figure PCD may be re- 2 Zf c js^i 

volved about PC into coincidence with 

PCE\ and since the point D will fall on E, PD will coincide with 

PE. Therefore PD = PE. 

31. Corollary. The angles PDC and PEC are equal ; that is, two 
equal straight lines from a point to a straight line make equal acute 
angles vdth that line. 

32. Defifiition. A broken line, as ABCDE, is called convex, when 
no one of its component straight lines, if pro- 

duced, can enter the space enclosed by the s^,^^ -P 

broken line and the straight line joining its ^ \ 

extremities. '^ -* 



PROPOSITION VIII.— THEOREM. 

33. A convex broken line is less than any other line which envelops U 
and has the same extremities. 

Let the convex broken line AFOE have the same extremities A, 
E, as the line ABCDE, and be enveloped by 
it ; that is, wholly included within the space y^T^^^----^ 

bounded by ABCDE and the straight line /y^ 3\r\ 

AK Then AFQE < ABCDE ^^..... .^^^^ ^ 

For, produce AF and FO to meet the en- 
veloping line in H and K. Imagine ABCDE to be the path of a 
point moving from A to E. If the straight line AH be substituted 
for ABCH, the path AHDE yfill be shorter than the path ABCDE 
the portion HDE being common to both. If, further, the straight 
line FK be substituted for FHDK, the path AFKE will be a still 
shorter path from .4. to E. And if, finally, OE be substituted for 
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QKE, AFQE will be a still shorter path. Therefore, AFGE is less 
than any enveloping line. 

34. ScholiunL The preceding demonstration applies wheii the en* 
veloping line is a curves or any species of line whatever. 




PROPOSITION IX.— THEOREM. 

35. Of two oblique lines drawn, from the same point to the smne 
sib'aighi line, thai is the greater which cuts off upon the line the greater 
distance from the perpendicular. 

Let FC be the perpendicular from F to AB, and suppose CE > 
CD; then FE>FD. 

For, produce FC to P', making CF' = 
CF, and join DP', EF\ Then, as in Pro- 
position VI., we have FD = F'D, and FE 
= P'£ But (33), the broken line FDF' 
is less than the enveloping line FEF' ; 
therefore FD, the half of FDF\ is less than 
FE, the half of FEF\ 

If the two oblique lines are on opposite sides of the perpendicular, 
as FE and PD', and if CE > CD\ take CD = CD\ and join FD. 
Then, as above FE>FD; and, by Proposition VIL, FD = FD' ; 
hence FE > FD'. 

36. Corollary 1. (Converse of Proposition VII.). Two equal ob- 
lique lines cut off equal distances from the perpendicular. 

37. Corollary II. (Converse of Proposition IX.). Of two unequal 
oblique lines, the greater cuts off the greater distance from the per< 
pendicular. 

PROPOSITION X.— THEOREM. 

38. if a perpendicular is erected at the middle of a straight line, 
then, 

1st. Every point in the perpendicular is equally distant from the 
extremities of the line ; 

2d. Every point withou the perpendicular is unequally distant from 
the extremities of the line. 
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Let AB be a finite straight line, and C its middle point ; then, 

1st. Every point P in the perpendicular 
erected at (7 is equally distant from A and B. 
For, since CA = CJB, we have (30) PA = PB. 

2d. Any point Q without the perpendicular 
is unequally distant from A and B, For, Q 
being on one side or the other of the perpendicular, one of the lines 
QA, QB must cut the perpendicular ; let it be QA and let it cut in 
P; join PB. The straight line QB is less than the broken line 
QPB, that is, QB < QP + PB. But PB = PA; therefore 
QB < QP+PA, or QB < QA. 

39. Corollary. Every point equally distant from the extremities 
of a straight line lies in the perpendicular erected at the middle of 
the line. 

40. Definition. A geometric loctia is the assemblage of all tho 
points which possess a common property. 

In this definition, points are understood to have a common property 
when they satisfy the same geometrical conditions. 

Thus, since all the points in the perpendicular erected at the 
middle of a line possess the common property of being equally dis- 
tant from the extremities of the line (that is, satisfy the condition 
that they shall be equally distant from those extremities), and no 
other points possess this property, the perpendicular is the locus of 
these points ; so that the preceding proposition and its corollary are 
fully covered by the following brief statement : 

The perpendicular erected at the middle of a straight line is the locus 
of all the points which are equally distant from tJie extremities of thai 
line. 

41. Scholium. Two points are sufficient to determine a straight 
line (3) ; hence any two points each of which 
is equally distant from the extremities of a 
straight line determine the perpendicular at 
the middle of the line. Thus if P and P' 
are known to be each equally distant from 
A and B, the line PP' joining these points is 
known to be perpendicular to AB at its mid- 
dle p)iut. 
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PARALLEL LINES. 

42. Definition, Parallel lines are straight 
lines which lying in the same plane cannot 
meet, though indefinitely produced : as AB, 
CD. 



43. Axiom, Through the same point there cannot be two parallels 
to the same straight line. 

Thus, if through a point P, one line CD is 
drawn parallel to AB, the axiom assumes 
that any other line drawn through P, as 
JSPF, will not be parallel to AB, but will 
meet it, if both EF &nd AB be sufficiently produced. 

PROPOSITION XI.— THEOREM. 

44. Ttoo straight lines perpendicular to the same straight line are 
parallel. 

Let AB and CD be perpendicular to A C; then, they are paralleL 

For, if they could meet when produced, we 
should have from one point (their point of c 

meeting) two perpendiculars to the same 
straight line AC, which (26) is impossible. 
Therefore they cannot meet, and by the defi- 
nition (42) are parallel. 

45. CoroUary L Through a given point a parallel to a given 
straight line can always be drawn. For, let C be the given point, 
and JiB the given line. From C a perpendicular CA can be drawn 
to AlB (26) ; and at Oa perpendicular CD to CA can be drawn (9) ; 
and by the preceding proposition CD will be parallel to AB, 

46. CoToUcry II. A straight line perpendicular to one of two par- 
allels is perpendicular to the other. 

Let J. C be a perpendicular to AB ; it will also be perpendicular 
to the parallel CD, In the first place it is to be observed that A O 
being a different line from AB cannot also be parallel to CD (43), 
and must therefore meet CD in some point, as C, Moreover the 
perpendicular to -4 C at C is parallel to AB (44) and must coincide 
with CD (9) and 1 43). Hence J.C is perpendicular to CD 
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PROPOSITION XII.— THEOREM. 

47. Two straight lines parallel to a third are parallel to each other. 
Let CD and EF be parallel to AB ; then, 

they are parallel to each other. For, if they 

could meet, there would be drawn through 
their point of meeting two straight lines par- 
allel to the same straight line, which (43) is 
impossible. Hence they cannot meet, and are parallel to each other. 

48. Definitions. When two straight lines AB, CD, are cut by a 
third EFf the eight angles formed at their 
points of intersection are named as follows : 

The four angles, 1, 2, 3, 4, without the 
two lines, are called exterior angles. 

The four angles, 5, 6, 7, 8, within the two 
lines, are called interior angles. 

Two* exterior angles on opposite sides of 
the secant line and not adjacent — as 1, 3 — or 2, 4 — are called alter* 
nate-exterior angles. 

Two interior angles on opposite sides of the secant line and not 
adjacent — as 5, 7— or 6, 8 — ^are called alternate-interior angles. 

Two angles similarly situated with respect both to the secant and 
to the line intersected by it, are called corresponding angles; air 
1, 5—2, 6—3, 7—4, 8. 




PROPOSITION XIII.— THEOREM. 

49. If two parallel lines are cut by a third straight line^ the altemate^ 
interior angles are equal. 

Let the parallels AB, CD, be cut by the 
straight line EF in the points O and H) 
then, the alternate-interior angles, HOB 
and OHC, are equal. 

For, through J, the middle point of GS, 
suppose the indefinite line KIL to be drawn 
perpendicular to AB; it will also (46) be 
perpendicular to CD. Conceive the por- 
tion lOB of the figure, including the per- 
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pendicular IK, to be revolved in Ub own plane about I (as upon a 
pivot), until 10 comes into coincidence with its equal IH. The 
angle OIK being equal to its vertical angle HIL, the indefinite line 
IK will fall upon IL and form with it but one line. Moreover, the 
point O being then at H, the line OB which is perpendicular to IK 
wiU then Ci incide with HC which is perpendicular to IL, and con- 
sequently the angles lOB and IHC will coincide. Therefore the 
angles HOB and OHC are equal. 

Hence, also, their supplements, HOA and OHD, are equal. 

60. Corollary L The alternate-exterior angles, AOE and DHF, 
being equal to their vertical angles, HOB and OHC, are also equal 
to each other. 

61. CoToUary 11. Any one of the eight angles is equal to its cor- 
responding angle. Thus, since HOB = OHC and OHO =FHD, 
there follow HOB = FHD; etc. 

62. Corollary III. The sum of the two interior angles on the same 
side of the secant line is equal to two right angles. For, OHJD -f 
HOB = OHD + OHC= two right angles (11). 

63. Scholium, When the secant line is oblique to the parallels, 
there are formed four equal acute angles and four equal obtuse 
angles, and each acute angle is the supplement of each obtuse angle. 
But if any one of the eight angles is a right angle, they are all right 
angles. 

PBOPOSITION XIV.— THEOREM. 

54. Conversely, when two straight lines are cut by a third, if the ailter- 
note-interior angles are equal, these two straight lines are parallel. 

Let EF cut AB and CD in the points O and H, and let HOB 
and GHC be equal; then, AB and CD are 
parallel. 

For, a parallel to AB drawn through H 
ii.akc8 with OH an interior angle, alternate 
to HOB, which is equal to HOB (49); 
this angle must therefore coincide with the 
angle OHC, and the parallel drawn through 
ETmust coincide with CD. That is, CD is parallel to AB, 

65. Corollary 1, If the alternate-exterior angles are equal, or if the 
corresponding angles are equal, the two lines are parallel. 
s 
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66 Corollary II. If the sum of the two interior angles bn the 
same side of the secant line is equal to two right angles, :he two 
lines are parallel. 

57. CoroUary III. From (52) and (56) it follows that» when two 
straight lines are cut by a third, if the sum of two interior angles 
on the same side of the secant line b not two right angles, the two 
straight lines are not parallel ; and it b evident that they will meet, 
if produced, on that side of the secant line on which the two in- 
terior angles are together less than two right angles. 



PROPOSITION XV.— THEOREM. 

58. Ttoo parallels are everywhere equally distant 

Let AB and CD be two indefinitely extended parallels ; O and H 
any two points in CD; OE and HF the per- /> ir » 
pendipulars from O and H upon AB, Then, 
OE and HF are also perpendicular to CD ._ 
(46), and measure the distance between the 
parallels at O and H^ or at E and F. We are to prove that OE =3 
HF. 

Let M be the middle of OHy and suppose MN drawn perpendicu- 
lar to 6J7and consequently also to EF, The portion of the figure 
on the right of MNmaj be revolved upon the line MN(i,e., folded 
over) ; the angles at M and N being right angles the indefinite lines 
MD and NB will fall upon MC and NA; and since MH= MO, 
the point ^will fisiU upon 0, so that J5Fand OE (being then per- 
pendiculars from the same point O upon the same straight line NA), 
wUL coincide (26). Therefore OE = HF. 

59. CoroUary. The locvs (40) of all the j^ 

points at a given distance, MN, from a given ^ ' ^ 

straight line AB, consists of two parallel ^^ 

lines, CD and C'D\ drawn on opposite sides ^'" 
of AB, at the givei distance from it 
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PROPOSITION XVI.— THEOREM. 

60. If two angles have their ridea respectively parallel and lyx %g in 
the BQ^'xe direction^ they are equal. 

Let the angles ABG^ DEF, have their sides BA and ED parallel 
and in the same direction, and also their sides 
BC and EF parallel and in the same direc- 
tion. Then ABC = DEF. 

F3r, let DE, produced if necessary, inter- 
sect BG in (?. The angle DOG ia equal to 
its corresponding angle ABG and also to its 
corresponding angle DEF (51); therefore 

ABC = DEF. 

Not^, Two parallels, as BA and ED^ are said to be in the same 
direction when they lie on the same side of the indefinite straight 
line joining the origins, B and E, of these parallels. 

61. GoToUary I. Two angles, as ABG and D'EF\ having their 
sides parallel and lying in opposite directions (that is ED' opposite 
to BA and EF' opposite to -BC), are equal. For we have 
D'EF' = DEF= ABC. 

62. Corollary 11. Two angles, as ABC and DEF\ having two of 
their sides, BA and ED, parallel and in the same direction, while 
their other two sides, BC and EF\ are parallel and in opposite 
directions, are supplements of each other. 

63. Corollary III. If two angles, ABC, DEF, have their sides per- 
pendicular each to each, that is, AB to ED and 
BC to EF, they are either equal or stipple- 
mentary. For, suppose the angle DEF to be 
revolved into the position HEK, by revolving 
ED and EF each through a right angle ; that 
is, ED through the right angle DEH and EF 
through the right angle FEK. Then EH 
being perpendicular to ED is parallel to AB, and EK being perpen- 
dicular to jELP is parallel to ^0 (44) ; therefore HEK, or DEF, is 
either equal to JlBC by (60) or (61), or it is the supplement of 
ABC by (62). 
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TRIANGLES. 

64. Definitions, A plane triangle is a portion of a plane bounded by 
three intersecting straight lines ; as AB G. The aJdes of 
the triangle are the portions of the bounding lines in- 
cluded between the points of intersection ; viz., AB, 
BC, CA. The angles of the triangle are the angles 
formed by the sides with each other; mz., CAB, ABC, BCA. The 
three angular points, A, B, C, which are the vertices of the angles, 
are also called the vertices of the triangle. 

If a side of a triangle is produced, the angle 
which the prolongation makes with the adjacent 
side is called an exterior angle ; as A CD. 

65. A triangle is called scalene {ABC) when no two of its sides 
are equal ; isosceles (DEF) when two of its sides are equal ; equilal^ 
eral ( OHI) when its three sides are equal. 






A 




A right triangle is one which has a right angle ; as MNP, which is 
right-angled at JV. The side MP, opposite to the right angle, is called 
the hypotenuse. 

The base of a triangle is the side upon which it is supposed to 
stand. In general any side may be assumed as the base ; but in an 
isosceles triangle DEF, whose sides DE and DF are equal, the third 
side EF is always called the base. 

When any side BC of a. triangle has been 
adopted as the base, the angle BA C opposite to 
it is called the vertical angle, and its angular 
point A the vertex of the triangle. The per- 
pendicular AD let fall from the vertex upon the base is then called 
the cUtUude of the triangle. 
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PKOPOSITION XVIL— THEOREM. 

66. Any side of a triangle ts less than the sum of the other two. 
Let BC he apj side of a triangle whose other two 

Bides are AB and AC; then BC < AB + AC. 
For, the straight line BC iB the shortest distance be- 
tween the points B and C 

67. Corollary. Any side of a triangle is greater than the difierenoe 
of the other two. For, if from each member of the inequality 

BC<AB + AC 

m 

we subtract AB, we shall have 

BC — AB<: AC, or AC> BC—AB. 



PROPOSITION XVin.— THEOREM. 

68. The sum of the three angles of any triangle is equal to two right 
angles. 

Let ABC be any triangle ; then, the sum of its three angles, A, B 
and Cf is equal to two right angles. 

For, produce BC to D, and draw CE par- 
allel to BA, The angle ACE b equal to its 
alternate angle BAC (49), and the angle 
ECD 18 equal to its corresponding angle 
ABC (61). Therefore the sum of the three angles of the triangle 
is equal to ECD + ACE + BCA, which is two right angles (14). 

69. Corollary L Any exterior angle, as A CD, is equal to the sum 
of the two opposite interior angles, A and B; and consequently 
greater than either of them. 

70. Corollary II. If one angle of a triangle is a right angle, or an 
obtuse angle, each of the other two angles must be acute ; that is, a 
triangle cannot have two right angles, or two obtuse angles. 

71. Corollary lU. In a right triangle, the sum of the two acute 
angles is equal to one right angle ; that is, each acute angle is the 
complement of the other (18). 

72. Corollary IV. If two angles of a triangle are given, or only 
their sum, the third angle will be found by subtracting their sum 
from two right angles. 

3» 
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73. GoroUary V. If two angles of one triangle are respectiydj 
equal to two angles of another triangle, the third angle of the one 
is also equal to the third angle of the other. 

PROPOSITION XIX.— THEOREM. 

74. The angle contained by two straight lines dravmfrom any point 
mlhin a triangle to the eastremities of one of the sides is greater than 
the angle contained by the other two sides of the triangle. 

From any point i>, within the triangle ABQ let 
DB, DC be drawn; then, the angle BDC is greater 
than the angle BA C, 

For, produce BD to meet AC in E. We have the 
angle BDC> BEC(69), and the angle BEC>BA C; 
hence BDOBAC. 

75. Definition. Equal triangles, and in general equal figures, are 
those which can exactly fill the same space, or which can be applied 
to each other so as to coincide in all their parts. 

PROPOSITION XX.— THEOREM. 

76. Two triangles are equal when two sides and the included angle 
of the one are respectively equal to two sides and the included angle ef 
the other. 

In the triangles ABQ DEF, let AB be equal to DE, BC to EF, 
and the included angle B 
equal to the included angle 
E; then, the triangles are 
equal. 

For, the triangle ABC 
may be superposed upon 

the triangle DEF, by applying the angle B to the equal angle JSi the 
side BA upon its equal ED, and the side BC upon its equal JEK 
The points A and C then coinciding with the points D and F, the 
side A C will coincide with the side DF, and the triangles will coin* 
cide in all their parts ; therefore they are equal (75). 

77. Corollary, If in two triangles ABC, DEF, there are giyeo 
B=E,AB=:DEa.ndBC = EF, there will follow A = D,C = F, 
and AC =DF. 




BOOK I. 31 




.*' * 



PBOPOSITION XXI.— THEOREM. 

78. 2W triangles are equal when a side and the two adja^iervt angles 
of the one are respectively equal to a side and the two adjacent angles 

of the other. 

In the triangles AJBG, DEF, let BC be equal to EF, and let the 
angles B and C adjacent to 
£C be respectively equal to 
the angles E and F adja- 
cent to EF; then, the tri- 
angles are equal. ^ ^ \ ^ /• js 

For, the triangle ABC 
may be superposed upon the triangle DEF^ by applying -SO to its 
equal J5F, the point B upon E^ and the point C upon jP. The angle 
B being equal to the angle E, the side BA will take the direction of 
EDy and the point A will fall somewhere in the line ED. The angle 
C being equal to the angle F, the side CA will take the direction of 
F2>, and the point -4 will fall somewhere in the line JPi>. Hence 
the point A^ falling at once in both the lines ED and FD^ must fall 
at their intersection D. Therefore the triangles will coincide through- 
out, and are equal. 

79. Corollary. If in two triangles ABC, DEF, there are given 
B = E, C = F,sjid BC = EF, there will follow A = D, AB = 
DE, find AC = DF. 



PROPOSITION XXIL— THEOREM. 

80. 2W triangles are eqml when the three sides of the one are re* 
spectively equal to the three sides of the other. 

In the triangles ABC, DEF, let AB be equal to DE, AC to DF, 
and BC to EF; then, the triangles 
are equal. 

For, suppose the triangle ABC to 
be placed so that its base BC coin- 
cides with its equal EF, but so that 
tbe vertex A &lh on the opposite side 
of EF from 2>, as at G; and join DO which intersects -EF in H. 
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Then, by hypothesis, EO = ED and FO = FD; therefore, E and F 
being two points equally distant from D and O, the line EF is per- 
pendicular to i> 6 at its middle point ^(41). Hence, if the figure 
DEF be revolved upon the line EF, 
£r being a fixed point, HD will fall 
apon its equal HO, and the triangle 
DEF will coincide entirely with the 
triangle OFF. Therefore, the tri- 
angle DEF is equal to the triangle 
OFF, or to the triangle ABC. 

81. Corollary. If in two triangles ABC, DEF^ there are given 
AB = DE,AC= DF,BC=EF,iherewm follow A = D,B =E, 
C=F. 

82. Scholium. In two equal triangles, the equal angles lie opposite 
to the equal sides. 




PROPOSITION XXIIL— THEOREM. 

83. Ttoo right triangles are equal, Ist, when the hypotenuse and a 
Bide of the one are respectively equal to the hypotenuse and a side of the 
other; or, 2d, when the hypotenuse and an acute angle of the one are 
respectively equal to the hypotenuse and an acute angle of the other. 

1st. In the right triangles ABC, 
DEF, let the hypotenuse AB be 
equal to DE, and the side AC to 
DF; then, the triangles are equal. 

For, applying AC to its equal 
DF, the angles C and F being 

equal, the side CB will take the direction FE, and B will fall some- 
VI here in the line FE. But AB being equal to DE, will cut off on 
FE the same distance from the perpendicular (36), and hence B will 
fiiU at E. The triangles will therefore coincide, and are equaL 

2d. Let AB = DE, and the angle ABC = the angle DEF; then, 
the triangles are equal. 

For, the third angles BAC and EDF are equal (73), and henoe 
the triangles are equal by (78). 
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PROPOSITION XXIV.— THEOREM. 

84. If two Hde8 of a triangle are respectively equal to two sides of 
another, bid the indvded angle in the first triangle is greater than the 
included angle in the second, the third side oj the first triangle is greater 
than the third side of the second. 

Let ABC and ABD be the two triangles in which the sides AB, 
-A Care respectively equal to the sides AB, AD, 
but the included angle BA C is greater than the 
included angle BAD; then, BC is greater than 
BD. 

For, suppose the line AE to be drawn, bisect- 
ing the angle CAD and meeting BC in E; 
join DR The triangles AED, AEC are equal (76), and therefore 
ED = EC. But in the triangle BDE we have 

BE-\-ED> BD, 

and substituting EC for its equal ED, 

BE + EOBD, or BC> BD. 

85. Corollary. Conversely, if in two triangles ABC, DEF, we 
have AB = DE, AC = DF, but BC > EF; then, A> D. 

For, if A were equal to D, we should 
have BC = EF (76) ; and if A were less 
than D, we should have -BC < EF (by the 
above proposition) ; but as both these conclu- 
sions are absurd, being contrary to the hy- 
pothesis, we can only have -4 > i>. 

PROPOSITION XXV.— THEOREM. 

86 In an isosceles triangle, the angles opposite to the equal sides are 
equal. 

Let AB and A Che the equal sides of the isosceles triangle ABC, 
then, the angles B and C are equal. ^ 

For, let D be the middle point of BC, and draw AD. 
The triangles ABD and ADC Are equal (80) ; therefore 
the angle ABD = the angle A CD (82). 

87. Corollary I. From the equality of the triangles 

ABD and A CD, we also have the angles ADB = ADC, 
3** c 
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and BAD = CAD ; that is, the straight line joining the vertex and 
the middle of the base of an isosceles triangle is perpendicular to the 
base and bisects the vertical angle. 

Hence, also, (he straight line which bisects the vertical angle of an 
isosceles triangle bisects the base at right angles, 

88. Corollary II. Every equilateral triangle is also equiangular ; 
and by (68), each of its angles is equal to one-third of two right 
angles, or to two-thirds of one right angle. 



PROPOSITION XXVI.— THEOREM. 

89. If two sides of a triangle are unequal, the angles opposite to ihem 
are unequal, and the greater angle is opposite to the greater side. 

In the triangle ABC, let AB be greater than AC; 
then, the angle A CB is greater than the angle B. 

For, from the greater side AB cut off a part AD = 
AC, and join CD, The triangle ADC is isosceles, 
and therefore the angles ADC and A CD are equal 
(86). But the whole angle A CB is greater than its 
part A CD, and therefore greater than ADC; and ADC, an exterior 
angle of the triangle BDC, is greater than the angle B (69); still 
more, then, is ACB greater than B, 




PROPOSITION XXVII.— THEOREM. 

90. if ttoo angles of a triangle are equals the sides opposite to 
are equal, ^ 

In the triangle ABC, let the angles B and C be 
equal ; then, the sides AB and A C are equal. 

For, if the sides AB and AC were unequal, the 
angles B and C could not be equal (89). 

9i. Corollary, Every equiangular triangle is also equilateraL 
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PROPOSITION XXVIIL— THEOREM. 

92. Ij two angles of a triangle are unequal^ the sides opposite to them 
are unequal, and tJie greater side is opposite to the greater angle. 

In the triangle ^.BClet the angle Cbe greater than 
the angle B; then, AB is greater than AC. 

For, suppose the line CD to be drawn, cutting off 
from the greater angle a part BCD = B. Then BDC 
is an isosceles triangle, and DC=DB. But in the 
triangle ADC, we have AD + DC "> AC; or, putting 
DB for its equal DC, AD + DB> AC; or AB > AC 





POLYGONS. 

93. Definitions. A polygon is a portion of a plane bounded by 
straight lines; as ABCDK The bounding lines 
are the sides; their sum is the perimeter of the 
polygon. The angles which the adjacent sides make 
with each other are the angles of the polygon ; and 
the vertices of these angles are ca]le4 the vertices 
of the polygon. 

Any line joining two vertices not consecutive is called a diagonal; 
BA AC< 

94. Definitions, Polygons are classed according to the number of 
their sides : 

A triangle is a polygon of three sides. 

A quadrilateral is a polygon of four sides. 

A pentagon has five sides ; a hexagon, six ; a heptagon, seven ; an 
octagon, eight; an enneagon, nine; a deeagon, ten; a dodecagon, 
twelve; etc. 

An equHaiercU polygon is one all of whose sides are equal; an 
equiangular polygon, one all of whose angles are equal. 

95. Definition. A convex polygon is one no side of which when 
produced can enter within the space enclosed by the perimeter, as 
ABCDE in (93). Each of the angles of such a polygon is less than 
two right angles. 

It is also evident from the definition that the perimeter of a convex 
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polygon cannot be intersected by a straight line in more than two 
points. 

A concave polygon is one of which two or 
more sides, when produced, will enter the space 
enclosed by the perimeter; as MNOPQ, of 
which OP and QP when produced will enter 
witiiin the polygon. The angle OPQ, formed 
by two adjacent re-entrant sides, is called a re- 
entrant angle; and hence a concave polygon is sometimes called a 
re-entrant polygon. 

All the polygons hereafter considered will be understood to be 
convex. 

96. A polygon may be divided into triangles by diagonals drawn 
from one of its vertices. Thus the pentagon 

ABODE is divided into three triangles by the 
diagonals drawn from A. The number of triangles 
into which any polygon can thus be divided is evi- 
dently equal to the number of its sides, less two. 
The number of diagonals so drawn is equal to the 
number of sides, less three. 

97. Two polygons ABODE, 
AB'0'D'E\ are equal when they 
can be divided by diagonals into the 
same number of triangles, equal each 
to each, and similarly arranged ; for 
the polygons can evidently be super- 
posed, one upon the other, so as to coincide. 

98. Definitions, Two polygons 
are mutuaUy equiangular when 
the angles of the one are re- 
spectively equal to the angles 
of the other, taken in the same 
order; as ABOD, A'B'C'D\ in 
which A = A\ B = B\ etc. 

The equal angles are called homologous angles; the sides containing 
equal angles, and similarly placed, are homologous sides; thus 
A and A' are homologous angles, AB and A'B' are homologous 
sid^t etc. 
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1 wo -polygons are mutually equilateral when the sides of the one 
are respectively equal to the sides of 
the other, taken in the same order ; 
as MNPQ, M'N'P'q\ in which 
MN = M'N\ NP = JVr'P', etc. 
The equal sides are homologous ; and 
angles contained by equal sides simi- 
larly placed, are homologous ; thus MN and M'N' are homologous 
sides ; M and M' are homologous angles. 

Two mutually equiangular polygons are not necessarily also mu- 
tually equilateral. Nor are two mutually equilateral polygons 
necessarily also mutually equiangular, except in the case of tri- 
angles (80). 

If two polygons are mutually equilateral and also mutually equi- 
angular, they are equal; for they can evidently be superposed, one 
upon the other, so as to coincide. 



PBOPOSITION XXIX.— THEOREM. 

99. The mm of all the angles of any polygon is equal to two right 
angles taken as many times less tv)o as the polygon has sides. 

For, by drawing diagonals from any one vertex, the polygon can 
be divided into as many triangles as it has sides, less two (96). The 
sum of the angles of all the triangles is the same as the sum of the 
angles of the polygon, and the sum of the angles of each triangle is 
two right angles (68). Therefore, the sum of the angles of the 
polygon is two right angles taken as many times less two as the 
polygon has sides. 

100. Corollary I. If N denotes the number of the sides of the 
]X)lygon, and R a right angle, the sum of the angles is 2R X 
\n—2) = i2N— 4) -B = 2NR — 4jR; that is, twice as many 
right angles as the polygon has sides, less four right angles. 

For example, the sum of the angles of a quadrilateral is four 

right angles ; of a pentagon, six right angles ; of a hexagon, eight 

right angles, etc. 
4 
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101. Corottan, XL K all the sides of any polygon ABCDE, be 
produced so as to form one exterior angle at 
each vertex, the sum of these exterior angles, 
a, 6, e, d, e, is four right angles. For, the sum 
of each interior and its adjacent exterior angle, 
as ^ -{- ^ ^ ^^o right angles (11) ; therefore, 
the sum of all the angles, both interior and 
exterior, is twice as many right angles as the 
polygon has sides. But the sum of the interior angles alone is twice 
as many right angles as the polygon has sides, less four right angles 
(100) ; therefore the sum of the exterior angles is equal to four right 
angles. 

This is also proved in a very simple manner, by drawing, from 
any point in the plane of the polygon, a series of lines respectively 
parallel to the sides of the polygon and in the same directiocs as 
their prolongations. The consecutive angles formed by these lines 
will be equal to the exterior angles of the polygon (60), and their 
sum is four right angles (15). 




QUADRILATERALS. 

102. DefinUwns, Quadrilaterals are divided into classes as follows : 

1st The trapezium (A) which has no two of its 
sides parallel. 

2d. The trapezoid (E) which has two sides par- 
allel. The parallel sides are called the bases, and 
the perpendicular distance between them the aUir 
tude of the trapezoid. 

3d. The parallelogram (C) which is bounded by 
two pairs of parallel sides. 

The side upon which a parallelogmm is supposed 
to stand and the opposite side are called its lower and upper bases. 
The perpendicular distance between the bases is the altitude, 

103. Definitions, Parallelograms are divided into species, 
follows : 
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Ist The rhomboid (a), whose adjacent sides 
are not equal and whose angles are not right 
angles. 

2d. The rhombtu, or lozenge ((), whose sides are 
all equaL 

8d. The rectangle (c), whose angles are all equal 
and therefore right angles. 

4th. The square (d), whose sides are all equal and whose 
angles are all equal. 

The square is at once a rhombus and a rectangle. 



\ 






PKOPOSITION XXX.— THEOBEM. 

104. In every parallelogram, the opposite angles are equal, and the 
oppoeiie sides are equoL 

Let ABCD be a parallelogram. 

1st. The opposite angles B and D, contained 
by parallel lines lying in opposite directions, y^^ — 

are equal (61); and for the same reason the / *\ 
opposite angles A and C are equal. b 

2d. Draw the diagonal AC. Since AD and 
JSCare parallel, the alternate angles CAD and ACB are equal (49^, 
and since DC &nd AB are parallel, the alternate angles A CD and 
CAB are equal. Therefore, the triangles ADC and CBA are equal 
(78), and the sides opposite to the equal angles are equal, namely, 
AD = BC,9indDC = AB. 

105. Corollary I. A diagonal of a parallelogram divides it into 
two equal triangles. 

106. Corollary II. If one angle of a parallelogram is a righl 
angle, all its angles are right angles, and the figure is a rectangle. 
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PROPOSITION XXXI.— THEOREM. 

107. If ihe opposite angles of a quadrilateral are equal, or if Us 
opposite sides are eqyud^ ihe figure is a parallelogram, 

1st Let the opposite angles of the quadrilateral ABCD be equal, 
OT A = C and B = D, Then, by adding equals, 
we have 1r ^ 

B 

therefore, each of the sums A -{- B and C -{- D 
is equal to one-half the sum of the four angles. But the sum of the 
four angles is equal to four right angles (100) ; therefore, A -{- Bia 
equal to two right angles, and the lines AD and £(7 are parallel (56). 
In like manner it may be proved that AB and CD are paralleL 
Therefore the figure is a parallelogram. 

2d. Let the opposite sides of the quadrilateral ABCD be equal, 
or BC = AD and AB = DC. Then, drawing 
the diagonal AC, the triangles ABC, A CD are 
equal (80) ; therefore, the angles CAD and A CB 
are equal, and the lines AD and BCu,re parallel 
(54). Also since the angles CAB and ACD are 
equal, the lines AB and DC are parallel. Therefore ABCD is a 
parallelogram. 



PROPOSITION XXXIL— THEOREM. 

108. If two opposite sides of a quadrilateral are equal and parallel^ 
the figure is a parallelogram. 

Let the opposite sides BC and AD of the 
quadrilateral ABCD be equal and parallel. 
Draw the diagonal AC The alternate angles 
CAD and ACB are equal (49), and hence the 
triangles -42) C and CBA are equal (76). There- 
fore, the sides AB and CD are equal and the figure is a parallelo* 
gram (107). 
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PROPOSITION XXXIIL— THEOREM. 

109. The diagonals of a parallelogram bisect each other. 

Let the diagonals AQ BD of the parallelogram ABCD Interseot 
in E\ then, AE = ^Cand ED = EB. 

For, the side AD and the angles EAD, ADE, 
of the triangle EAD, are respectively equal to 
the side CB and the angles ECB, EBC of the 
triangle ECB; hence these triangles are equal 
(78), and the sides respectively opposite the equal angles are equal, 
namely, AE =z EC B,nd ED = EB. 

110. Corollary I. The diagonals of a rhombus ABCD bisect each 
other at right angles in E For, since AD = CD 
and AE= EC, ED is perpendicular to AC (41). 

111. Corollary 11. The diagonals of a rhombus 
bisect its opposite angles. For, in each of the isos- 
celes triangles ADC, ABC, BCD, DAB, the line 
drawn £rom the vertex to the middle of the base 
bisects the vertical angle (87). 
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PROPOSITION XXXIV.— THEOREM. 

112. Jff the diagonals of a quadrilateral bisect each other, the figure 
is a parallelogram. 

Let the diagonals of the quadrilateral ABCD bisect each other 
in E Then, the triangles AED and CEB are 
equal (76), and the angles EAD, ECB, respect- 
ively opposite the equal sides, are equal. There- 
fore AD and BC are parallel (54). In like 
manner AB and DC are shown to be parallel, 
and the figure is a parallelogram. 

113. GoroUary. If the diagonals of a quadrilateral bisect each 
other at right angles, the figure is a rhombus. 

4« 
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PBOPOSITION XXXV.— THEOBEM. 

114. The diagonab of a rectangle are equal. 
Let ABCD be a rectangle; then its diagonals, AC and JS2>, are 
equal. 

For, the right triangles ABC and DCB are equal 
(76) ; therefore, AC= BD. 



115. Corollary I. The diagonals of a square are equal, 
and, since the square is also a rhombus, they bisect each 
other at right angles (110), and also bisect the angles 
of the square (111). 

116. Corollary 11. A parallelogram b a rectangle if its diagonals 
are equal. 

117. Corollary III. A quadrilateral is a square, if its diagonals 
are equal and bisect each other at right angles. 

118. Scholium, The rectangle, being a species of parallelogram, 
has all the properties of a parallelogram. 

The square, being at once a parallelogram, a rectangle and a 
rhombus, has the properties of all these figures. 




PBOPOSITION XXXVL— THEOBEM. 

119. Two paraUelograma are equal when two adjacent sides and the 
included angle of the one are equal to two adjacent sides and the 
included angle of the other. 

Let AC, A'C\ have AB = A'B\ ^ ^ ^ o* 

AD = A:D\ and the angle BAD = j j I 7 

B'A'D'; then, these parallelograms a b a» £» 

are equal. 

For they may evidently be applied the one to the other so as to 
coincide throughout 

120. Corollary, Two rectangles are 
equal when they have equal bases and 
equal altitudes. 
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APPLICATIONS. 

PBOPOSITION XXXVIL— THEOBEM. 

121. IJ a straight line dravm parallel to the base of a triangle bisects 
one of the sides, ii also bisects the other side; and the portion of U 
intercepted between the two sides is equal to one-half the base. 

Let DE be parallel to the base BC of the triangle 
ABQ and bisect the side AB in D; then, it bisects 
the side ACin E, and DE = iBC. 

1st. Through D suppose DF to be drawn parallel 
to AC. In the triangles ADE, DBF, we have 
AD :=^ DB, and the angles adjacent to these sides 
equal, namely DAE = BDF, and ADE = DBF (51) ; therefore 
these triangles are equal (78), and AE = DF. Also, since DECF 
is a parallelogram, DF = EC (104) ; and hence AE = EC. 

2d. The triangles ADE and BDF being equal, we have DE = BF, 
and in the parallelogram DECF we have DE = FC; therefore 
BF = FC. Hence JP is the middle point of BC, and DE = iBC. 

122. Corollary I. The straight line DE, joining the middle points 
of the sides AB, A C, of the triangle ABC, is parallel to third side BC, 
and is equal to one-half of BC. For, the straight line drawn through 
D parallel to BC, passes through E (121), and is therefore identical 
with DE. Consequently, also, DE= iBC. 

123. Corollary II. The straight line drawn parallel to the bases of a 
trapezoid, bisecting one of the non-parallel sides, also bisects the opposite 
side. 

Let ABCD be a trapezoid, BC and AD its 
parallel bases, E the middle point of AB, and 
let EF be drawn parallel to B Cor AD ; then, 
F is the middle of DC. For, draw the diago- 
nal AC, intersecting EF in H. Then in the triangle ABC, EH is 
drawn through the middle of AB parallel to BC; therefore H is 
the middle of AC. In the triangle ACD, HF is drawn through 
the middle of J. C parallel to AD) therefore -Pis the middle of DC. 

124. Corollary III. In a trapezoid, the straight line joining the 
middle points of the non-parallel sides is parallel to the bases, and is 
equal to one-half their sum. 
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Let EF join the middle points, E and F^ 
of AB and DC. Then, 1st, EF is parallel 
to J5(7. For, by Cor. IL the straight line 
drawn through E parallel to BC passes b 
through F and is therefore identical with EF. 

2d. Drawing the diagonal AC, intersecting EF in H^ we have, in 

the triangle ABC, 

EH=iBC, 

and in the triangle ACD, 

HF=iAD, 

the sum of which gives 

EF=i(^BC + AJ)). 



PROPOSITION XXXVIIL— THEOREM. 

125. ijT a aeries of paraUela cutting any two straight lines intercept 
equal distances on one of these lines, they also intercept eqyud distances 
on the other line. 

Let MN, M'N', be two straight lines cut by a series of parallels 
AA\ BB\ CC\ DD'; then, if -4jB, BC, CD are equal, A'B\ B'C\ 
C'-D' are also equal. 

For, through the points A, B, C, draw Ah, 
Be, Cd, parallel to M'N'. In the triangles 
ABh, BCc, CDd, we have AB = BC=CD\ 
and the corresponding angles adjacent to these 
sides are equal (51), namely, BAh = CBc = 
DOd, and ABh = BCc = CDd; therefore, these 
triangles are equal to each other (78), and Ah 
= Be = Cd. But, the figures A% B'c, C^d, being parallelo 
grams, we have Ah = MB', Be = B'C\ Cd = CD'; therefore, 
A'B'^^B'C' = C'D\ 




PROPOSITION XXXIX.— THEOREM. 

126. Every point in the bisector of an angle is equally distant from 
Ae sides of the angle; and every point not in the hisector, htU within the 
angle, is unequally distant from the sides of the angle. 
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1st. Let AD be the bisector of the angle 
BAC, Pany point in it, and PE, FF, the per- 
pendicular distances of Pfrom AB and AC; 
then, FF = FF. 

For, the right triangles AFF, AFF, having 
the angles FAE and FAF equal, and AF com- 
mon, are equal (83) ; therefore, FE = FF, 

2d. Let Q be any point not in the bisector, but within the aiigk: ; 
then, the perpendicular distances QE and QH are unequal. 

For, suppose that one of these distances, as QE, cuts the bisector 
in some point P: from P let Pi^ be drawn perpendicular to AC, 
and join QF. We have QH < QF; also QF < QF + FF, or 
QF<QF+ FE, or QF < QE; therefore, QH < QE. 

When the angle BAC is obtuse, the 
point Q, not in the bisector, may be so 
situated that the perpendicular on one of 
the sides, as AB, will fall at the vertex A; 
the perpendicular QH is then less than 
the oblique line QA. Or, a point Q^ may 

be so situated that the perpendicular Q^E\ let fall on one of the sides, 
as AB, will meet that side produced through the vertex A; this 
perpendicular must cut the side AC in some point, K, and we then 
have^'JBr'< Q'K< Q'E\ 

127. Corollary, The bisector of an angle is the locus (40) of all 
the points within the angle which are equally distant from its sides. 




PROPOSITION XL.— THEOREM. 

128. The three bisectors of the three angles of a triangle meet in the 
samepoinL 

Let AD, BE, CF, be the bisectors of the 
angles A, B, C, respectively, of the triangle 
ABC. 

Let the two bisectors AD, BE, meet in 0, 
The point 0, being in AD, is equally dis- 
tant firom AB and ^(7 (126); and being 
in BE, it is equally distant from AB and BC', 
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thei^fore, the point is equally distant from 
J.Cand BCf and must lie in the bisector of 
the angle C (127). That is, the bisector CF 
also passes through 0, and the three bisect- 
ors meet in the same point 




129. Corollary, The point in which the three bisectors of the 
angles of a triangle meet is equally distant from the three sides of 
the triangle. 




PROPOSITION XLL— THEOREM. 

130. The three perpendiculars erected at the middle points of the 
sides of a triangle meet in the same point 

Let DO, EH, FK, be the perpendiculars 
erected to -BO, CA, AB, respectively, at their 
middle points, D, E, F, 

It is first necessary to prove that any two of 
these perpendiculars, as DO, EH, meet in some 
point. If they did not meet, they would be 
parallel, and then CB and CA being perpen- 
diculars to these parallels from the same point C, would be in one 
straight line, which is impossible, since they are two sides of a tri- 
angle. Therefore, DO and EH are not parallel, and must meet in 
some point, as 0. 

Now the point being in the perpendicular DO is equally distant 
from B and G (38), and being also in the perpendicular EH, it is 
equally distant from A and C; therefore it is equally distant from A 
and B, and must lie in the perpendicular FK (39). That is, the 
perpendicular FK passes through 0, and the three perpendiculars 
meet in the same point. 

131. Corollary, The point in which the three perpendiculars meet 
is equally distant from the three vertices of the triangle. 
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PROPOSITION XLH.— THEOREM. 

132. The three perpendiculars from Uie vertices of a triangle to the 
opposite sides meet in the same point 

Let AD, BE, CF, be the perpen- ^:. ^.^ 

diculars from the vertices of the tri- 
angle ABC to the opposite sides, re- 
spectively. 

Through the three vertices, A, B, C, 
draw the lines B'C\ A'B', AC\ re- 
spectively parallel to jB(7, AB, AC. 
Then the two quadrilaterals ABCB' 

and ACBC are parallelograms, and we have AB' = BC and 
AC' = BC; therefore AB' = AC\ or A is the middle of B' C". 
But AD being perpendicular to BC ib perpendicular to the parallel 
B'C; therefore AD is the perpendicular to B'C erected at its 
middle point A. In like mannef , it is shown that BE and CF are 
the perpendiculars to A'C and A'B' at their middle points; there- 
fore, by (130), the three perpendiculars meet in the same point. 

133. Definition. A straight line drawn from any vertex of a tri- 
angle to the middle point of the opposite side is 

called a medial line of the triangle. Thus, D being 
the middle point of BC, AD is the medial line to 
BC. 




PROPOSITION XLIII.— THEOREM. 

134. The three m^ial lines of a triangle meet in the same poinL 

Let 2>, E, F, be the three middle points of 
the sides of the triangle ABC; AD, BE, CF, 
the three medial lines. 

Let the two medial lines, AD and BE, meet 
in 0, Let O be the middle point of OA, and 
H the middle point of OB; join GH, HD, 
DE, EG. In the triangle A OB, GH is par- 
allel to AB, and GH = ^ABi and in the triangle ABC, ED is 
parallel to AB, and ED = \AB (122). Therefore, HG and ED, 
beting parallel to AB, are parallel to each other ; and each being 




48 



GEOMETRY. 



equal to iAB, they are equal to each other ; conseguentljy EOHD 

is a parallelogram (108), and its diagonals 

bisect each other (109). Therefore OJD = 00 

= OA, or OD = ^AD ; that is, the medial 

line BE cuts the medial line AD at a point 

whose distance from D is one-third of AD. In 

the same way it is proved that the medial line 

CF cuts AD at a point whose distance from D 

is one-third of AD, that is, at the same point 0; and therefore the 

three medial lines meet in the same point. 
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SYMMETRICAL FIGURES. 

a. Symmetry with respect to an aans, 

135. Definition. Two points are symmetrical with respect to a fixed 
straight line, called the axis of symm^lry^ when this axis biseicts at 
right angles the straight line joining the two points. 

Thus, A and A are symmetrical with respect to 
the axis MN, if MN bisects A A' at right angles 
at a. 

If the portion of the plane containing the point 
A on one side of the axis MN, is revolved about 
this axis {or folded over) until it coincides with the 
portion on the other side of the axis, the point A' at which A fiJb 
is the symmetrical point of A. 

136. Definition. Any two figures are symmetrical with respect to 
an axis when every point of one figure has its symmetrical point on 
the other. 

Thus, A*B* is the symmetrical figure 
of the straight line AB, with respect to 
the axis MN, every point, as C, of the one, ^ 
having its symmetrical point C" in the 
other. 

The symmetrical figure of an indefinite 
straight line, AB, is an indefinite straight 
line, AB\ which intersects the first in the 
axis and makes the same angle with the 
axis as the first line. 
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137. DefinUUm. In two symmetrical figures the correspondiog 
symmetrical lines are called homologau8. 

Thus, in the symmetrical figures ABODE, 
A'B'C'D'E', the homologous lines are AB 
and A'B\ BC and B'C\ etc. 

In all cases, two figures, symmetrical with 
respect to an axis, can be brought into coin- 
cidence by the revolution of either about the 
axis. 
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6. Symmetry with reaped to a centre, 

138. Definition. Two points are symmetrical with respect to a fixed 
point, called the centre of symmetry, when this centre bisects the 
straight line joining the two points. 

Thus, A and A^ are symmetrical with respect 
to the centre 0, if the line AA' passes through 
O and is bisected at 0. 

The distance of a point from the centre is called 
its radius of symmetry, A point A is brought into 
coincidence with its symmetrical point A\ by revolving its radius 
OA through two right angles (16). 

139. Definition. Any two figures are symmetrical with respect to 
a centre, when every point of one figure has its symmetrical point 
on the other. 

Thus, , A^B' is the symmetrical 
figure of the straight line AB with 
respect to the centre 0. 

Since the triangles A OB, A OB', 
are equal (76), the angle B is equal 
to the angle B' ; therefore, AB and A'B' are parallel, 
the homologous lines of two figures, 
symmetrical with respect to a centre, 
are parallel Thus, in the symmetri- 
cal figures ABCD, A'B'C'D', the 
homologous lines AB and A'B' are 
parallel, BO and B'O' are parallel, 
etc. 

Tw^ figures symmetrical with respect to a centre can be brought 
6 r> 





In general, 
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into coincidence by revolving one of them, in its own plane, about 
the centre ; every radius of symmetry revolving through two right 
angles at the same time. 

140. Definition. Any single figure is called a symmetrical figure, 
either when it can be divided by an axis into two figures symmetri- 
cal with respect to that axis, or when it has a centre such that every 
straight line drawn through it cuts the figure in two points which 
are symmetrical with respect to this centre. 

Thus, ABCDC'B' is a symmetrical 
figure with respect to the axis MN, 
being divided by MN into two figures, 
ABCD and AB'C'D, which are sym- 
metrical with respect to MN. 

Also, the figure ABCDEF is symmetrical with respect to the 
centre 0, its vertices, taken two and two, 
being symmetrical with respect to 0, In 
this case, any straight line KL drawn 
through the centre and terminated by the 
perimeter, is called a diameter. 





PROPOSITION XLIV.— THEOREM. 

141. If a figure is symmetrical with respect to two axes perpendicular 
to each other, it is also symmetrical with respect to the intersection of 
these axes as a centre of symmetry. 

Let the figure ABCDEF GH be 
symmetrical with respect to the two 
perpendicular axes MN, FQ, which 
intersect in 0; then, the point is 
also the centre of symmetry of the 
figure. 

For, let T be any point in the 
perimeter of the figure; draw TBT' 
perpendicular to MN, and TSt per- 
pendicular to FQ; join T'O, Ot and E8. 

Since the figure is symmetrical with respect to MN, we have RT' 
= RT; and since RT= OS, it follows that RT' = OS; therefore. 
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RT'08 is a parallelogram (108), and R8 is equal and parallel 

to or. 

Again, since the figure is symmetrical with respect to PQ, we have 
8t = ST = OR; therefore, SROt is a parallelogram, and BS is 
equal and parallel to 0^ . Hence, T\ and t, are in the same 
straight line, since there can be but one parallel to BS drawn 
through the same point 0. 

Now we have OT' = BS And Ot = BS, and consequently 02" = 
Ot; therefore, any straigh^^ line T'Ot, drawn through 0, is bisected 
at C ; that is, is the centre of symmetry of the figure. 




BOOK IT. 

THE CntCLK 

1. Definitions. A cirde is a portion of a plane bounded by a 
curve, all the points of which are equally distant from a point within 
it called the centre. 

The curve which bounds the circle is called 
its circumference. 

Any straight line drawn from the centre 
to the circumference is called a radius. 

Any straight line drawn through the centre 
and terminated each way by the circumfer- 
ence is called a diameter. 

In the figure, is the centre, and the curve ABCEA is the cir- 
cumference of the circle ; the circle is the space included within the 
circumference; OA^ OB, 00, are radii; J. 00 is a diameter. 

By the definition of a circle, all its radii are equal ; also all its 
diameters are equal, each being* double the radius. 

If one extremity, 0, of a line OA is fixed, while the line revolves 
in a plane, the other extremity, J., will describe a circumfei*enoe, 
whose radii are all equal to OA. 

2. Definitions, An arc of a circle is any portion of its circum&r* 
ence ; as DEF. 

A chord is any straight line joining two points of the circum- 
ference; as DF, The arc DEF is said to be subtended by its 
chord DF. 

Every chord subtends two arcs, which together make up the whole 

circumference. Thus DF subtends both the arc DEF and the are 

DCBAF. Wher an arc and its chord are spoken of, the arc less thao 
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a semi-circumference, as DEF, is always understood, unless otherwise 
stated. 

A segment is a portion of the circle included between an arc and 
its chord; thus, by the •segment DEF is meant the space included 
between the arc DF and its chord. 

A sector is the space included between an arc and the two radii 
drawn to its extremities; as A OB. 

3. From the definition of a circle it follows that every piiiut 
within the circle is at a distance from the centre which is less than 
the radius ; and every point vrithoiU the circle is at a distance from 
the centre which is greater than the radius. Hence (I. 40), the 
locus ^f all the points in a plane which are at a given distance from a 
given point is the cireumference of a circle described with the given point 
as a centre and with the given distance as a radius. 
. 4. It is also a coQsequence of the definition of a circle, that two 
circles are equal when the radius of one is equal to the radius of the 
other, or when (as we usually say) they have the same radius. For 
if one circle be superposed upon the other so that their centres coin- 
cide, their circumferences will coincide, since all the points of both 
are at the same distance from the centre. 

If when superposed the second circle is made to turn upon its 
centre as upon a pivot, it must continue to coincide with the first. 

5. Postulate. A circumference may be described with any point as 
a centre and any distance as a radius. 



ARCS AND CHORDS. 

PROPOSITION L— THEOREM. 

6. A straight line cannot intersect a circumference in more than two 
points. 

For, if it could intersect it in three points, the three radii drawn 

to these three points would be three equal straight lines drawn fn)m 

the same point to the same straight line, which is impossible (I. 36). 
5* 
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PKOPOSITION II.— THEOREM. 

7. Every diameter bisects the cirde and its eireumferenee» 
liOt AMBN be a circle whose centre is 0; 

theiiy any diameter A OB bisects the circle and 
its circumference. 

For, if the figure ANB be turned about AB 
as an axis and superposed upon the figure 
AMB, the curve ANB will coincide with the 
curve AMBt since all the points of both are 
equally distant from the centre. The two 
figures then coincide throughout, and are therefore equal in aU 
respects. Therefore, J[j5 divides both the circle and its circumference 
into equal parts. 

8. Definitions. A segment equal to one half the circle, as the seg- 
ment AMB, is called a semi-drele. An arc equal to half a circom* 
ference, as the arc AMB, is called a semt-drcumferenee. 




PROPOSITION III.— THEOREM. 

9. A diam,eter is greater than any other chord. 

Let AC he any chord which is not a diame- 
ter, and A OB a diameter drawn through A : 
then AB> AC. 

For, join OC. Then, AO + 0C> AC 
(I. 66) ; that is, since all the radii are equal, 
A0+ 0B> AC, or AB> AC. 




PROPOSITION IV.— THEOREM. 

10. in equal circles, or in the same circle, equal angles at the eenfrs 
intercut equal arcs on the circumference, and conversely. 

Let 0, 0', be the centre of equal 
circles, and AOB, A'0'B\ equal angles 
at these centres ; then, the intercepted 
arcs, AB, A'B\ are equal. For, one of 
the angles, together with its arc, may be 
superposed upon the other; and when 
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the equal angles coincide, their intercepted arcs will evidently coin- 
cide also. 

Conversely, if the arcs AB, A'B' are equal, the angles A OB, 
A'O'B' are equal. For, when one of the arcs is superposed upon its 
equal, the corresponding angles at the centre will evidently coincide. 

If the angles are in the same circle, the demonstration is sis2ilar. 

11. Definition, A fourth part of a circum- 
ference is called a quadrant It is evident from 
the preceding theorem that a right angle at the 
centre intercepts a quadrant on the circum- 
ference. 

Thus, two perpendicular diameters, A 00, 
BOD, divide the circumference into four quad- 
rants, AB, BO, CD, DA. 




PROPOSITION v.— THEOREM. 

12. In equal eirclea, or in the same circle, equal arcs are subtended 
by equal chords, and conversely. 

Let 0, 0',be the centres of equal circles, and AB, A'B\ equal 
arcs; then, the chords AB, A'B\ are 
equal. 

For, drawing the radii to the extremi- 
ties of the arcs, the angles and 0' 
are equal (10), and consequently the 
triangles A OB, AO'B\ are equal 
(I. 76). Therefore, AB = A'B\ 

Conversely, if the chords AB, A'B', are equal, the triangles A OB, 
A' O'B' are equal (I. 80), and the angles 0, 0* are equal. There- 
fore (10), arc AB = arc A'B'. 

If the arcs are in the same circle, the demonstration is similar. 





PROPOSITION VL— THEOREM. 



13. In equal circles, or in the same circle, the greater arc is subtended 
by the greater chord, and conversely ; the arcs being both less than a 
semi-circumference 
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Liet the arc AC he greater than the 
arc AB; .then, the chord AC is greater 
than the chord AB. 

For, draw the radii OA, OB, 00. 
In the triangles A 00, A OB, the angle 
AOC 13 obviously greater than the a,ng\e A OB; therefore, (L 84), 
chord AC^ chord AB. 

Conversely, if chord AC > chord AB, then, arc -4C > arc AB, 
For, in the triangles AOC, A OB, the side AC > the side AB; 

m 

therefore (I. 85), angle AOC > angle A OB; and consequently, 
arc AC^ arc AB. 

14. Scholium. If the arcs are greater than a semi-circumference, 
the contrary is true ; that is, the arc AMB, which is greater than the 
arc AMC, is subtended by the less chord ; and conversely. 




PKOPOSITION Vn.— THEOREM. 

15. The diameter perpendiciUar to a chord bisects the chord and the 
arcs subtended by it. 

Let the diameter DOD' he perpendicular to 
the chord AB at C; then, 1st, it bisects the 
chord. For, the radii OA, OB being equal 
oblique lines from the point to the line AlB, 
cut off equal distances from the foot of the per- 
pendicular (I. 36) ; therefore, AC = BC 

2d. The subtended arcs ADB, AD'B, are 
bisected at D and D', respectively. For, every point in the per- 
pendicular DOD' drawn at the middle of AB being equally distant 
from its extremities A and B (I. 38), the chords AD and BD are 
ecjual; therefore, (12), the arcs AD and BD are equal. For the 
same reason, the arcs AD' and BD' are equal. 

16. Corollary I. The perpendicular erected upon the middle of a 
chord passes through the centre of the circle, and through the 
middle of the arc subtended by the chord. 

Also, the straight line drawn through any two of the three points 
0, C, D, passes through the third and is perpendicular t^i the 
chord AB. 
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17. Corollary II. The middle points of any 
number of parallel chords all lie in the same 
diameter perpendicular to the chords. 

In other words, the locus of the middle points 
of a system of para.llel chords is the diameter 
perpendicular to these chords. 





PROPOSITION VIIL— THEOREM. 

18. In ihe same circle, or in equal circles, equal chords are equally 
distant from the centre ; and of ttoo unequal chords, ihe less is at ihe 
greater distance from the centre. 

1st. Let AB, CD, be equal chords ; OE, 
OF, the perpendiculars which measure their 
distances from the centre 0; then, 0E = 
OF. 

For, since the perpendiculars bisect the 
chords (16), AE=CF\ hence (I. 83), the 
right triangles AGE and COF are equal, 
and OE = OF. 

2d. Let CO, AB, be unequal chords; OE, OH, their distances 
from the centre ; and let CO be less than AB ; then, OH > OE. 

For, since chord AB > chord CO, we have arc AB > arc CO ; 
^ that if from C we draw the chord CD = AB, its subtended arc 
CD, being equal to the arc AB, will be greater than the arc CO. 
Therefore the perpendicular OH will intersect the chord CD in some 
point /. Drawing the perpendicular OF to CD, we have, by the 
first part of the demonstration, OF = OE But OH > 01, and 
01 > 0F(1. 28); still more, then, is Oi3'> OF, or 0H> OE. 

If the chords be taken in two equal circles, the demonstration is 
the same. 

19. Corollary 1. The converse of the proposition is also evidently 

true, namely: in the same circle, or in equal circles, chords equally 

distant from ihe centre are equal ; and of two chords unequally distant 

from the centre, that is the greater wJiose distance from the centre ia 

the leas. 

5** 
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20. Corollary II. The least chord that can be 
drawn in a circle through a given point P is the 
chord, AB, perpendicular to the line OP joining 
the given point and the centre. For, if CD is 
any other chord drawn through P, the perpen- 
dicular OQ to this chord is less than OP; there- 
fore, by the preceding corollary, CD is greater 
than AB. 





PROPOSITION IX.— THEOREM. 

21. Through any three points, not in the same straight line, a drcwmr 
ference can he made to pass, and hut one. 

Let A, B, C, be any three points not in the 
same straight line. 

1st. A circumference can be made to pass 
through these points. For, since they are 
not in the same straight line, the lines AB, 
BC, AC, joining them two and two, form a 
triangle, and the three perpendiculars DE, 

FO, HK, erected at the middle points of the sides, meet in a point 
which is equally distant from the three points A, B, C, (I. 131). 
Therefore a circumference described from as a centre and a radius 
equal to any one of the three equal distances OA, OB, DC, will pass 
through the three given points. 

2d. Only one circumference can be made to pass through these 
points. For the centre of any circumference passing through the 
three points must be at once in two perpendiculars, as DE, FO, and 
therefore at their intersection ; but two straight lines intersect in 
only one point, and hence is the centre of the only circumference 
that can pass through the three points. 

22. Corollary, Two circumferences can intersect in but two points; 
for, they could not have a third point in common without having the 
same centre and becoming in fact but one circumference. 
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TANGENTS AND SECANTS. 

23. Definitums. A tangent is an indefinite straight line which has 
but one point in common with the cir- 

cumference; as ACB, The common 
point, Cf is called the point of contact^ 
or the point of tangeney. The circum- 
ference is also said to be tangent to the 
line AB at the point C. 

A secant is a straight line which 
meets the circumference in two points ; 
as jEF. 

24. Definition. A rectilinear figure is said to 
be circumscribed about a circle when all its sides 
are tangents to the circumference. 

In the same case, the circle is said to be in- 
scribed in the figure. 





PROPOSITION X.— THEOREM. 

25. A straight line oblique to a radius at its extremity cuts the cir- 
cumference. 

Let AB be oblique to the radius OC at its 
extremity C; then, AB cuts the circumfer- 
ence at C, and also in a second point 2>. 

For, let OE be the perpendicular from 
upon AB; then OE < OC, and the point E 
is within the circumference. Therefore AB 
cuts the circumference in C, and must evi- 
dently cut it in a second point D. 
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26. A straight line perpendicular to a raditut at its extremity it a 
tangent to the circle. 

Let AB be perpendicular to the radius OC 
at its extremity C; then, AB is a tangent to 
the circle at the point C. 

For, from the centre draw the oblique 
line OD to any point of AB except C. Then, 
OD ^ OCy and 2> is a point without the cir- 
cumference. Therefore AB having all its 
points except without the circumference, has but the point C io 
common with it, and is a tangent at that point (23). 

27. Corollary. Conversely, a tangent AB at any point C is perpeU' 
dicular to the radius OC dravm to thai point For, if it were not 
perpendicular to the radius it would cut the circumference (25), and 
would not be a tangent. 

28. Scholium. If a secant EF, passing through a point C of the 
circumference, be supposed to revolve 

upon this point, as upon a pivot, its 
second point of intersection, 2), will 
move along the circumference and ap- 
proach nearer and nearer to C. When 
the second point comes into coincidence 
with C the revolving line ceases to be 
strictly a secant, and becomes the tan- 
gent AB; but, continuing the revolution, 

the revolving line again becomes a secant, as E'F\ and the second 
point of intersection reappears on the other side of 0, as at D'. 

If, then, our revolving line be required to be a secant in the strict 
sense imposed by our definition, that is a line meeting the circum- 
ference in two points, this condition can be satisfied only by keeping 
the second point of intersection, D, distinct from the first point, 6> 
however near these points may be brought to each other ; and, there- 
fore, under this condition, the tangent is often called the, limit of the 
secants drawn through the point of contact ; that is to say, a limit 
toward which the secant continually approaches, as the second poipt 
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of intersection (on either side of the first) continually approaches 
the first, but a limit which is never reached by the secant as such. 

On the other hand, as the tangent is but one of the positions of 
our revolving line, it has properties in common with the secant ; and 
in order to exhibit such common properties in the most striking 
manner, it is often expedient to regard the tangent as a secant whose 
two points of intersection are coincident But it is to be oteerved that 
we then no longer consider the secant as a cutting line, but simply as 
a line drawn through two points of the curve ; and we include the 
tangent as that special case of such a line in which the two points 
are coincident. In this, we generalize in the same way as in algebra, 
when we say that the expression x = a — b signifies that x is the 
difference of a and 6, even when a = b, and there is really no differ- 
ence between a and b. 



PROPOSITION XII.— THEOREM. 

29. Two parallels intercept eguai arcs on a circumference. 

We may have three cases : 

1st. When the parallels AB, CD, are both 
secants ; then, the intercepted arcs A C and BD 
are equal.^ For, let OM be the radius drawn 
perpendicular to the parallels. By Prop. VII. 
the point M is at once the middle of the arc 
AMB and of the arc CMD, and hence we have g 

AM =BM Bind CM=DM, 
¥7hence, by subtraction, 

AM—CM = BM—DM; 
AC = BD. 



r 


iN> 


V 


V 


^. 


V 



N 



that is, 



2d. When one of the parallels is a secant, as AB^ and the other is 
a tangent, as EF at if, then, the intercepted arcs AM and BM are 
equal. For, the radius OM drawn to the point of contact is per- 
pendicular to the tangent (27), and consequently perpendicular also 
to its parallel AB ; therefore, by Prop. VII., AM = BM, 

3d. When both the parallels are tangents, as EF at M^ and QH 
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at N; then, the intercepted arcs MAN and MBN are equsL For, 
drawing any secant AB parallel to the tangents, 
we have by the second case, 

AM = BM and A^ = BN, 
whence, by addition, 

AM + AN = BM'\'BN, 
that isy N a 

MAN = MBN; 

and each of the intercepted arcs in this case is a semi-circumference. 

30. Scholium 1. The straight line joining the points of contact of 
two parallel tangents is a diameter. 

31. Scholium 2. According to the principle of (28), the tangent 
being regarded as a secant whose two points of intersection are coin- 
cident, the demonstration of the first case in the preceding theorem 
embraces that of the other two cases. 



RELATIVE POSITION OF TWO CIBCLES. 

32. Definition, Two circles are concerUric, when they have the 
same centre. 

33. Definition. Two circumferences are tangent to each other, or 
touch each other, when they have but one point in common. The 
common point is called the point of contact, or the point of tangency. 

Two kinds of contact are distinguished: external conta^, when 
each circle is outside the other ; internal contacty when one circle is 
within the other. 



PROPOSITION XIII.— THEOREM. 

34. When two circumferences inter sedy the straight line joining their 
centres bisects their common chord at right angles. 

Let and 0' be the centres of two 
circumferences which intersect in the 
points A, B; then, the straight line 00' 
bisects their common chord AB at right 
angles. 

For, the perpendicular to AB erected 
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at its middle point C, passes through both centres (16) ; and there 
can be but one straight line drawn between the two points and 0\ 

35. Corollary. When two drcumferencea are tangent to each other^ 
their point of contact ia in the straight line joining their centres. It 
has just been proved that when two circumferences intersect, the two 
points of intersection lie at equal distances from the line joining the 
centres and on opposite sides of this line. Now let the circles be 
supposed to be moved so as to cause the points of intersection to 
approach each other; these points will 
ultimately come together on the line 
joining the centres, and be blended in a 
single point C, common to the two cir- 
cumferences, which will then be their 
point of contact The perpendicular to 
OO' erected at Cwill then be a common 
tangent to the two circumferences and take the place of the common 
chord. 

PROPOSITION XrV.— THEOREM. 

36. When two circumferences are wholly exterior to each otheTj the 
distance of their centres is greater than the sum of their radii. 

Let 0, 0' be the centres. Their dis- 
tance 00' is greater than the sum of 
the radii OJ., 0'5, by the portion AJB 
interposed between the circles. 





PROPOSITION. XV.— THEOREM. 

87. When two circumferences are tangent to each other externally ^ the 
distance of their centres is equal to the sum of their radii. 

Let 0, 0', be the centres, and C the point 
of contact. The point C being in the line 
joining the centres (35), we have 00' = 

00+ 0' a 
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PKOPOSITION XVI.— THEOREM. 

38. When two circumferences intersect, the distance of their centres 
is less than the sum of their radii and greater than the difference of their 
radii. 

Let and 0' be their centres, and A 
one of their points of intersection. The 
point A is not in the line joining the 
centres (34) ; and consequently there is 
formed the triangle A00\ in which we 
have 00' < OA + O'A, and also 
00' >0A - O'A (I. 67). 




PROPOSITION XVII— THEOREM. 

39. When two circumferences are tangent to each other intemall^f 
the distance of their centres is equal to the difference of their radii. 



Let 0, 0', be the centres, and (7 the point of 
contact. The point being in the line joining 
the centres (35), we have 00' = OC — O'C. 




PROPOSITION XVIII.— THEOREM. 

40. When one circumference is wholly within another, the distance 
of their centres is less than the difference of their radii. 



Let 0, O'y be the centres. We have the dif- 
ference of the radii OA — O'B = 00' + AB. 
Hence 00' is less than the difference of the 
mdii by the distance AB* 



41. Corollary, The converse of each of the preceding five propo- 
sitions is also true : namely — 

1st. When the distance of the centres is greater than the sum ol 
the radii, the circumferences are wholly exterior to each other. 




BOOK II. 66 

2d. When the distance of the centres is equal to the sum of the 
radii, the circumferences touch each other externally. 

3d. When the distance of the centres is less than the sum of the 
radii, but greater than their difference, the circumferences intersect. 

4th. When the distance of the centres is equal to the difference 
of the radii, the circumferences touch each other internally. 

5th. When the distance of the centres is less than the difference 
of the radii, one circumference is wholly within the other. 

MEASUKE OF ANGLES. 

As the measurement of magnitude is one. of the principal objects 
of geometry, it will be proper to premise here some principles in 
regard to the measurement of quantity in general. 

42. DefinUion, To measure a quantity of any kind is to find how 
many times it contains another quantity of the same kind called the 
uniL 

Thus, to measure a line is to find the number expressing how many 
times it contains another line called the uniJL of lengthy or the linear 
unit 

The number which expresses how many times a quantity contains 
the unit is called the numerical measure of that quantity. 

43. Definition. The raiio of two quantities is the quotient arising 

A 
from dividing one by the other ; thus, the ratio of J. to -B is — 

To find the ratio of one quantity to another is, then, to find how 
many times the first contains the second ; therefore, it is the same 
thing as to measure the first by the second taken as the unit (42). 
It is implied in the definition of ratio, that the quantities compared 
are of the same kind. 

Hence, also, instead of the definition (42), we may say that to 
measure a quantity is to find its ratio to the unit 

The ratio of two quantities is the same as the ratio of their 
numerical measures. Thus, if P denotes the unit, and if P is con- 
tained m times in A and n times in B, then, 

A mP m 

B~^ nP'^ n 

44. D^miHo/ti, Two quantities are commensurable when there is 

6* E 
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some third quantity of the same kind which in contained a whole 
number of times in each. This third quantity is called the common 
measure of the proposed quantities. 

Thus, the two lines, A and B, are commensurable, if there is some 
line, C, which is contained a whole num- 
ber of timesL in each, as, for example, ' ' ' ' ' ' ""^ 



7 times in A, and 4 times in B. '• — • — » — » — » 

The ratio of two commensurable quan- qi — , 
titles can, therefore, be exactly expressed 

by a number whole or fractional (as in the preceding example 

7\ 
by -], and is called a commensurable ratio. 

45. Definition, Two quantities are incommensurable when they 
have no common measure. The ratio of two such quantities is called 
an incommensurable ratio. 

If A and B are two incommensurable quantities, their ratio is still 

expressed by f 

46. Problem. To find the greatest comm^on measure of two quantities. 
The well-known arithmetical process may be extended to quantities 
of all kinds. Thus, suppose AB and CD are two straight lines 
whose common measure is required. Their greatest common meas- 
ure cannot be greater than the less line 

CD. Therefore, let CD be applied to -45 -*' * ' J"* 

as many times as possible, suppose 3 times, Cr— i-t-id 
with a remainder EB less than CD. Any 

common measure of AB and CD must also be a common measure 
of CD and EB ; for it will be contained a whole number of times in 
CD, and in AE, which is a multiple of CD, and therefore to measure 
AB it must also measure the part EB. Hence, the greatest common 
measure of AB and CD must also be the greatest common measure 
of CD and EB. This greatest common measure of CD and EB 
cannot be greater than the less line EB ; therefore, let EB be applied 
as many times as possible to CD, suppose twice, with a remainder 
FD. Then, by the same reasuning, the greatest common measure 
of CD and EB, and consequently also that of AB and CD, is the 
greatest common measure of EB and FD. Therefore, let FD be 
applied to EB as many times as possible : suppose it is ontained 



BOOK II. 67 

exactly twice in EB without remainder ; the process is then com- 
pleted, and we have found FD as the required greatest common 
measure. 

The measure of each line, referred to FD as the unit, will then be 
as follows : we have 

EB = 2 J!D, 

CD = 2EB + FD = AFD + FD = bFD, 

AB = 3CD + EB = 15FD + 2FD = IIFD. 

The proposed lines are therefore numerically expressed, in terms of 

17 
the unit JF!D, by the numbers 17 and 5 ; and their ratio is — 

6 

47. When the preceding process is applied to two quantities and 
no remainder can be found which is exactly contained in a pre- 
ceding remainder, however far the process be continued, the two 
quantities have no common measure; that is, they are incommen- 
surable, and their ratio cannot be exactly expressed by any number 
whole or fractional. 

48. But although an incommensurable ratio cannot be exactly 

expressed by a number, it may be approximcUely expressed by a 

number within any assigned measure of precision. 

A 
Suppose -— denotes the incommensurable ratio of two quantities 
B 

A and B ; and let it be proposed to obtain an approximate numeri- 
cal expression of this ratio that shall be correct within an assigned 

measure of precision, say -— • Let B be divided into 100 equal 

parts, and suppose A is found to contain 314 of these parts with a 
remainder less than one of the parts ; then, evidently, we have 

A 314 .,,. 1 
-r = — withm 



B 100 100 

that is, is an approximate value of the ratio — within the as- 

100 *^*^ B 

signed measure of precision. 

A 
To generalize this, -— denoting as before the incommensurable 

« 

ratio of the two quantities A and Bj let B be divided into n equal 
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parts, and let A contain m of these parts with a remainder leas than 
one of the parts ; then we have 

A m ... 1 
-- = — within - ; 

B n n 

and, since n may be taken as great as we please, - may be made less 

than any assigned measure of precision, and — will be the approxi- 

mate value of the ratio — within that assigned measure. 

49. Theorem, Two ineommensurahle ratios are eqiud, if their approxi' 

mate numerical values are always equal, when both are expressed within 

the same measure of precision however smalL 

A A' 
Let — and — ; be two incommensurable ratios whose approximate 

B B' ^^ 

numerical values are always the same when the same measure of 
precision is employed in expressing both ; then, we say that 

B B' 

For, let - be any assumed measure of precision, and in accordance 

with the hypothesis of the theorem, suppose that for any value of 

1-4-4' 

->the ratios—* — j have the same approximate numerical expres- 

n B B 

sion, say —* each ratio exceeding — by a quantity less than -; 
n n n 

then, these ratios cannot differ Jrom each other by so much as - 

n 

But the measure - may be assumed as small as we please, that is less 

A A' 
than any assignable quantity however small; hence •— and — cannot 

B B 

differ by any assignable quantity however small, and therefore they 

must be equal. 

The student should study this demonstration in connection with 

that of Proposition XIX., which follows. 
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60. Defmitum. A proportion is an equality of ratios. Thus, if the 

A A' 

ratio -^ is equal to the ratio —y the equality 

B B' 

is a proportion. It may be read : '' Ratio of J. to J? equals ratio of 
A' to J?V' or "^ is to JS as ^' is to B\" 
A proportion is often written as follows : 

AiB = A'iB 

where the notation A i B h equivalent Ui A -i- B. When thus 
written, A and B' are called the eairemes, B and A' the means, and 
B' is called a fourth proportional to A, B and A'; the first terms 
^ and A\ of the ratios are called the anteeedenta — the second terms, 
B and B\ the comequenta. 
When the means are equal, as in the proportion 

AiB = B:C, 

the middle term B is called a mean proportional between A and (7, 
and (7 is called a third proportional to A and B. 



PROPOSITION XIX.— THEOREM. 

51. In the same cirde, or in equal circles, two angles ai the centre are 
in the same ratio as their intercepted arcs. 

Let A OB and AOChe two angles at the centre of the same, or at 
the centres of equal circles; AB and AC, their intercepted arcs; 
then, 

AOB AB 

AOC^AC 

1st Suppose the arcs to have 
a common measure which is con- 
tained, for example, 7 times in 

the arc AB and 4 times in the arc AC; so that if AB is divided 
into 7 parts, each equal to the common measure, A C will contain 4 
of these parts. Then the ratio of the arcs AB and AC h 7 : 4 ; 
Uiat is, 
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AC 4 

Drawing radii to the several ^* 

points of division of the arcs, 

the partial angles at the centre 

subtended by the equal partial arcs will be equal (10) ; therefore 

the angle AOB will be divided into 7 equal parts, of which the 

angle AOC will contain 4; hence the ratio of the angles AOB and 

AOCis7:4; that is, 

AOB _1 

AOO 4 

Therefore, we have 

AOB^AB 
AOG AC 

AOBiAOC=AB:Aa 

2d. If the arcs are incommensurable, suppose one of them, as ^(7, 
to be divided into any number n of equal parts ; then AB will con- 
tain a certain number m of these parts, plvs a remainder less than 

one of these parts. The numerical expression of the ratio -— — will 

then be — , correct within - (48). Drawing radii to the several 

points of division of the arcs, the angle .i 0(7 will be divided into n 
equal parts, and the angle A OB will contain m such parts, plus a 
remainder less than one of the parts. Therefore, the numerical 

expression of the ratio — r-z will also be —> correct within - ; that 
^ AOG »* » 

is, the ratio ^ has the same approximate numerical expression as 

AB 

the ratio -— -> however small the parts into which AC \b divided; 

AC 
therefore these ratios must be absolutely equal (49), and we have ftr 
incommensurable, as well as for commensurable, arcs, 

AOB ^AB 
AOC AC 

AOBiAOC=^ABiAa 
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PROPOSITION XX— THEOREM. 

62. The nttmeriecd mecuure of an angle at the centre of a circle is 
the same as the numerical measure of its intercepted arc, if the adopted 
unit of angle is the angle at the centre which intercepts the adopted unit 
of arc 

Let A OB be an angle at the centre 0, and 
AB its intercepted arc. Let J.OC be the 
angle which is adopted as the unit of angle, 
and let its intercepted arc AC he the arc 
which is adopted as the unit of arc. By 
Proposition XIX. we have 

AOB ^AB 
AOC AC 

But the first of these ratios is the measure (42) of the angle A OB 
Referred to the unit AOC; and the second ratio is the measure of the 
arc AlB referred to the unit A C. Therefore, with the adopted units, 
whe numerical measure of the angle A OB is the same as that of the 
arc AB. 

53. Scholium I. This theorem, being of frequent application, is 
usually more briefly, though inaccurately, expressed by saying that 
an angle at the centre is measured by its intercepted arc. In this con- 
ventional statement of the theorem, the condition that the adopted 
units of angle and arc correspond to each other is understood ; and 
the expression "is measured by" is used for "has the same numerical 
measure as." 

54. Scholium II. The right angle is, by its nature, the most simple 
unit of angle ; nevertheless custom has sanctioned a different unit 

The unit of angle generally adopted is an angle equal to ^th 
part of a right angle, called a degree, and denoted by the symbol °. 
The corresponding unit of arc is ^th part of a quadrant (11), and 
is also called a degree. 

A right angle and a quadrant are therefore both expressed by 90^. 
Two right angles and a semi-circumference are both expressed by 
180^. Four right angles and a whole circumference are both ex- 
pressed by SeO"". 

The d^ree (either of angle or arc) is subdivided into minutes and 
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secandSf denoted by the symbols ' and " : a minute being ^th part 
of a degree, and a second being ^th part of a minute. Fractional 
parts of a degree less than one second are expressed by decimal parts 
of a second. 

An angle, or an arc, of any magnitude is, then, numerically ex- 
pressed by the unit degree and its subdivisions. Thus, for example, 
an angle equal to -fth of a right angle, as well as its intercepted arc, 
will be expressed by 12° 61' 25". 714 ... . 

55. Definition, When the sum of two arcs is a quadrant (that is, 
90°), each is called the complement of the other. 

When the sum of two arcs is a semi-circumference (that is, 180^), 
each is called the supplement of the other. See (I. 18, 19). 

56. Definitions. An inscribed angle is one whose vertex is on the 
circumference and whose sides are chords; as BAG. 

In general, any rectilinear figure, as ABC, is 
said to be inscribed in a circle, when its angular 
points are on the circumference; and the circle 
is then said to be circumscribed about the figure. 

An angle is said to be inscribed in a segment 
when its vertex is in the arc of the segment, and 
its sides pass through the extremities of the sub- 
tending chord. Thus, the angle BAC is inscribed in the segmoit 
BAC. 




PROPOSITION XXL—THEOREM. 

57. An inscribed angle is m>easured by one-half its intercept^ care. 

There may be three cases : 

let. Let one of the sides AB of the inscribed 
angle BAC be a diameter; then, the measure 
of the angle BAC is one-half the arc BC. 

For, draw the radius DC Then, AOC being 
an isosceles triangle, the angles OAC and OCA 
are equal (I. 86). The angle 'BOC, an exterior 
angle of the triangle J. 0(7, is equal to the sum 
of the interior angles 0-4 C and OCA (I. 69), and therefore double 
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either of tbem. But the angle £0(7, at the centre, is measured by 
the arc JSC(53); therefore, the angle 0J.6^is measured by one-half 
the arc BC. 

2d. Let the centre of the circle fall -within the inscribed angle 
BAG] then, the measure of the angle BAG is one-half of the 
arc BG. 

For, draw the diameter AD, The measure of 
the angle BAD is, by the first case, one-half the 
arc BD\ and the measure of the angle GAD is 
one-half the arc CD; therefore, the measure of 
the sum of the angles BAD and GAD is one-half 
the sum of the arcs BD and GD\ that is, the 
measure of the angle BAG is one-half the arc BG, 

3d. Let the centre of the circle fall without the inscribed angle 
BAG; then, the measure of the angle BAG is 
one-half the arc BG. 

For, draw the diameter AD. The measure of 
the angle BAD is, by the first case, one-half the 
arc BD ; and the measure of the angle GAD is 
one-half the arc GD\ therefore, the measure of 
the difference of the angles BAD and GAD is 
one-half the difference of the arcs BD and GD ; 
that is, the measure of the angle BAG is one-half the arc BG. 





c D 



58. GwoUary L All the angles BAp, BDG, 
etc., inscribed in the same segment, are equal. 
For eacr is measured by one-half the same 
arc BMC 



69. Corollary 11. Any angle BAG, inscribed in 
a semicircle is a right angle. For it is measured 
by half a semi-circumference, or by a quad- 
rant (54). 

7 




74 



GEOtfETBT. 




60. OoroUary III. Any angle BA C, inscribed 
in a segment greater than a semicircle, is acute; 
for it is measured by half the arc BDC, which 
is less than a semi-circumference. 

Any angle BDQ inscribed in a segment less 
than a semicircle, is obtuse ; for it is measured 
by half the arc BA C, which is greater than a 
semi-circumference. 

61. Corollary IV. The opposite angles of an inscribed quadrilateral 
ABDC, are supplements of each other. For the sum of two oppo- 
site angles, as BAC and BDC, is measured by one-half the circum- 
ference, which is the measure of two right angles, (54) and (I. 19). 




PROPOSITION XXIL— THEOREM. 

62. An angle formed by a tangent and a chord 18 measured by on&' 
half the interested arc. 

Let the angle BAC be formed by the 
tangent AB and the chord AC; then, it is 
measured by one-half the intercepted arc 
AMC 

For, draw the diameter AD, The angle 
BAD being a right angle (27), is measured 
by one-half the semi-circumference AMD ; 

and the angle CAD is measufed by one-half the arc CD; therefore, 
the angle BAC, which is the difference of the angles BAD and CAD, 
is measured by one-half the difference of AMD and CD, that is, 
by one-half the arc AMC. 

Also, the angle B'AC ia measured by one-half the intercepted arc 
ANG For, it is the sum of the right angle B'AD and the angle 
CA D, and is measured by one-half the sum of the semi-circumference 
AND and the arc CD ; that is, by one-half the arc ANC 

63. Scholium. This proposition may be treated as a particular case 
of Prop. XXL by an application of the principle of (28). For, con- 
sider the angle CAD which is measured by one-half the arc CD* 
Let the side A C remain fixed, while the side AD, regarded as a 
secant, revolves about A until it arrives at the position of the tangent 
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AB\ The point D will move along the circumference, and will 
ultimately coincide with A, when the line AD has become a tangent 
and the intercepted arc has become the arc CNA. 



PROPOSITION XXIIL—THEOEEM. 

64. An angle formed by two chords, intersecting within the drcum- 
ference, is measured by one-Iialf the sum of the arcs intercepted between 
its sides and between the sides of its vertical angle. 

Let the angle AEChe formed by the chords 
ABy CD, intersecting within the circumference; 
then will it be measured by one-half the sum 
of the arcs A C and BD, intercepted between 
the sides of AEC and the sides of its vertical 
angle BED. 

For, join AD. The angle AEC is equal to the sum of the angles 
EDA and EAD (I. 69), and these angles are measured by one-half 
of AC and one-half of BD, respectively ; therefore, the angle AEC 
is measured by one-half the sum of the arcs A C and BD. 




PROPOSITION XXIV.—THEOREM. 

65. An angle formed by tvx) secants, intersecting withovi the circum' 
ference, is measured by one-half the difference of the interested arcs. 

Let the angle BAC be formed by the secants 
AB and AC; then, will it be measured by one- 
half the difference of the arcs BC and DE. 

For, join CD. The angle BDC is equal to the 
sum of the angles DAC and A CD (L 69) ; there- 
fore, the angle A is equal to the difference of the 
angles BDC and A CD. But these angles are meas- 
ured by one-half of BC and one-half of DE re- 
spectively ; hence, the angle A is measured by one-half the differ- 
ence of BC and DE. 
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66. OoroUai-y. The angle BAE, formed by 
a tangent AB and a secant AE, is measured 
by one-half the diiference of the intercepted 
arcs BE and BC. For, the tangent AB 
may be regarded as a secant whose two 
points of intersection are coincident at B 
(28). 

For, the same reason, the angle BAD, 
formed by two tangents AB and AD, is 

measured by one-half the difference of the intercepted arcs BCD 
and BED. 

A proof may be given, without using the. principle of (28), by 
drawing EB and BC, 




PROBLEMS OF CONSTRUCTION. 

Heretofore, our figures have been assumed to be constructed under 
certain conditions, although methods of constructing them have not 
been given. Indeed, the precise construction of the figures was not 
necessary, inasmuch as they were only required as aids in following 
the demonstration of principles. We now proceed, first, to apply 
these principles in the solution of the simple problems necessary. for 
the construction of the plane figures already treated of, and then to 
apply these simple problems in the solution of more complex ones. 

All the constructions of elementary geometry are effected solely 
by the straight line and the circumference, these being the only lines 
treated of in the elements ; and these lines are practically drawn, 
or described, by the aid of the ruler and compasses, with the use of 
which the student is supposed to be familiar. 



PROPOSITION XXV.— PROBLEM. 

67. To bisect a given straight line. 

Let AB be the given straight line. 

With the points A and B as centres, and with a 
radius greater than the half of AB, describe arcs 
intersecting in the two points D and E. Through 
these points draw the straight line DE, i^hich bi- 
sects AB at the point C. For, D and E being 



D 



— m 



B 
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e(|iiallj distant from A and B, the straight line DE is perpendicular 
to AB at its middle point (L 41). 

PROPOSITION XXVI.— PROBLEM. 

68. At a given poirU in a given straight line, to erect a perpendicular 
to thai line. 

Let AB be the given line and G the given 
point. 

Take two points, D and E, in the line and at 
equal distances from (7. With D and E as cen- 
tres and a radius greater than DC or CE de- 
scribe two arcs intersecting in F. Then CF is the required perpen- 
dicular (I. 41). 

69. Another solution. Take any point 0, > 
without the given line, as a centre, and with q ,**'' 
a radius equal to the distance from Uy G 



CF 



E B 



\..'' 



E 



describe a circumference intersecting AB in C ^\ /^ 

and in a second point D. Draw the diameter 
D OE, and join EC. Then EC will be the re- 
quired perpendicular : for the angle ECD, inscribed in a semicircle* 
is a right angle (59). 

This construction is often preferable to the preceding, especially 
when the given point C is at, or near, one extremity of the given 
line, and it is not convenient to produce the line through that 
extremity. The point must evidently be so chosen as not to lie in 
the required perpendicular. 

PROPOSITION XXVII.— PROBLEM. 

70. From a given point toithout a given straight line^ to let fall a per- 
p^ndictUar to thai line. 

Let AB be the given line and C the given 
point 

With (7 as a centre, and with a radius suf- 
ficiently great, describe an arc intersecting i> 
AB in D and E. With D and E as centres 
and a radius greater than the half of DE, 

7* 



....--• E 



' -a 
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describe two arcs intersecting in FJ The line CF is the 
perpendicular (I. 41). 

71. Another solution. With any point in 
the line AB b» 2i centre, and with the radius ..-''' 

0(7, describe an arc CDE intersecting AB ^ o 
in D. With D as a centre and a radius 
equal to the distance DC describe an arc 
intersecting the arc CDE in K The line CE is the required perpen- 
dicular. For, the point D is the middle of the arc GDE^ and the 
radius OD drawn to this point is perpendicular to the chord 
CE (16). 



ik 



PROPOSITION XXVin.— PBOBLEM. 
72. To bisect a given arc or a given angle. 

1st. Let AB be a given arc. 
Bisect its chord AB by a perpendicular as in (67). 
This perpendicular also bisects the arc (16). 



^c 



2d. Let BA C be a given angle. With A as 
a centre and with any radius, describe an arc 
intersecting the sides of the angle in D and E. 
With D and E as centres, and with equal radii, 
describe arcs intersecting in F. The straight 
line AF bisects the arc DE, and consequently 
also the angle BAC (12). 

73. Scholium. By the same construction each of the halves of an 
arc, or an angle, may be bisected ; and thus, by successive bisections, 
an arc, or an angle, may be divided into 4, 8, 16, 32, etc., equal 
parts. 
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PROPOSITION XXIX.— PROBLEM. 

74. At a given point in a given straight line^to construct an angle 
tqucU to a given angle. 

Let A be the given point in the straight line 
AB, and the given angle. 

With as a centre and with any radius describe 
an arc MN terminated by the sides of the angle. 
With A as a centre and with the same radius, 
OM, describe an indefinite arc BC. With J^ as a 
centre and with a radius equal to the chord of 
MN describe an arc intersecting the indefinite arc 
BC in D. Join AD. Then the angle BAD is 
equal to the angle 0, For the chords of the arcs MN and BD are 
equal ; therefore, these arcs are equal (12), and consequently also the 
angles and A (10). 




PROPOSITION XXX.— PROBLEM. 

75. Through a given point, to draw a parallel to a given straight 
line. 

Let A be the given point, and BC the given line. 

From any point B in BC draw the straight -P 

line BAD through A. At the point A, by 
the preceding problem, construct the angle 
DAE equal to the angle ABC Then AE is 
parallel toBC(l. 56). — 



/'•\ 



A. 



B 



a 



76. Scholium. This problem is, in practice, more accurately solved 
by the aid of a triangle, constructed of 
wood or metal. This triangle has one 
right angle, and its acute angles are 
usually made equal to 30° and 60°. 

Let A be the given point, and BC 
the given line. Place the triangle, 
EFDf with one of its sides in coinci- 
dence with the given line BC, Then 
place the straight edge of a ruler MN 
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against the side EF of the triangle. Now, keeping the ruler firmly 
fixed, slide the triangle along its edge until the side ED passes 
through the given point A. Trace the line EAD along the edge 
ED of the triangle ; then, it is evident that this line will be parallel 
XjoBC. 

One angle of the triangle being made very precisely equal to a 
right angle, this instrument is also used in practice to construct pe^ 
pendiculars, with more facility thaji by the methods of (68) and (70). 



PROPOSITION XXXI.— PROBLEM. 
77. Two angles of a triangle being given, to find the third. 



Let A and B be the given angles. 

Draw the indefinite line QM. From any 
f-oint in this line, draw ON making the 
angle MON = A, and the line OP making 
the angle NOP = B. Then POQ is the 
required third angle of the triangle (I. 72). 






PROPOSITION XXXIL— PROBLEM, 

78. Two sides of a triangle and their included angle being given, to 
construct the triangle. 

Let h and c be the given sides and A their 
included angle. 

Draw an indefinite line AE, and construct 
the angle ^^jP= A On AE tekQ AC = b, 
and on AF take AB = c; join BC, Then 
ABC is the triangle required; for it is 
formed with the data. 

With the data, two sides and the included angle, only one triangle 
can be constructed ; that is, all triangles constructed with these data 
are equal, and thus only repetitions of the same triangle (L 76). 

79. Scholiiim. It is evident that one triangle is always possible, 
whatever may be the magnitude of the proposed sides and their in- 
cluded angle. 
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PEOPOSITION XXXIII.— PEOBLEM. 

80. One side and two angles of a triangle being given, to eonstruci 
the triangle. 

Two angles of the triangle being given, ^^ ]J- 

the third angle can be found by (77) ; and 
we shall therefore always have given the 
two angles adjacent to the given side. Let, e^d 

thpo, c be the given side, A and B the angles 
Adjacent to it 

Draw a line AB = c; at J. make an 
angle BAD = A, and at B an angle ABE = B. The lines AD 
and BE intersecting in (7, we have ABC as the required triangle. 

With these data, but one triangle can be constructed (I. 78). 

81. Scholium. If the two given angles are together equal to or 
greater than two right angles, the problem is impossible ; that is, no 
triangle can be constructed with the data ; for the lines AD and BC 
will not intersect on that side of AB on which the angles have been 
constructed. 




PROPOSITION XXXIV.— PROBLEM. 

82. The three sides of a triangle being given, to construct the 
triangle. 

Let o, b and c be the three given sides. a 

Draw BC= a; with (7 as a centre and a ^" 

c 

radius equal to b describe an arc ; with B as 
a centre and a radius equal to c describe a 
second arc intersecting the first in A. Then, 
ABC is the required triangle. 

With these data but one triangle can be con- 
structed (L 80). 

83. Scholium. The problem is impossible when one of the given 

sides is equal to or greater than the sum c*f the other two (I. 66). 

7** F 
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PEOPOSITION XXXV.— PEOBLEM. 

84. Two sides of a triangle and the angle opposite to one of them 
being given, to construct the triangle. 

We shall consider two cases. 

1st. When the given angle A is acute, 
and the given side a, opposite to it in the 
triangle, is less than the other given side e. 

Construct an angle DAE = J.. In 
one of its sides, as AD, take AB = c; 
with ^ as a centre and a radius equal to 
a, describe an arc which (since a < c) will 

intersect AE in two points, C and C", on the same side of A. Join 
BC and BC". Then, either ABC or ABC" is the required tri- 
angle, since each is formed with the data ; and the problem has two 
solutions. 

There will, however, be but one solution, even with these data, when 
the side a is so much less than the side e as to be just equal to the 
perpendicular from B upon AE For then the arc described from B 
as a centre and with the radius a, will touch AE in a single point 
(7, and the required triangle will be ABC, right angled at G 

2d. When the given angle A is either 
acute, right or obtuse, and the side a 
opposite to it is greater than the other 
given side c. 

The same construction being made 
as in the first case, the arc described 
with ^ as a centre and with a radius c"' 
equal to a, will intersect AE in only one 

point, C, on the same side of A. Then ABC will be the triangle 
required, and will be the only possible triangle with the data. 

The second point of intersection, C, will fall in EA produced, and 
the triangle ABC thus formed will not contain the ^ven angle. 

85. Scholium, The problem is impossible when the given angle A 
is acute and the proposed side opposite to it is less than the perpen- 
dicular from B upon AE*, for then the arc described from B will not 
intersect AE. 

The problem is also impossible when the given angle is right, or 
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obtase, if the given side opposite to the angle is less than the other 
given side ; for either the arc described from B would not intersect 
AE, or it would intersect it only when produced through A. More- 
Dver, a right or obtuse angle is the greatest angle of a triangle (I. 70), 
and the side opposite to it must be the greatest side (I. 92). 

PROPOSITION XXXVI.— PROBLEM. 

86. The ctdjacent ddea of a parallelogram and Vieir included angle 
being given, to construct the parallelogram. 

Construct an angle A equal to the given 
angle, and take A C and AB respectively equal 
to the given sides. With ^ as a centre and a 
radius equal to A (7, describe an arc ; with C as 
a centre and a radius equal to AB, describe another arc, intersect- 
ing the first in D. Draw BD and CD. Then ABDC is a parallelo- 
gram (I. 107), and it is the one required, since it is formed with the 
data. 

Or thus: through B draw BD parallel to AC, and through C 
draw CD parallel to AB. 

PROPOSITION XXXVII.— PROBLEM. 

87. To find the cenire of a given circumference, or of a given are. 

Take any three points, A, B and C, in the 
given circumference or arc. Bisect the arcs 
AB, BC, by perpendiculars to the chords AB, 
BC (72); these perpendiculars intersect in the 
required centre (16). 

88. Seholium. The same construction serves to describe a circum- 
ference which shall pass through three given points A, B, C; or to 
ctreumscribe a circle about a given triangle ABC, that is, to describe 
a circumference in which the given triangle shall be inscribed (56). 
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PROPOSITION XXXVIII.— PROBLEBL 

89. At a given paint in a given dreumferenee, to draw a tan§ ml in 
the dreumferenee. 

Let ^ be the given point in the given cireum- 
forence. Draw the radius OA, and at A draw 
UA C perpendicular to OA ; BG will be the re- 
quired tangent (26). 

If the centre of the circumference is not 
given, it may first be found by the preceding 
problem, or we may proceed more directly as 
follows. Take two points D and E equidistant 
from A ; draw the chord DE, and through A 
draw BAC parallel to DE, Since A is the 
middle point of the arc DEy the radius drawn 
to A will be perpendicular to DE (16), and con- 
sequently also to BC\ therefore ^(7 is a tangent 
at A. 





PROPOSITION XXXIX.— PROBLEM. 

90. Through a given 'point vrithout a given circle to draw a tangnU 
io ilie circle. 

Let be the centre of the given circle and P 
the given point. 

Upon OP, as a diameter, describe a circumfer- 
ence intersecting the circumference of the given 
circle in two points, A and A\ Draw PA and 
PA', both of which will be tangent to the given 
circle. For, drawing the radii OA and 0A\ the 
angles OAP and OA'P are right angles (59); 
therefore PA and PA* are tangents (26). 

In practice, this problem is accurately solved by placing the 
straight edge of a ruler through the given point and tangent to the 
given circumference, and then tracing the tangent by the straight 
edge. The precise point of tangency is then determined by drawing 
a perpendicular to the tangent from the centre. 

91. Sckolium. This problem always admits of two solutions. More- 
over, the portions of the two tangents intercepted between the given 
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point and the points of tangency are equal, for the right triangles 
POA and POA' are equal (I. 83) ; therefore, PA = PA\ 




PEOPOSITION XL.— PEOBLEM. 

92. To draw a common tangent to two given circles. 

Let and 0' be the centres of the given circles, and let the 
radius of the first be the greater. 

Ist. To draw an exterior common tangent. With the centre 0, 
and a radius OJf, equal to the 
difference of the given radii, 
describe a circumference; and 
from 0' draw a tangent O'Jf 
to this circumference (90). 
Join OM, and produce it to 
meet the given circumference 
in A. Draw O'A' parallel to 

OA, and join AA\ Then AA' is a common tangent to the two 
given circles. For, by the construction, OM = OA — 0'A\ and 
also 0M= OA —MA, whence MA = 0'A\ and AMO'A' is a par- 
allelogram (I. 108). But the angle if is a right angle ; therefore, 
this parallelogram is a rectangle, and the angles at A and J.' are 
right angles. Hence, AA' is a tangent to both circles. 

Since two tangents can be drawn from 0' to the circle OM, there 
are two exterior common tangents to the given circles, namely, AA' 
and BB\ which meet in a point T in the line of centres 00' 
produced. 

2d. To draw an interior common tangent. With the centre 
and a radius OJf equal to the sum of the given radii, describe a cir- 
cumference, and from 0' draw a tangent O'M to this circumferenct . 
Join OM, intersecting the given cir- 
cumference in A, Draw O'J.' par- 
allel to OA. Then, since OM = 
OA + 0'A\ we have AM = 0'A\ 
and AMO'A' is a rectangle. There- 
fore, AA' is a tangent to both the 
given circles. 

There are two interior common 
8 
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tangents, A^ and BB', which intenect in a point T in the line of 
centres, between the two circles. 

93. Seholium. If the given circles intersect each other, only the 
exterior tangents are possible. If thej are tangent to each other 
externally, the two interior common tangents reduce to a single com- 
mon tangent. If they are tangent internally, the two exterior tan- 
gents reduce to a single common tangent, and the interior taogents 
are not possible. If one circle is wholly within the other, there is 
no solution. 



PE0P08ITI0N XLI.—PEOBLEM. 

94, To intcrilc a circle in a givea triangle. 

Let ABC be the given triangle. Bisect any two of its angles, as 
B and C, by straight lines meeting in 0. Prom the point let fall 
perpendiculars OD, OE, OF, upon the three 
sides of the triangle ; these perpendiculars will 
be equal to each other (I, 129). Hence, the 
circumference of a circle, described with the 
centre 0, and a radius ^ OD, will pass through 
the three points D, E, F, will be tangent to the 
three sides of the triangle at these points (26), 
and will therefore be inscribed in the triangle. 

95. SchoHum. If the sides oi' the triangle are produced and the 
exterior angles are bisected, the intersections 0', 0", 0'", of the 
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jisecting linesy will be the centres of three circles, each of which 
will touch one side of the triangle and the two other sides produced. 
In general, therefore, /our drclea can be dratmi tangent to three inter- 
secting straight lines. The three circles which lie without the triangle 
have been named escribed circles. 




PROPOBITION XLIL— PEOBLEM. 

96. Upon a given straight line, to describe a segment which shcUl 
contain a given angle. 

Let ^ B be the given line. At the point B construct the angle 
-4^ C equal to the given angle. Draw BO per- 
pendicular to BQ and DO perpendicular to 
AB at its middle point 2), intersecting BO in 0. 
With as a centre, and radius OB describe the 
circumference AMBN. The segment AMB is 
the required segment For, the line BC, being 
perpendicular to the radius OB^ is a tangent to 
the circle; therefore, the angle ABC is meas- 
ured by one-half the arc ANB (62), which is also the measure of 
any angle AMB inscribed in the segment AMB (57). Therefore, 
any angle inscribed in this segment is equal to the given angle. 

97. Scholium. If any point P is taken within the segment AMB, 
the angle APB is greater than the inscribed angle 

AMB (I. 74) ; and if any point Q is taken without 
this segment, but on the same side of the chord AB 
as the segment, the angle A QB is less than the in- 
scribed angle AMB. Therefore, the angles whose 
vertices lie in the arc AMB are the only angles of 
the given magnitude whose sides pass through the 
two points A and B ; hence, the arc AMB is the 
lociu of the vertices of all the angles of the given 
magnitude whose sides pass through A and B. 

If any point M' be taken in the arc AM*B, the angle AMB is the 
supplement of the angle AM'B (61) ; and if BM' be produced to 
^', the angle AM'B^ ia also the supplement of AM^B; therefore 
AM'B' = AMB. Hence the vertices of all the angles of the given 
magnitude whose sides, or sides produced, pass through A and B, lie 
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in the circumference AMBM' ; that is, the locus of the vertices of cUl 
the angles of a given magnitude whose sides, or sides produced, pass 
through two fixed points, is a circumference passing through these points, 
and this locus may be constructed by the preceding problem. 

It may here be remarked, that in order to establish a certain line 
as a locus of points subject to certain given conditions, it is necessary 
not only to show that every point in that line satisfies the conditions, 
but also that no other points satisfy them ; for the asserted locus 
must be the assemblage of aU the points satisfying the given condi- 
tions (I. 40). 



INSCRIBED AND CIRCUMSCRIBED QUADRILATERALS. 

98. Definition. An inscriptible quadrilateral is one which can be 
inscribed in a circle ; that is, a circumference can be described pass- 
ing through its four vertices. 



PROPOSITION XLIII.— THEOREM. 

99. A quadrilateral is inscriptible if two opposite angles in it are 
supplements of each other. 

Let the angles A and C, of the quadrilateral ^ 

ABCD, be supplements of each other. De- /O'^^^^^^ 

scribe a circumference passing through the bU^- -^b 

three vertices B, C, D\ and draw the chord l\ ^y^ ] 

BD. The angle A, being the supplement of ^^^y^ y 

C, is equal to any angle inscribed in the seg- ^^^ ^"^ 

meut BMD (61) ; therefore the vertex A must 

be on the arc BMD (97), and the quadrilateral is inscribed in the 

cii cle. 

100. Scholium, This proposition is the converse of (61). 
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PBOPOSmON XLIV.— THEOREM. 

101. In any cireutMeribed quadrilcUeral, ihe sum of two opposite sides 
's equal to ihe sum of ihe other hvo opposite sides. ^ 

Let ABCD be circumscribed about a circle ; | p:=»"^-xr-? 
then, 

AB + DC=AD + BC. 

For, let E, F, O, H, be the points of contact 
of the sides ; then we have (91), b ^^^j^ i 

AE = AH, BE=BF, CG=CF, DQ = DH. 

^^dding the corresponding members of these equalities, we have 

AE+ BE+ CO + DO = AH+ DH+BF+ CF, 

that is, 

AB + DG=AD + BC. 

PROPOSITION XLV.— THEOREM. 

102. Conversely, if the sum of two opposite sides of a quadrihierid 
is equal to the sum of the other two sides, the qtuxdrilateral may be cir- 
eumscribed about a circle. 

In the quadrilateral AB CD, let AB + DC = \ 

AD -}- BC; then, the quadrilateral can be cir- r^^^^^*^" vA i> 
eumscribed about a circle. jr ^ 

Since the sum of the four angles of the quad- ( k 

rilateral is equal to four right angles, there must I V y \ 

be two consecutive angles in it whose sum is not ^ ^* — ^^— j, 

greater than two right angles; let ^ and C be 
these angles. Let a circle be described tangent to the three sides 
AB, BCf CD, the centre of this circle being the intersection of the 
bisectors of the angles B and C; then it is to be proved that this 
circle is tangent also to the fourth side AD. 

From the point A two tangents can be drawn to the circle (90). 

One of these tangents being AB, the other must be a line cutting 

CD (or CD produced) ; for, the sum of the angles B and C being 

not greater than two right angles, it is evident that no straight line 
8* 
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can be drawn from A, falling on the same side of BA with CD^ and 
not cutting the circle, which shall not cut CD, 
This second tangent, then, must be either AD \ 

or some other line, AM, cutting CD in a point M r^P^^^^"^^^© 

differing from D. If now AM is a tangent, V \ 

JiBCMis a circumscribed quadrilateral, and by I K 

the preceding proposition we shall have j\ / \ 

AB+ CM=AM+Ba B^ — "^ c- 

But we also have, by the hypothesis of the present proposition, 

AB + DC=AD + Ba 

Taking the difference of these equalities, we have 

DM=AM—AD; 

that is, one side of a triangle is equal to the difference of the other two, 
which is absurd. Therefore, the hypothesis that the tangent drawn 
from A and cutting the line CD, cuts it in any other point than D, 
leads to an absurdity ; therefore, that hypothesis must be fstlse, and 
the tangent in question must cut CD in 2), and consequently coincide 
with AD, Hence, a circle has been described which is tangent to 
the four sides of the quadrilateral ; and the quadrilateral is circum- 
scribed about the circle. 

103. Scholium, The method of demonstration employed above is 
called the indirect method, or the reductio ad absurdum. At the 
outset of a demonstration, or at any stage of its progress, two or 
more hypotheses respecting the quantities under consideration may 
be admissible so far as has been proved up to that point If, now, 
these hypotheses are such that one mtist be true, and only one ean 
be true, then, when all except one are shown to be absurd, that one 
must stand as the truth. 

While admitting the validity of this method, geometers usually 
prefer the direct method whenever it is applicable. There are, how- 
ever, propositions, such as the preceding, of which no direct proof is 
known, or at least no proof sufficiently simple to be admitted into 
elementary geometry. We have already employed the reductio ad 
absurdum in several cases without presenting the argument in full; 
Bee (I. 47), (I. 85), (27). 
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PROPORTIONAL LINES. SIMILAR FIGURES. 
THEORY OP PROPORTION. 

1. DsFonnoN. One quantity is said to be proportUmcU to another 
when the ratio of any two values, A and B, of the first, is equal to 
the ratio of the two corresponding values, A' and B\ of the second ; 
so that the four values form the proportion 

A:B=:A':B\ 

A A' 
or — = — • 

B B' 

This definition presupposes two quantities, each of which can have 
various values, so related to each other that each value of one cor- 
responds to a value of the other. An example occurs in the case of 
an angle at the centre of a circle and its intercepted arc. The 
angle may vary^ and with it also the arc ; but to each value of the 
angle there corresponds a certain value of the arc. It has been 
proved (II. 61) that the ratio of any two values of the angle is equal 
to the ratio of the two corresponding values of the arc ; and in ac- 
cordance with the definition just given, this proposition would be 
briefly expressed as follows : " The angle at the centre of a circle is 
proportional to its intercepted arc." 

2. Definition, One quantity is said to be reciprocally proportional 
to another when the ratio of two values, A and B, of the first, is 
equal to the reciprocal of the ratio of the two corresponding values, 
A' and ff, of the second, so that the four values form the proportion 

A:B = B':A\ 

A W , A' 

•1 
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For example, if the product p of two numbers, x and y, is given^ 
so that we have 

then, X and y may each have an indefinite number of values, but as 
X increases y diminishes. If, now, A and B are two values of a;, 
while J.' and B' are the two corresponding values of y, we must have 

A XA'=p, 

BxB'=p, 

whence, by dividing one of these equations by the other, 

B^ B''^ ' 

and therefore 

B £ A'' 
B' 

that is, tvDO numbers whose product is constant are recipracaUy prapoT' 
tional. 

3. Let the quantities in each of the couplets of the proportion 

| = |J, otA:B = A':B', [1] 

be measured by a unit of their own kind, and thus expressed by 
numbers (II. 42) ; let a and b denote the numerical measures of A and 
£, a' and 6' those of A' and -B' ; then (II. 43), 

and the proportion [1] may be replaced by the numerical proportion, 

^ ^' I. / If 

- = 77 or o : 6 = a : 6 . 

b 

4. Conversely, if the numerical measures a, 6, a\ b\ of four quan- 
tities J., B^ A\ B\ are in proportion, these quantities themselves are 
in proportion, provided that A and B are quantities of the same kind, 
and A^ and B^ are quantities of the same kind (though not neces- 
sarily of the same kind as A and B) ; that is, if we have 

a : 6 = a' : 6', 
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we may, under these conditions, infer the proportion 

5. Let us now consider the numerical proportion 

Writing it in the form 

a a' 

and multiplying both members of this equality by bb\ we obtain 

ah' = a% 

whence the theorem : the product of the extremes of a (numerical) 
proportion is equal to the product of the means. 

Corollary, If the means are equal, as in the proportion a:b == b : c^ 
we have 6* = ae, whence b = V^ac ; that is, a mean proportional be- 
tween two numbers is equal to the square root of their product, 

6. Conversely, if the product of ttvo numbers is equal to the product 
of two oiherSf either two may be made the extremes, and the other two the 
means, of a proportion. For, if we have given 

ab' = a% 

then, dividing by bb', we obtain 

z; = T7 or a : b = a' : b\ 
b b 

Corollary, The terms of a proportion may be written in any order 
which will make the products of the extremes equal to the product 
of the means. Thus, any one of the following proportions may be 
inferred from the given equality ah' = a^b: 

a : b = a' : b', 

a : a' = b :b', 

b : o = 6' : o', 

b : 6' = o : o', 

b' : a' = b : a, etc. 

Abo, any one of these proportions may be inferred from any other. 

7. Definitions, When we have given the proportion 

a : b = a' : b'. 
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and infer the proportion 

a : a' = b : b\ 

the second proportion is said to be deduced by aUematian, 
When we infer the proportion 

b : a = b' : a\ 

this proportion is said to be deduced by inversion, 

8. It is important to observe, that when we speak of the productii 
of the extremes and means of a proportion, it is implied that at least 
two of the terms are numbers. If, for example, the terms of the 
proportion 

are all lines, no meaning can be directly attached to the products 
Ay, B\ B y, A\ since in a product the multiplier at least must be 
a number. 

But if we have a proportion such as 

A: B = min^ 

in which m and n are numbers, while A and B are any two quanti- 
ties of the same kind, then we may infer the equality nA = mB. 

Nevertheless, we shall for the sake of brevity often speak of ^ 
product of two lines, meaning thereby the prodrust of the numben 
which represent those lines when they are measured by a common uniJL 

9. If A and B are any two quantities of the same kind, and m 
any number whole or fractional, we have, identically, 

mA A^ 

mB'^ B' 

that is, equimultiples of two quantities are in the sam^ ratio as the 
quantities themselves. 
Similarly, if we have the proportion 

A : B = A' : B\ 

and if m and n are any two numbers, we can infer the proportions 

mA : mB = nA[ : nB^, 

mA : nB = mA' : nB'. 
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10. Oomparition and divisum. Suppose we have given the propor- 
tion 

in which A and B are any quantities of the same kind, and A' and 
B' quantities of the same kind. Let unity be added to both mem- 
bers of [1] ; then 

— 4- 1 = ~ 4- 1 
B^ B'^ ' 

or, reducing, 

A + B ^ A' + B' 
B B' 

and dividing this by [1], ) [2] 

A + B ^ A' + B' 
A '^ A! 

results which are briefly expressed by the theorem, ij f<mr qumdUies 

are in proportion, they are in proportion by composition ; the term 

^omposUioh being employed to express the addition of antecedent 

and consequent in each ratio. 

If we had subtracted unity from both members of [1], we should 

have found 

A — B ^ A' — B' 

B ^ B' 

[3] 
A—B ^ A' — B' ' ^ -* 

A '^ A' 

results which are briefly expressed by the theorem, if four quantities 
are in proportion,they are in proportion by division; where the term 
division is employed to express the subtraction of consequent from 
antecedent in each ratio, this subtraction being conceived to divide, 
or to separate, the antecedent into parts. 
The quotient of [2] divided by [3] is 

A + B _ A' + B' 
A — B^A' — B'' 

that is, if fovT quantities are in proportion, they are in proportion by 
comjHmtUm and division. 
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11. DefinMon. A corUinued proportion is a series of equal ratios, as 

A:B = A':B' = A": B" = A'" : 5'" = etc. 

12. Let r denote the common value of the ratio in the continued 
proportion of the preceding article ; that is, let 

= ^=— = — = ^ = 
^"B 5'""£"""£'"~"® ' 

then, we have 

A = Br, A'=B'r, A" = B"r. ^'" = £'"r, etc., 

and adding these equations, 

A + A! + A" + A"' + etc. = (£ + -»' + B" + B"' + etc.)r, 

whence 

A + A' + A" + A"' + etc. A A' 

^ + ^' + ^" + ^'" + etc. B B' 

that is, the sum of ajiy number of the antecedents of a continued pro- 
portion is to the sum of the corresponding consequents as any antecedent 
is to its consequent 

If any antecedent and its corresponding consequent be taken with 
the negative sign, the theorem still holds, provided we read algdnraic 
sum for sum^ 

In this theorem the quantities A, B, C, etc., must all be quantities 
of the same kind. 

13. If we have any number of proportions, as 

a : 6 == c : (2, 
a' : h' = c' : d', 
a":6" = c":d",etc.; 
then, writing them in the form, 

and multiplying these equations together, we have 
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aoa ••• c c 



or 

ao'o"... : bb'b"... =co'c"... : dd'd"..., 

that is, if (Ad eorrenpanding terms of two or more proportions arem/ul' 
tiplied together, the products are in proportion. 

If the corresponding terms of the several proportions are equal, 
that is, if o = o' = o", 6 = 6' = 6", etc., then the multiplication 
of two or more proportions gives 

cf : b* = (f : cP; 

that is, if four numbers are in proportion, like powers of these numben 
are in proportion. 

14. If Af £ and C are like quantities of any kind, and if 

— = m, and — = n, 
£ G 

then 

A 

- = mn. 

If ^, JS and C were numbers, this would be proved, arithmetically, 
by simply omitting the common factor B in the multiplication of the 
two fractions ; but when they are not numbers we cannot regard B 
as a &ctor, or multiplier, and therefore we should proceed more 
strictly as follows. By the nature of ratio we have 

A = BXmy B= CXn, 
therefore,- putting C X w for B, we have 

A= CXnXm= CXmn, 

ihai is, 

A 

'^ = mn; 

a result usually expressed as follows : the ratio of the first of three 
quantities to the third is c&inpounded of the ratio of the first to the second 
and the raUo of the second to the third. 
f O 
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PBOPOBTIONAL LINES. 



PBOPOSITION L— THBOBEBL 

15. A parallel to the base of a triangle dhndes the other two 
prf/oortionally. 
Let DE l>e a parallel to the base, BQ of the triangle ABO; then, 

ABiAD = AC:AK 

1st. Suppose the lines JLB, AD, to have a 
common measure which is contained, for exam- 
ple, 7 times in AB, and 4 times in AD ; so that 
if AB is divided into 7 parts each equal to the 
common measure, AD will contain 4 of these 
parts. Then the ratio of AJB to AD is 7 : 4 
(II. 43) ; that is 




AB 
AD 



7 
4 



Through the several points of division of AB, draw parallels to the 
base ; then A C will be divided into 7 equal parts (1. 125), of which 
AE will contain 4 Hence the ratio of ^C to AE is 7 : 4 ; that is. 



Therefore, we have 



AC 


7 


AE' 


4 


AB 


AC 


AD 


AE 



or 



AB : AD = AC: AK 



2d. If AB and AD are incommensurable, suppose one of them, 
as AD, to be divided into any number n of equal parts; then, AB 
will contain a certain number m of these parts phis a remainder less 
than one of these parts. The numerical expression of the ratio 

will then be — * correct within - (II. 48). Drawing parallels to 

AD n n 

BQ through the several points of division of AB, the line AEiriH 

be divided into n equal parts, and the line A C will contain m such 

parts phJis a remainder less than one of the parts. Therefore, the 
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numerical expression of the ratio -— = will also be — > correct witliin — 
^ AE n n 

BincCy then, the two ratios always have the same approximate nu- 
merical expression, however small the parts into which AD is divided, 
these ratios must be absolutely equal (U. 49), and we have, as before, 

AB^AC 
AD AE' 

or ABiAD = ACiAK [1] 

16. Corollary L By division (10), the proportion [1] gives 

AB — AD I AB = AC— AE\ AC, 

or DB:AB = ECiAC. 

Also, if the parallel DE intersect the sides BA 
and CA produced through A, we find, as in the 
preceding demonstration, 

ABiAD = ACiAE, 
from which, by composition (10), 

AB + ADiAB = AC+AE.AC, 
or DBiAB = EC'.AC. 

17. Corollary IL By alternation (7), the preceding proportions 

give 

ABiAC=ADiAE, 

DB:EC=AB:AQ 

which may both be expressed in one continued proportion, 

AB^AD^DB 
AC AE EC 

This proportion is indeed the most general statement of the proposi- 
tion (16), which may also be expressed as follows : if a straight line 
is drawn parattd to the base of a triangle^ (he corresponding segments 
an the two sides are in a constant ratio. 

214193 
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18. CoroUary III. If two straight lines MN^ M'N\ are intersected 
by any number of parallels AA', BB\ CC\ etc., the corresponding 
segments of the two lines are proportional. 
For, let the two lines meet in 0; then, by 
Corollary II., 

OA ^ AB JOB ^BC ^OC ^CD 
OA''^A'B' OB'^B^C'^OC'"^'^''^ ^'' 



C'B^ 



whence, by (11), 
AB BC CD 



AG BD 



etc. 




A'B' B'C CD' AlCr B'D' 

K ifi\r and M'N* were parallel, this proportion would still holdi 
smce we should then have AB = A'B\ BC=B'C, etc. 



PROPOSITION II.— THEOBEM. 

19. Conversely, if a straight line divides two sides of a triangle prth 
portionally, it is parallel to the third side. 

Let DE divide the sides AB, AC, of the triangle 
ABC, proportionally ; then, DE is parallel to BCL 

For, if DE is not parallel to BC, let some other 
line DE', drawn through D, be parallel to BC. 
Then, by the preceding theorem, 

AB:AD = AC:AE\ 

But, by hypothesis, we have 

AB:AD = AC:AE, 

whence it follows that AE' = AE, which is impossible unless DE' 
coincides with DE. Therefore, DE is parallel to BC. 

20. Scholium, The converse of (18) is not generally true. 




PROPOSITION III.— THEOREM. 

21. In any triangle, the bisector of an angle, or the bisectar of Us 
eosteriar angle, divides the opposite side, internally or externally, inis 
segments whidi are proportional to the adjacent sides. 
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Ist. Let AD bisect the angle A of 
the triangle ABC; then, 

D£iDC=AB:Aa 

For, through B draw BE parallel 
to DAf meeting CA produced in K 
The angle ABE = BAD (I. 49), and the angle AEB = CAD 
(I. 51) ; and, by hypothesis, the angle BAD = CAD; therefore, the 
angle ABE = AEB, and AE = AB (L 90). 

Now, in the triangle CEB, AD being parallel to EB, we have (17), 

DB:DC=AE:AC, 

or DB:DC=AB:AC; 

that is, the side BC is divided by AD internally into segments pro* 
portional to the adjacent sides AB and AC. 

2d. Let AD' bisect the exterior angle BAE; then, 

D'B:D'C=AB:AC. 

For, draw BE' parallel to D'A ; then, ABE' is an isosceles tri- 
angle, and AE' = AB. In the triangle CAD', we have (17), 

D'B:D'C=AE':AQ 

or D'B:D'C=AB:AC; 

that is, the side BC is divided by AD' externally into segments pro- 
portional to the adjacent sides AB and A C. 

22. Sckolivm. When a point is taken on a given finite line, or on 
the line produced, the distances of the point from the extremities of 
the line are called the eegmenU, internal or external, of the line. 
The given line is the sum of two internal segments, or the difference 
of two external segments. 

23. CoroUary. If a straight line, drawn from the vertex of any 
angle of a triangle to the opposite side, divides that side internally 
in the ratio of the other two sides, it is the bisector of the angle ; if 
it divides the opposite side externally in that ratio, it is the bisector 
of the exteriot angle. (To be proved). 
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SIMILAR POLYGONa 

24 Definitions. Two polygons are rimilar, when they are mntaally 
equiangular and have their homologous sides proportionaL 

In similar polygons, any points, angles or lines, similarly situated 
in each, are called homologouB. 

The ratio of a side of one polygon to its homologous side in ik 
ether is called the raiio of gimUitude of the polygons. 

PROPOSITION IV.— THEOREM. 

25. Two triangles are similar, when they are mubaaUy equiangular. 
Let ABC, A'B'C',he mutually equiangular triangles, in which 

A = A\ B = B\ C = C; then, 

these triangles are similar. ^ 

For, place the angle A' upon its yy 

equal angle A, and let B' fall at b y^ I 

and C" at c. Since the angle Abe is y 'r 

equal to B, he is parallel to J5(7 Z^ 1 

(I. 55), 'and we have (15), 

AB\Ah = AC\Ae, 
or 

ABxAlB' = AC\Ji!C\ 

In the same manner, it is proved that 

ABiAlB' = BCxB'G'\ 
and, comhining these proportions, 

AB AG BC 




A'B' AC B'C 



[1] 



Therefore, the homologous sides are proportional, and the triangles 
are similar (24). 

26. Corollary, Two triangles are similar when two angles of the 
one are respectively equal to two angles of the other (I. 73). 

27. Scholium I. The homologous sides lie opposite to equal angles. 

28. Scholium II. The ratio of similitude (24) of the two similar 
triangles, is any one of the equal ratios in the continued propoi^ 
tion [1]. 
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D' C 



29* SthoUum nL In two similar triangles, any two homologous 
lines are in the ratio of similitude of 
the triangles. For example, the per- 
pendiculars AD^ A!D\ drawn from the 
homologous vertices A^ A\ to the op- 
posite sides, are homologous lines of 
the two triangles; and the right tri- 
angles ABD, A'B'D\ being similar 
(25), we have 

AD ^ i£= A£ = ^£^ 
A'D' ~ A'B' ^ A'C'~ B'C 

In like manner, if the lines AD, A'D\ were drawn from -4, A\ to 
the middle points of the opposite sides, or to two points which divide 
the opposite sides in the same ratio in each triangle, these lines 
would still be to each other in the ratio of similitude of the two 
triangles. 

PBOPOSITION v.— THEOREM. 

30. Tv)o triangles are similar , when their homologaua aides are prO' 
partianaL 
In the triangles ABC, A'B'C\ let 

AB AC BC 



A'B' AC B'C' 



[1] 



then, these triangles are similar. 

For, on AB take Ah = A'B\ and 
draw he parallel U> BC. Then, the 
triangles Ahc and ABC are mutually 
equiangular, and we have (25), 

AC BC 



AB AB 

— or 

Ah AB' 




Ac be 



Comparing this with the given proportion [1], we see that the first 
ratio is the same in both ; hence the second and third ratios in each 
are equal respectively, and, the numerators being the same, the 
denominators are equal; that is, AC = Ac, and B'C = be. 
Therefore, the triangles AB'C and Abe are equal (I. 80) ; and since 
Abe is similar to ABC, AB'C is also similar to ABC. 



104 GEOMETRY. 

31. Scholium. In order to establish the similarity of two polygoiui 
according to the definition (24), it is necessary, in general, to shon 
that they ^Ifill two conditions : 1st, they must be mutually equi- 
angular, and 2d, their homologous sides must be proportionaL In 
the case of triangles, however, either of these conditions inyolyes the 
other ; and to establish the similarity of two triangles it will be suf- 
ficient to show, either that they are mutually equiangular, or that 
their homologous sides are proportional. 

PROPOSITION VI.— THEOREM. 

32. Two triangles are similar, when an angle of the one is eqiwl U 
an angle of the other, and the sides including these angles are proper- 
portional. 

In the triangles ABC, A'B'C\ let a j 

A = A', and y/f /j 

A!B' A'C y^ j ^' c" 

then, these triangles are similar. ^ ^ 

For, place the angle A! upon its 

equal angle A ; let B* fall at h, and C at c. Then, by the hy 

pothesis, 

AB^AG 

Ab Ac' 

Therefore, be is parallel to BC (19), and the triangle Abe is similai 
to ABC (25). But Abe is equal to A'B'C; therefore, A'B'C'vt 
also similar to ABC. 

PROPOSITION Vn.— THEOREM. 

33. Two triangles are similar, when they have their sides parallel 
each to each, or perpendicvlar ea^ch to each. 

Let ABC, abc have their sides par- 
allel each to each, or perpendicular 
each to each ; then, these triangles are 
similar. 

For, when the sides of two angles 
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are parallel each to each, or perpen- 
dicular each to each, these angles are 
either equal, or supplements of each 
other, (L 60, 62, 63> In the present 
case, therefore, three hypotheses may be 
made, namely, denoting a right angle 

byi2, 

1st hyp. J[ + a = 2-B, B + b = 2B, C+e = 2B; 

2d " A = a, £ + h = 2R, C+c = 2R; 

3d " il = 0, B = b, whence C = c 

The 1st and 2d hypotheses cannot be admitted, since the sum of all 
the angles of the two triangles would then exceed four right angles 
(I. 68). The 3d hypothesis is therefore the only admissible one; 
that is, the two triangles are mutually equiangular and consequently 
similar. 

34. Scholium, Homologous sides in the two triangles are either 
two parallel sides, or two perpendicular sides ; and homologous, or 
equal, angles, are angles included by homologous sides. 



PBOPOSITION VIII.— THEOREM. 

35. If three or more straight lines drawn through a common point 
intersect tuoo parallels^ the corresponding segments of the parallels are 
in proportion. 

Let OA, OB, OC, OB, drawn through 
the common point 0, intersect the parallels 
AD and ae2, in the points A, B, C, D and 
a, 6, c, (2, respectively ; then, 

AB BG CD 

■ ^^^ ■ ' — ^— . 

ab be cd 

For, the triangle OAB is similar to the tri- 
angle Oai (25); OBG is similar to Obc; 
and OCD to Oed; therefore, we have 

AB^OB^BC^OG__CD 
ab Ob be Oc cd 



\d 


c fh/a 




{ 

c V 


// 


\ 


y/ 


C \D 



which includes the proportion that was to be proved. 
9** 
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36. Scholium. The demonstration is the same whether the parallels 
cut the system of diverging lines on the same side, or on opposite 
sides, of the point 0. Moreover, the demonstration extends to any 
corresponding segments, as ^C and oe, £D and-6c2, etc.; and the 
ratio of any two corresponding segments is equal to the ratio of the 
distances of the parallels firom the point 0, measured on any one of 
the diverging lines. 



[1] 



PROPOSITION IX.— THEOREM. 

37. Conversely, if three or more straight lines divide two paralUi 
proportionally, they pass through a common point. 

Let Aa, Bh, Cc, Dd, divide the parallels 
AD and ad proportionally ; that is, so that 

AB BC CD 

<d> be cd 

then, Aa, Bb, etc., meet in a common point. 
For, let Aa and Cc meet in ; join Ob. 
Then, in order to prove that Bb passes 
through 0, we have to prove that Ob and 
Bb are in the same straight line. Now, if 

they are not in the same straight line, Ob produced cuts AD in some 
point P differing from B ; and by the preceding theorem, we have 

AP AG 
ab ac 

But, from the hypothesis [IJ, we have by (12), 

AB AG 




ah 



ac 



whence, AP = AB, which is impossible unless P coincides with B, 
and Ob produced coincides with Bb. Therefore, Bb passes through 
0. In the same way, Dd is shown to pass through 0. 
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PBOPOSITION X— THEOREM. 

38. If two polygons are composed of the same number of triangles 
similar each to each and similarly placed, the polygons are similar. 

Let the polygon ABCD, etc., 
be composed of the triangles 
ABC, A CD, etc.; and let the 
polygon A'B'C'D', etc., be com- 
posed of the triangles AB'C, 
A'C'D', etc., similar to ABC, 
ACD, etc, respectively, and 
similarly placed ; then, the polygons are similar. 

1st. The polygons are mutually equiangular, 
gous angles of the similar triangles are equal ; and any two corre- 
sponding angles of the polygons are either homologous angles of two 
similar triangles, or sums of homologous angles of two or more 
similar triangles. Thus B = B' ; BCD = BCA + ACD = 
B'C'A' + ACD' = B'C'D'; etc. 

2d. Their homologous sides are proportionaL For, firom the simi- 
lar triangles, we have 



For, the homolo- 



AB BC 



AC 



CD 



AD 



DE 



— » . -— ■ — ~ _— ^ — — ■ — — . — — q\jQ 

AB' B'C AC CD' AD' D'E' 
Therefore, the polygons fulfill the two conditions of similarity (24). 



PROPOSITION XL— THEOREM. 

39. Conversely, two similar polygons m^y be decomposed into the 
same number of triangles similar each to each and similarly placed. 

Let ABCD, etc., AB'CD', 
etc., be two similar polygons. 
From two homologous vertices, A 
and A, let diagonals be drawn in 
each polygon ; then, the polygons 
will be decomposed as required. 

For, 1st. We have, by the definition of similar p.)lygons. 
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. , ^ J., . AB BO 
Angle B = B , and -- — • = -—7—7; 
^ A'B' B'C 

therefore, the triangles ABC and 
^'^'C are similar (32). 

2d. Since ABC and A'B'C 
are similar, the angles BCA and 
B'C'A' are equal; subtracting 
these equals from the equals BCD 
and B'C'D'y respectively, there remain the equals -4 CD and A'C'D\ 
Also, firom the similarity of the triangles ABC and A'B'C\ and 
from that of the polygons, we have 





AC BC 



CD 



B' €' 



A!C' B'C CD'' 

therefore, the triangles A CD and A' CD' are similar (32). 

Thus, successively, each triangle of one polygon may be shown to 
be similar to the triangle similarly situated in the other. 

40. Scholium, Two similar polygons may be decomposed into simi- 
lar triangles, not only by diagonals, but hy lines drawn from any two 
homologous points. Thus, let be any arbitrarily assumed point ia 
the plane of the polygon 
ABCD, etc.; and draw OA, 
OB, OCy etc. In the similar 
polygon A'B'C'D\ etc., draw 
A' 0' making the angle 
B'A'C equal to BAO, and 
B'O' making the angle 

A'B' 0' equal to AB 0. The intersection 0' of these lines, regarded as 
a point belonging to the polygon A'B'C'D\ etc., is homologous to the 
point of the polygon ABCD, ete. ; and the lines 0'A\ 0'B\ 
0'C\ etc., being drawn, the triangles 0'A'B\ O'B'C, etc., are 
shown to be similar to OAB, OBC, etc., respectively, by the same 
method as was employed in the preceding demonstration. 

If the point is taken without the polygon, and its homologcvs 
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point 0' found as before by constructing the triangle O'A'B' similar 







B' • 



...;::' -— •yA' 




to OAB^ the polygons will be decomposed into triangles partly addi- 
tive and partly subtractive. Thus the polygon ABODE is equal to 
the sum of the two triangles OBC and OCD, diminished by the 
triangles OBA, OAE and OED) and the polygon A'B'C'D'E' is 
similarly decomposed. 

Homologous lines in the two polygons are lines joining pairs of 
homologous points, such as OA and 0'A\ OB and O'B', etc., the 
diagonals joining homologous vertices, etc. ; and it is readily shown 
that any two such homologous lines are in the same ratio as any 
two homologous sides, that is, in the ratio of mfdliiude of the poly- 
gons (24). 

41. OcToUary. Two similar polygons are equal when any line in 
one is equal to its homologous line in the other. 



PROPOSITION XIL— THEOREM. 

42. The perimeters of two similar polygons are in the same ratio as 
any two homologous sides. 

For, we have (see preceding figures), 

AB BO CD 

= = = etc., 

A'B' B'O' O'D' 
whence (12), 

AB + BO + CD + etc. AB BO 
A'B' + B'C + C'D' + eUi. A'B' B'C 

43. Oorottary. The perimeters of two similar polygons are in the 
same ratio as any two homologous lines; that is, in the ratio of 
similitude of the polygons (40). 

10 
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APPLICATIONS. 
PROPOSITION XIII.— THEOREM. 

44. Jf a perpendicular is drawn from the vertex of ihe right angk 
to the hypotenuse of a right triangle : 

1st. The two triangles thus formed are similar to each other and to 
Vie whole triangle ; 

2d. The perpendicular is a mean proportional between the segments 
of the hypotenuse ; 

3d. Each side about the right angle is a mean proportional between 
ihe hypotenuse and ihe adjacent segment. 

Let C be the right angle of the triangle 
ABCy and CD the perpendicular to the hy- 
potenuse; then, A* 

1st. The triangles A CD and CBD are simi- 
lar to each other and to ABC. For, the triangles ACD and ABC 
have the angle A common, and the right angles, ADCy ACB^ equal; 
therefore, they are similar (26). For a like reason CBD is similar 
to ABC, and consequently also to ACD. 

2d. The perpendicular CD is a mean proportional between the 
segments AD and DB. For, the similar triangles, ACD, CBD, give 

AD: CD= CDiBD. 

3d. The side ^(7 is a mean proportional between the hypotenuse 

AB and the adjacent segment AD. For, the similar triangles, ACD, 

ABC, give 

ABiAC=AC:AD. 

In the same way, the triangles CBD and ABC give, 

AB:BC = BC:BD. 

45. Corollary I. If all the lines of the figure are supposed to be 
expressed in numbers, being measured by any common unit, the 
preceding proportions give, by (5), 

CD* = ADX BD, 
AC' = ABXAD, 
BC*=ABXBD; 
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where we employ the notation JJD^^ as in algebra, to signify the pro- 
duct of CD multiplied by itself, or the second power of CD\ ob- 
serving, however, that this is but a conventional abbreviation for 
"second power of the number representing CD" (8). It may be 
read " the square of CD," ^or a reason that will appear hereafter. 

46. CoToUary II. By division, the last two equations of the pre- 
ceding corollary give 

2C' ABXAD AD 

^■^— ~ ^""^ ^^^^^__^,__^_^_^ . ____^_ . 

5^' AB X BD BD 

that is, the squares of the sides including the right angle are propor* 
tional to the segments of the hi/potenuse,^ 

47. ChroUary IIL If from any point C in the 
circumference of a circle, a perpendicular CD is 
drawn to a diameter AB, and also the chords CA, 
CB; then, since ACB is a right angle (II. 59), 

it follows that the perpendicular is a mean proportional between the 
segments of the diameter; and each chord is a mean pr<^ortional be- 
tween the diameter and the segment adjacent to that chord. 




PBOPOSmON XIV.— THEOREM. 



48. The square of the hypotenuse of a right triangle is equal to the 
SUM of the squares of the other two sides. 

Let ABC be right angled at C; then, ^ 




ZB' = 21? + BC*. 
For, by the preceding proposition, we have 

JC* = ABXAD, and 'W = ABX BD, 
the sum of which is 

ACT + BC' = ABX {AD + BD) = ABxAB = JB\ 

49. Corollary I. By this theorem, if the numerical measures of 
two sides of a right triangle are given, that of the third is found. 
For example, if j1C= 3, jBC = 4; then, AB = |/[3' -j- 4^ = 6. 
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If the hypotenuse, AB, and one side, AQ are given, we have 
SC* = IB* — AC*; thus, if there are given AB = d,AC=Z, 
then, we find ^C= t/[5' — 3^ = 4 

50. Corollary 11. If -4. C is the diagonal of a square ^ 
ABCD, we have, by the preceding theorem. 



whence. 



A(P = JB* + SC* = 2AB\ 




TC* 



AB 



; = 2, 



and extracting the square root, 

AC - 

2^ = l/2 = 1.41421 + ad inf. 

Since the square root of 2 is an incommensurable number, it follows 
that the diagonal of a square is incommensurable with its side, 

51. Definition. The projection of a point A 
upon an indefinite straight line XYis the foot 
P of the perpendicular let fall from the point 
upon the line. ^ 

The projection of a finite straight line AB 
upon the line XY is the distance PQ between the projections of the 
extremities of AB. 

If one extremity B of the line AB is in the 
line Xy, the distance from B to P (the projec- 
tion of A) is the projection of AB on XY; for 
the point J? is in this case its own projection. 




Q 




PROPOSITION XV.— THEOREM. 

52. In any triangle, the square of the side opposite to an aeide angh 
is equal to the sum of the squares of the other two sides diminished by 
twice the product of mie of these sides and the projection of the other 
upon that side. 

Let (7 be an acute angle of the triangle ABC, 
Pthe projection of A upon BC hj the perpen- 
dicular AP, PC the projection of AC upon BC; 
then. 



FI9.1. 
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For, if P &Ik on the base, as in Fig. 1, we 
Lave 

PB = BC—PC, 

and if P &lls upon the base produced, as in Fig. 2, we have 

PB = PC—BC, 

but in either case the square of PB is, by a theorem of algebra, * 

FB^ = BG' + PG^ — 2BC X PC. 

V 

Adding AP* to both members of this equality, and observing that 
by the preceding theorem, PB' + ZP = lB\ and PC* + AP^ = 
AG% we obtain 

ZB* = BC' + AD' — 2BC X PC. 

PBOPOSITION XVI.— THEOREM. 

53. In an obtuse angled triangle, the square of the side opposite to 
the obtuse angle is equal to the sum of the squares of the other two sides, 
increased by twice the product of one of these sides and the projection 
of the other vpmi that side. 

Let C be the obtuse angle of the triangle ABC, -f^ 
P the projection of A upon BC (produced) ; then, 

IB'=W + JU'+2BCXPC. 

r 

For, since P can only fall upon BC produced, ACB being an 
obtuse angle, we shall in all cases have 

PS = BC+PC, 

and the square of PB will be, hj an algebraic theorem, f 

PB'= 517' + PC* + 2BG X PC. 
Addbg ZF to both members, we obtain 

IE* == WT + UT + 2J5C X PC. 

* (« — y)' or (y — 1)» = !t» + y» — aey. 
t(« + y)' = «» + y» + 2iy. 
*•* H 
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54. Corollary, From the preceding three theorems^ it follows that 
an angle of a triangle is acute, right or obtuse^ according as the 
square of the side opposite to it is less than, equal to, or greater than, 
the sum of the squares of the other two sides. 



PROPOSITION XVn.--THEOREM. 

55. If ihrough a faed point toithin a circle any chord is drawn, fht 
product of its two segments has the same value, in uAatever direction the 
chord is draton. 

Let P be any fixed point within the circle 0, 
AB and A'B' any two chords drawn through P; 
then, 

PAXPB = PA' X PB\ 

For, join AB' and A'B. The triangles APff, 
A'PB, are similar, having the angles at P equal, 
and also the angles A and A' equal (II. 58) ; therefore, 




whence (5), 



PA : PA' = PB' : PB, 



PAXPB = PA' X PB\ 




56. Corollary. If AB is the least chord, drawn 
through P (II. 20), then, since it is perpendicular 
to OP, we have PA = PB (II. 15), and hence 

J3' = PA' X PB'; that is, either segment of the 

least chord drawn through a fixed point is a mean 

proportional between the segments of 'any other chord drawn through 

that point, 

57. Scholium. If a chord constantly passing through a fixed point 
P, be conceived to revolve upon this point as upon a pivot, one seg- 
ment of the chord increases while the other decreases, but ihdr 
product being comtard (being always equal to the square of half the 
least chord), the two segments are said to vary reciprocally^ or to be 
redp-'ocaUy propoHional (2). 
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PBOPOSITION XVIIL— THEOREM. 

58. if through a fixed painl wUhovt a eirde a secant is dravm, the 
product of ihe whole secant and its external segment has the same value^ 
in whatever direction the secant is drawn. 

Let P be any fixed point without the circle 0, ^ 

PAB and PA'B' any two secants drawn through P; 
then, 

PAXPB = PA' X PB\ 

For, join AB^ and A'B. The triangles APB\ 
A'PBf are similar, having the angle at P common, 
and also the angles B and B' equal (II. 58) ; there- 
fore, 

PA : PA' = PB' : PB, 
whence (5), 

PAXPB = PA' X PB'. 

59. Corollary, If the line PAB, constantly passing through the 
fixed point P, be conceived to revolve upon P, as upon a pivot, and 
to approach the tangent PT, the two points of intersection, A and B, 
will approach each other ; and when the line has come into coinci- 
dence with the tangent, the two points of intersection will coincide 
in the point of tangency T, The whole secant and its external seg- 
ment will then both become equal to the tangent PT; therefore, 
regarding the tangent as a secant whose two points of intersection 
are coincident (II. 28), we shall have 

TT' = PA'XPB'; 

that is, ij ihrough a fixed point without a drele a tangent to the circle 
is drawn, and also any secant, ihe tangent is a mean proportional be- 
tween ihe whole secant and its external segment, 

60. Scholinm L When a secant, constantly passing through a fixed 
point, changes its direction, the whole secant and its external seg- 
ment vary reciprocally, or they are redproccdly proportional, since 
their product is constant (2). 

61. Scholium 11. The analogy between the two preceding proposi- 
tions is especially to be remarked. They may, indeed, be reduced 
to a single proposition in the following form : If through any fixed 
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poini in the plane of a circle a straight line is drawn intersecting (he 
circumference^ the product of the distances of (he fixed poini from Ae 
two points of intersection is constant j 



PROPOSITION XIX.— THEOBEM. 

62. In any triangle, if a medial line is drawn from the vertex to the 
base: 

1st The sum of the squares of the two sides is equal to twice the 
square of half the base increased by twice the square of the medial line; 

2d. The difference of the squares of the two sides is equal to twice 
the product of the base by the projection of the medial line on the base. 

In the triangle ABC, let D be the middle 
point of the base BO, AD the medial line from 
A to the base, P the projection of A upon the 
base, DP the projection of AD upon the base ; 
then, 

1st. IS' + Jo' = 2BD' + 2AD^; 
2d. IB'—W = 2BC X DP. 

For, if AB>AC, the angle ADB wUl be obtuse and ADO will 
be acute, and in the triangles ABD, ADO, we shall have, by (53) 

and (52). 

AB*= BD* + AD* + 2BD X DP, 




AC'= DO' + AD' — 2D0 X DP. 
Adding these equations, and observing that BD = DO,yre have 

1st AB* + To' = 25D'+ 2JD\ 
Subtracting the second equation from the first, we have 



that is. 



JB' — TG' = 2{BD + D0) X DP; 
2d. IE' — To' = 2B0 X DP. 
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63. Corottatry L In any quadrilateral, the sum of the squares of 
the four sides is equal to the sum of the squares 
of the diagonals phu four times the square of 
the line joining the middle points of the diag- 
onals. 

For, let E and J* be the middle points of the 
diagonals of the quadrilateral ABCD; join 
£F, KB, ED. Then, by the preceding theorem, 
we have in the triangle ABC, 

IB* + JSC* = 2lE^ + iBE^, 
and in the triangle ADC, 

CD"+ 52' = 2AE' + WE\ 
whence, by addition. 

Now, in the triangle BED, we have 

SE* + ^E* = 2BF^ + 2£F; 
therefore. 

But AAE^ = (2AEy = W, and 4BF' = {2BFy = BE*; 
hence, finally, 

64. Corollary IL In a parallelogram, the sum of the squares of 
the four sides is equal to the sum of the squares of the diagonals. 
For if the quadrilateral in the preceding corollary is a parallelo- 
gram, the diagonals bisect each other, and the distance EF is zero. 



PBOPOSITION XX.—THEOREM. 



66. In any triangle, the product of two sides is equal to the product 
of the diameter of the eircumscrihed circle by the perpendicular let fall 
upon Vie third side from the vertex of the opposite angle. 
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Let AB,AG, be two sides of a triangle ABC, 
AD the perpendicular upon BC, AE the di- 
ameter of the circumscribed circle ; then, 

ABXAG=AEXAD. 



For, joining CE^ the angle ACE is a right 
angle (II. 59), and the angles E and B are equal (11. 58) ; there* 
fore, the right triangles AEC, ABD, are similar, and give 

AB:AE=AD:AC, 

whence, ABxAC=AEX AD. 




PROPOSITION XXI.— THEOREM. 

66. In any triangk, the prodxvct of two sides is equal to the prodvd 
of the segments of the third side formed by the bisector of the opposiU 
angle plus the square of the bisector. 

Let AD bisect the angle A of the 
triangle ABC; then, 

AB X AC= DBXDC+ ST. 

For, circumscribe a circle about 
ABCy produce AD to meet the cir- 
cumference in E, and join CK The 
triangles ABD, AEC, are similar, and give 

AB:AE=DA:AC, 

whence ABxAC=AEXDA = (DE + DA) X DA 

= DEXJDA + m\ 

Now, by (55), we have DE X DA = DB X DC, and hence 

AB X AC= DB X DC+ DA\ 

67. Corollary. If the exterior angle BAF is bisected by JLD\ the 
same theorem holds, except that plvs is to be changed to mwvus. 
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For, prodncing D'A to meet the circumference in E\ and joining 
CE\ the triangles ABD\ AE'C, are similar, and give 

AB:AE' = AD':AC, 

whence AB X AG= AE' X AD' = (,D'E' — D'A) X D'A 

= D'E' X D'A — Wl.\ 

or, by (58), AB X AC= D'B X D'C— WT. 



PROBLEMS OF CONSTBUCTION. 

PBOPOSITION XXn.— PROBLEM. 

68. To divide a ffiven draighi line into parts proportional to given 
k^aigkt lines. 

Let it be required to divide AB into parts 
proportional to Jf, JV and P. From A draw 
an indefinite straight line AX, upon which laj 
off AC= Jf, CD = -W, DE = P, join EB, 
and draw CP, DO, parallel to EB; then AF, 
FO, GB, are proportional to Jf, JV, P (18). 




^ 



69. Corollary. To divide a given straight line AB into any num- 
ber of equal parts, draw an indefinite line AX, upon 
which lay off the same number of equal distances, 
each distance being of any convenient length ; through 
M the last point of division on AX draw MB, and 
through the other points of division of AX draw par- 
allels to MB, which will divide AB into the required 
number of equal parts. This follows both from the 
theory of proportional lines and from (I. 125). 




/ 
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PBOPOSITION XXHL— PROBLEM. 

70. To find a fourth proportional to three given Mraight line$. 

Let it be required to find a fourth propor- 
tional to Jf, ^ and P. Draw the indefinite 
lines AXf AY, making any angle with each 
other. Upon AX lay off AB = M, AD = N; 
and upon AY Ivlj off AC = P; join J5C, and 
draw DE parallel to BC; then AE is the re- 
quired fourth proportionaL 

For, we have (15), 

AB:AD = AC: AE, or Jf : N=P.AK 

71. Corollary. If AB = if, and both AD and ^(7 are made equal 
to N, AE will be a third proportional to Jf and N\ for we shall have 

MiN=NiAK 




PBOPOSITION XXIV.— PBOBLEM. 

72. To find a mean proportional between two given straight Kne»» 

Let it be required to find a mean proportional 
between M and JV. Upon an indefinite line lay 
off AB = M,BC= N; upon AC describe a 
semi-circumference, and at B erect a perpen- 
dicular, BD, to A C. Then BD is the required 
mean proportional (47). 

Second method. Take jIjB. equal to the greater 
line if, and upon it lay off BC = N. Upon 
AB describe a semi-circumference, erect CD per- 
pendicular to AB and join BD. Then BD is 
the required mean proportional (47). 




if^ 






Nh 



73. Definition. When a given straight line is divided into two 
segments such that one of the segments is a mean proportional 
between the given line and the other segment, it is said to be di^dod 
in extreme and msan ratio. 

Thus AB is divided in extreme and 
mean ratio at C, if AB : AC = 
AC: CB. 



CI 



1 
J 
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If C is taken in BA produced so that AB : AC = AC : CB 
then AB is divided at Cf externally, in extreme and mean ratio. 




PBOPOSITION XXV.— PBOBLEM. 

74. 7b divide a given straight line in extreme and mean ratio. 

Let AB be the given straight line. At B erect the perpendicular 
BO equal to one half of AB, 
With the centre and radius 
OB, describe a circumference, 
and through A and draw A 
cutting the circumference first I; 
in D and a second time in D\ 
Upon AB lay off J. C = AD, and upon BA produced lay off 
A C = AD'. Then AB is divided at C internally, and at C exter- 
nally, in extreme and mean ratio. 

For, 1st, we have (69), 

AD' :AB=:AB:AD or AG, [1] 

whence, by division (10), 

AD' — AB:AB = AB — AC: AC, 

or, since DD' = 20B = AB, and therefore AD' —AB = AD' — 

DD' = AD = AC, 

AC:AB=:CB:AC, 

and, by inversion (7), 

AB:AC=AC:CB; 

that is, AlB is divided at C, internally, in extreme and mean ratio. 
2d. The proportion [1] gives by composition (10), 

AD' + AB:AD' = AB + AD:AB, 

ar, since AD' = AC, AD' + AB= CB, AB + AD = DD' + 
AD = AD' = AC, 

C'B:AC=:AC:AB, 
and, by invernou, 

AB:AC' = AC': CB; 

that is, AlB is divided at C, externally, in extreme and mean ratio. 
11 
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76. Scholium. Since OD = OD' = -—- , we have 

2 

AC = AO-'^, AG' = AO + ^. 

2 2 

But the right triangle A OB gives 

whence, extracting the square root, * 

AO = AB.^' 

2 

Therefore, 

AC=AB.'^^^^^:^. AC' = AB.y^^+l. 

2 2 

76. Definitions. When a straight line is divided internally and 
externally in the same ratio, it is said to be divided harmonically. 

Thus, AB is divided harmonically 

at Cand D, if CA : CB = DA: DB; I 1 1 1 

that is, if the ratio of the distances 

of C from A and B is equal to the ratio of the distances of D from 

A and B, 

Since this proportion may also be written in the form 

ACiAD = BCiBD, 

the ratio of the distances of A from C and D is equal to the ratio 
of the distances of B from C and D ; consequently the line CD is 
divided harmonically at A and B. 

The four points A, B, C, D, thus related, are called harmonic 
points, and A and B are called conjugate points, as also G and D. 

PROPOSITION XXVI.— PROBLEM. 

77. To divide a given straight line hannonically in a given raUo. 

Let it be required to divide AB 

jfi ^-^^-^_^— _^_j 

harmonically in the ratio of 3f to N. ^ i 

Upon the indefinite line AX, lay 
oSAE = M, and from E lay off EF "W::^— jz:A --:? " 

and EO, each equal to N\ join FB, ^""""""^^^C^ ..• V** ' 

OB ; and draw EC parallel to FB, 
ED parallel to G^. 
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Then, by the constructioii we have (17), 

M _CA _DA^ 
N CB DB' 

therefore, by the definition (76), AB la divided harmonically at C 
and Df and in the given ratio. 

78. Scholium, If the extreme points A and D are given, and it is 
required to insert their conjugate harmonic points B and (7, the har- 
monic ratio being given = Jf : JV, we take on J.X, as before, AE = 
M and EF=EO = N, join EB, and draw OB parallel to ED, 
which determines B ; then, join FB and draw EC parallel to FB, 
which determines C 

Also if, of four harmonic points A, JB, (7, D, any three are given, 
the fourth can be found* 




PEOPOSITION XXVIL— PROBLEM. 
79. To find the locus of aU the points whose distances from two giveu 

m 

points are in a given ratio. 

Let A and B be the given points, and let the given ratio heMiN 
Suppose the problem solved, and 
that P is a point of the required 
locus. Divide AB internally at 
C and externally at D, in the ratio 
Jf : JV, and join Pi, PB, PC, P2>- 
By the condition imposed upon P 
we must have 

PA:PB = MiN= CA: CB = DA:DB; 

therefore, PC bisects the angle APB, and PD bisects the exterior 
angle BPE (23). But the bisectors PC and PD are perpendicular to 
each other (L 25) ; therefore, the point P is the vertex of a right 
angle whose sides pass through the fixed points C and 2), and the 
locus of P is the circumference of a circle described upon CD as 
a diameter (11. 59, 97). Hence, we derive the following 

Chnstruetion. Divide AB harmonically, at C and D, in the given 
ratio (77), and upon CD as a diameter describe a circumference. 
This ciicnmference is the required locus. 
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PROPOSITION XXVni.-PBOBLEM. 

80. On a given straight line, to construct a polygon similar 'o a givm 
polygon. 

Let it be required to construct 
upon A'B' a polygon similar to 
ABCDEF. 

Divide ABCDEF into tri- 
angles by diagonals drawn from 
A. Make the angles B'A'C 

and A'B ' C" equal to BA C and AB C respectively ; then, the triangle 
A'B'C will be similar to ABC (25). In the same manner construct 
the triangle A'D'C similar to ADC, A*E'D' similar to AED, and 
A'E'F' similar to AEF. Then, A'B'C'D'ET' is the required 
polygon (38). 




o-uxg]\::: 



PROPOSITION XXIX.— PROBLEM. 

81. To condrud a polygon similar to a given polygon, (he ratio of 
simUUude of (he two polygons being given. 

Let ABCDE be the given 
polygon, and let the given ratio 
of similitude he Mi N. 

Take any point 0, either 
within or without the given 
polygon, and draw straight lines 
from through each of the 
vertices of the polygon. tJpon 
any one of these lines, as OA, take OA' a fourth proportional to 
M, N, and OA, that is, so that 

Ml N= OA : 0A\ 

In the angle AOB draw A'B' parallel to AlB; then, in the angle 
BOC, B'C parallel to BC, and so on. The polygon A'B'C'D'E' 
will be similar to ABCDE; for the two polygons will he oompciaed 



jn- 
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of the same number of triangles, additive or subtractive, similarly 

placed; and their ratio of similitude will evidently be the given 

ratio Ml N. (40). 

82. Scholium, The point in the preceding construction is called 

the centre of eimilUude of the two polygons. 
11 • 
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COMPARISON AND MEASUREMENT OF THE SURFACES OF 

RECTILINEAR FIGURES. 

1. Definition, The area of a surface is its numerical measure, 
referred to some other surface as the unit ; in other words, it is the 
ratio of the surface to the unit of surfcuie (II. 43). 

The unit of surface is called the superficial uniL The most con- 
venient superficial unit is the square whose side is the linear unit. 

2. Definitioru Equivalent figures are those whose areas are equal. 



PROPOSITION L— THEOREM. 

3. Two rectangles having equal aUUudes are to each other <zs their 
bases. 

Let ABCD, AEFD, be two rectangles hav- ^ ^ - 

ing equal altitudes, AB and AE their bases ; 

then, 

ABCD AB 



AEFD AE 



A 
D 



E 
F 



B 



Suppose the bases to have a common meas- 
ure which is contained, for example, 7 times in '^' 
ABj and 4 times in AE; so that if AB is 
divided into 7 equal parts, AE will contain 4 of these parts ; then, 

we have 

AB^l 

AE'^4 

If, now, at the several points of division of the bases, we erect 
perpendiculars to them, the rectangle ABCD will be divided into 7 
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equal rectangles (I. 120), of which AEFD will contain 4 ; conse- 
quently, we have 

ABCD 7 

AEFD "" 4' 
and therefore 

ABCD ^AB 
AEFD "" AE 

The demonstration is extended to the case in which the hases are 
incommensurable, by the process already exemplified in (II. 51) 
and (in. 16). 

4. Corollary. Since AD may be called the base, and AB and AE 
the altitudes, it follows that two redangles having equal hases are to 
ea>ch other as their aUUvdes, 

Note. In these propositions, by " rectangle" is to be understood 
" sur&ce of the rectangle." 



PROPOSITION IL— THEOREM. 

5. Any two rectangles are to each other as the products of their hases 
hy their cUtitudes, 

Let R and B' be two rectangles, 
k and k' their bases, h and A' their 
altitudes; then. 





B 



kXh 




B' V X A' 

For, let i$ be a third rectangle 
having the same base k as the rec- 
tangle B^ and the same altitude A' as the rectangle B' \ then we 
have, by (4) and (3), 

B_h S__ k 

s^h'' i2' ■" F 

and multiplying these ratios, we find (III. 14), 

JR kXh 
B'" k' X h'' 



6. Scholium. It must be remembered that by the product of two 
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lines, is to be understood the product of the numbers which represent 
them when they are measured by the linear unit (III. 8). 



PROPOSITION ni.— THEOREM. 

7 The area of a rectangle is equal to ihe jprodud of its base and 
altUude. 

Let R be any rectangle, k its base and 
h its altitude numerically expressed in 
terms of the linear unit; and let Q be 
the square whose side is the linear unit ; 
then, by the preceding theorem, 

R_k X h 




m 



1 XI 



= kXh, 



R 



.J.. a.. 4 



•<- 



•■?— f-H- 
> I 



.,..f-.-...-^. 



But since Q is the unit of surface, — = the numerical measure, or 

area, of the rectangle -B (1) ; therefore. 

Area of JB = A; X A. 

8. Scholium I. When the base and altitude are exactly divisible 
by the linear unit, this proposition is rendered 
evident by dividing the rectangle into squares each 
equal to the superficial unit. Thus, if the base 
contains 7 linear units and the altitude 5, the rec- 
tangle can obviously be divided into 35 squares 
each equal to the superficial unit ; that is, its area = 5X7. The 
proposition, as above demonstrated, is, however, more general, and 
includes also the cases in which either the base, or the altitude, or 
both, are incommensurable with the unit of length. 

9. Scholium II. The area of a square being the product of two 
equal sides, is the second power of a side. Hence it is, that in arith- 
metic and algebra, the expression "square of a number" has been 
adopted to signify "second power of a number." 

We may also here observe that many writers employ the expres- 
sion " rectangle of two lines" in the sense of " product of two lines," 
because the rectangle constructed upon two lines is measured by the 
product of the numerical measures of the lines. 
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PROPOSITION IV.— THEOREM. 

10. The area of a paralleloffram is equal to the product of Ui baee 
and aUitude, 

Let ABCD be a parallelogram, h the 
Dumerical measure of its base AB^ h 
that of its altitude AF; and denote its 
area by S; then, 

8=k X A. 





For, let the rectangle ABEF be con- 
structed having the same base and alti- 
tude as the parallelogram ; the upper bases of the two figures will be 
in the same straight line FC (I. 68). The right triangles AFD and 
BEC are equal, having AF = BE, and AD = BC (I. 83). If 
from the whole figure ABCF we take away the triangle AFD, there 
remains the parallelogram ABCD; and if from the whole figure we 
take away the triangle BEC, there remains the rectangle ABEF; 
therefore the surface of the parallelogram is equal to that of the 
rectangle. But the area of the rectangle is k y,,h (7) ; therefore 
that of the parallelogram is also k y, h; that h S= k X h. 

11. Corollary J, Parallelograms having equal bases and equal alti- 
tudes are equivalent. 

12. Corollary XL Parallelograms having equal altitudes are to 
each other as their bases ; parallelograms having equal bases are to 
each other as their altitudes ; and any two. parallelograms are to 
each other as the products of their bases by their altitudes. 



PROPOSITION v.— THEOREM. 

13. The area of a triangle is equal to half the product of Us bate 
and altitude. 

Let ABChe a triangle, k the numerical meas- ? ^ 

ure of its base BO, h that of its altitude AD; / ^^^^^ / \j^ 
and S its area ; then, 

8=\k X h. 




For, through A draw AE parallel to CB, and through B draw BE 
11** T 
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parallel to CA. The triangle ABC is one-half the parallelogram 
AEBC (1. 105) ; but the area of the parallelogram = A; X ^ ; there- 
fore, for the triangle, we have /S = J A X A. 

14. CoToUary I. A triangle is equivalent to one-half of any par 
allelogram having the same base and the same altitude. 

15. Corollary II. Triangles having equal bases and equal altitudes 
are equivalent 

16. Corollary III. Triangles having equal altitudes are to each 
other as their bases ; triangles having equal bases are to each other 
as their altitudes ; and any two triangles are to each other as the 
products of their bases by their altitudes. 




PROPOSITION VL— THEOREM. 

17. The area of a trapezoid is equal to the product of its dltiiude by 
half the sum of its parallel bases. 

Let ABCD be a trapezoid ; MN= h, its al- -^ ^ d 

titude; AD = a, BC = b, its parallel bases; 
and let 8 denote its area ; then, 

8=\(a + b) X A. 

For, draw the diagonal A C. The altitude of each of the triangles 
ADC&nd ABC is equal to h, and their bases are respectively a and 
6 ; the area of the first is i a X A, that of the second is } 6 X A ; and 
the trapezoid being the sum of the two triangles, we have 

S=iaX h+ ibXh = i(a + b)Xh. 

18. Corollary. The straight line EF, joining the middle points of 
AB and DC, being equal to half the sum of AD and BC (I. 124). 
the area of the trapezoid is equal to the product MN X EF, 

19. Scholium, The area of any polygon may be found by finding 
the areas of the several triangles into which it may be decomposed 
by drawing diagonals from any vertex. 

The following method, however, is usually preferred, especially in 
surveying. Draw the longest diagonal AD of the proposed polygoo 
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AJBCDEF; and upon AD let fall the per- 
pendiculars BM, CN, EP, FQ. The poly- 
gon is thus decomposed into right triangles 
and right trapezoids, and by measuring the 
lengths of the perpendiculars and also of the 
distances AM, MN, ND, A Q, QP, PI), the 
bases and altitudes of these triangles and 

trapezoids are known. Hence their areas can be computed by the 
preceding theorems, and the sum of these areas will be the area of 
the polygon. 




PROPOSITION VIL— THEOREM. 

20, Similar triangles are to each other as the sqiuires of their hamolo- 
govs sides. 

Let ABC, A'B'C be similar tri- 
angles; then, 

BG^ 



ABC 



TTTr* 




A'B'C FV 

Let AD, A'D\ be the altitudes. 
By (16), we have 

ABC ^ BOX AD ^ BC AD 
A'B'C B'C X A'D' B'C A'D' 

But the homologous lines AD, AID*, are in the ratio of similitude 
of the triangles (IIL 29) ; that is, 



therefore, 



AD ^ BC 
A'D' B'C 



ABC ^ BC^ X — = — . 
A'B'C JS'C JS'C" 5^" 



21. Corollary. If we had put the ratio AD : A'D' in the place of 
the ratio BC\ B'C, we should have found 

ABC ZD* 
A'B'C I'W' 
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and in general, we may conclude that the surfaces of two similar iri- 
angles are as the squares of any tvx> homologous lines; or, again, tht 
ratio of the surfaces of two similar triangles is the sqaare of the ratio 
of similOudd of the triangles. 




PROPOSITION VIII.— THEOREM. 

22. Tv)o triangles having an angle of the one equal to an angle of 
the other are to each other as the products of the sides including the 
eqiud angles. 

Two triangles which have an angle of the one 
equal to an angle of the other may be placed with 
their equal angles in coincidence. Let ABCy ADEy 
be the two tyangles having the common angle A ; 
then, 

ABC^ ABXAG 
ADE '^ ADX AE 

For, join BE. The triangles ABC^ ABE, having the common 
vertex B, and their bases A C, AE, in the same straight line, have 
the same altitude ; therefore (16), 

ABG^AG 
ABE AE 

The triangles ABE, ADE, having the common vertex E, and their 

bases AB, AD, in the same straight line, have the same altitude; 

therefore, 

ABE ^AB 

ADE'^ ad' 

Multiplying these ratios, we have (lU. 14), 

ABC AB X AC 
ADE" ADXAE 



V 
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PROPOSITION IX.— THEOREM. 

23. Similar pobfgane are to each other as the squares of their hoinobh 
govs sides. 

Let ABCDEF, A'B'C'D'E'F', be two similar polygons; and 
denote their surfaces by 8 and 
S'; then, ^ 

For, let the polygons be de- 
oomposed into homologous tri- 
angles (III. 39). The ratio of the surfaces of any pair of homolo- 
gous triangles, as ABC and A'B'C, ACD and A'CD\ etc., will be 
the square of the ratio of two homologous sides of the polygons 
(20) ; therefore, we shall have 

ABC ACD ADE AEF IE' 




A'B'C ACD' AD'E' AE'F' AB'' 
Therefore, by addition of antecedents and consequents (III. 12), 

ABC + ACD + ADE + AEF _ /8f _ IS' 
AB'C + ACD' + AD'E' + AE'F' "" S' "" AW^ 

24. Corollary, The ratio of the surfaces of two similar polygons is 
the square of the ratio of similitude of the polygons ; that is, the 
square of the ratio of any two homologous lines of the polygons. 



PROPOSITION X.— THEOREM. 

25. The square described upon the hypotenuse of a right triangle 
u equivalent to the sum of the squares described on the other two 
tides, 

12 
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Let the triangle ABC he right angled 
at C; then, the square AH, described 
upon the hypotenuse, is equal in area 
to the sum of the squares AF and BD^ 
described on the other two sides. 

For, from C draw CP perpendicular 
to AB and produce it to meet KH in L. 
Join CK, BQ. Since ACF and ACB 
are right angles, CF and CB are in 
the same straight line (I. 21) ; and for 
a similar reason A C and CD are in the 
same straight line. 

In the triangles CAK, GAB, we have AK equal to AB, being 
sides of the same square ; A C equal to AG, for the same reason ; 
and the angles CAK, GAB, equal, being each equal to the sum 
of the angle CAB and a right angle ; therefore, these triangles are 
equal (I. 76). 

The triangle CAK &nd the rectangle J.2/ have the same base AK; 
and since, the vertex C is upon LP produced, they also have the 
same altitude; therefore, the triangle CAK is equivalent to one-half 
the rectangle AL (14). 

The triangle GAB and the square AF have the same base A G ; 
and, since the vertex B is upon FC produced, they also have the 
same altitude; therefore, the triangle GAB is equivalent to one- 
half the square AF (14). 

But the triangles CAK, GAB, have been shown to be equal; 
therefore, the rectangle AL is equivalent to the square AF^ 

In the same way, it is proved that the rectangle BL is equivalent 
to the square BD. 

Therefore, the square AH, which is the sum of the rectangles AL 
and BL, is equivalent to the sum of the squares AF and BD. 

26. /Scholium. This theorem is ascribed to Pythagoras (born about 
600 B. C), and is commonly called the Pythagorean Theorem. The 
preceding demonstration of it is that which was given by Euclid in 
his Elements (about 300 B. C). 

It is important to observe, that we may deduce the same result 
from the numerical relation AB^ = AC* -{- BC^, already established 
in (III. 48) For, since the measure of the area of a square is the 
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second power of the number which represents its side, it follows 
directly from thb numerical relation that the area of which AB' is 
the measure is equal to the sum of the areas of which AC* and BC* 
are the measures. In the same manner, most of the numerical rela- 
tions demonstrated in the articles (III. 48) to (III. 67) give rise to 
theorems respecting areas by merely substituting, for a product, the 
area represented by that product This may be called a transition 
from the oMraet (pure number) to the concrete (actual space). 

On the other hand, we may pass from the concrete to the abstract 
For example, in the above figure it has been proved that the areas 
of the rectangles AL, BL, are respectively equal to the areas of the 
squares AF^ BD. But the rectangles, having the same altitude, are 
to each other as their bases AP, PB ; and the squares are to each 
other as their numerical measures -4(7', BC ; hence, we infer the 
numerical relation 

l^iBC* = AP:PB, 

which was otherwise proved in (III. 46). * 

Henceforth, we shall employ the equation AB^ = J.0' + BC*,bls 

the expression of either one of the theorems (III. 48) and (IV. 25). 
27. CoroUary. If the three sides of a right triangle be taken as the 

homologous sides of three similar polygons constructed upon Uiem, then 

the polygon constructed upon the hypotenuse is equivalent to the sum of 

the polygons constructed upon the other two sides. 

For, let P, Q, B, denote the areas of the polygons constructed 

upon the sides AC, BG, and upon the hypotenuse AB, respectively. 

Then, the polygons being similar, we have 

P AC' R AB" 



r« /^ "tTTy* 



Q BC' Q BC 
frum the first of which we derive, by composition, 

P+ Q _ AU* + BC' _:iB' 

Q BG* BO*' 

which compared with -the second gives at once 

R = P-\- Q. 
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PROBLEMS OF CONSTRUCTION. 

PROPOSITION XI —PROBLEM. 

28. To construct a triangle equivalent to a given polygon. 
Let ABCDEFhe the given polygon. 
Take any three consecutive vertices, as 

A,B,C, and draw the diagonal A C. Through 
B draw BP parallel to J. C meeting DC pro- 
duced in P; join AP, 

The triangles APC, ABC, have the same 
base A C; and since their vertices, P and J5, 
lie on the same straight line BP parallel to AC, they also have the 
same altitude; therefore they are equivalent. Therefore, the penta- 
gon APDEF is equivalent to the hexagon ABCDEF, Now, taking 
any three consecutive vertices of this pentagon, we shall, by a pre- 
cisely similar construction, find a quadrilateral of the same area; 
and, finallj^ by a similar operation upon the quadrilateral, we shall 
find a triangle of the same area. 

Thus, whatever the number of the sides of the given polygon, a 
series of successive steps, each step reducing the number of sides by 
one, will give a series of polygons of equal areas, terminating in a 
triangle. 

"V, 

PROPOSITION XIL— PROBI.EM. 

29. To construct a sguare equivalent to a given parallelogram or to a 
aiven triangle. ^ 

1st Let AC he & given parallelogram; h its 
base, and h its altitude. 

Find a mean proportional x between h and k, 
by (III. 72). The square constructed upon x 
will be equivalent to the parallelogram, since 
x^=hX k 

2d. Let ABC be a given triangle; a its base 
and h its altitude. 

Find a mean proportional x between a and 
ih; the square constructed upon x will be 
equivalent to the triangle, since x* = a X ih 
= iah. 



B 

2 k P 
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30. SehoKfon, By means of this problem and the preceding, a 
square can be found equiyalent to any given polygon. 



9\- 




PROPOSITION XIII.— PROBLEM. 

31. To construct a square equivalent to the mm of two or more given 
squares^ or to the difference of two given squares, 

1st. Let m, n, p^ q, be the sides of given squares. 
Draw AB = m, and BG=n, perpendicular to 

each other at £; join AC. Then (25), J^' = 
m* + n*. 

Draw CD = p, perpendicular to A C, and join 

AD. ThenAD*=^'JC* + p'=m' + n^+p\ 
Draw DE = q perpendicular to AD, and join 

AE. Then, AE^ = ZD' + g» = m« + n* + 
!>' + 3*5 therefore, the square constructed upon 
AE will be equivalent to the sum of the squares 
constructed upon m, n, p, q» 

In this manner may the areas of any number of given squares be 
added. 

2d. Construct a righ^ angle ABC, and lay off 
BA = n. With the/^ntre A and a radius = m, 

describe an arc cuuing J5C in C Then BC^ = 
AC* — 33'=^^* — n*; therefore, the square con- 
structed upon J? C7 will be equivalent to the difference of the squares 
constructed upon m and n. 

32. Scholium I. By means of this problem, together with the pre- 
ceding ones, a square can be found equivalent to the sum of any 
number of given polygons ; or to the difference of any two given 
polygons. 

33. Scholium II. K m, n, p, q, in the preceding problem are ho- 
mologous sides of given similar polygons, the line AE in the first 
figure is the homologous side of a similar polygon equivalent to the 
sum of the given polygons (27). 

And the line BC, in the second figure, is the homologous side of a 
similar polygon, equivalent to the difference of two given similar 
polygons. 

12 * 
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One side of a polygon, similar to a given polygon, being known, 
the polygon may be constructed by (III. 80). 



PROPOSITION XIV.— PROBLEM. 

34. l^an a given straight line to construct a rectangle eqamdeni to 
a given rectangle. 

Let k ' be the given straight line, and A C the 
given rectangle whose base is k and altitude h. 

Find a fourth proportional h\tok\k and A, 
by (III. 70). Then, the rectangle constructed 
upon the base k' with the altitude h' is equiva- 
lent to -4. C; for, by the construction, k' ih = 
h : A', whence, k' X h' = k X h (7). k' 




PROPOSITION XV.— PROBLEM. 

35. To construct a rectangle, hanAng given its area and the sum of 
two adjacent sides. 

Let MN be equal to the given sum of the 
adjacent sides of the required rectangle; and 
let the given area be that of the square whose 
side is AB, 

Upon MN as a diameter describe a semi- 
circle. At M erect MP = AB perpendicular 
to MN, and draw PQ parallel to MN, intersecting the circumference 
in Q, From Q let fall QE perpendicular to MN; then, MR and 
RN are the base and altitude of the required rectangle. For, by 
(TIL 47), MR X RN= QR' = FM' = ZjP 




M ir 



PROPOSITION XVL— PROBLEM. 



36. To construct a rectangle, having given its area and the differenc0 
^f two adjacent sides. 
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Let MN be equal to the given difference of 
the adjacent sides of ^the required rectangle; 
and let the given area be that of the square 
described on AB. 

Upon MN as a diameter describe a circle. 
At M draw the tangent MP = AB, and from 
P, draw the secant PQB through the centre of 
the circle; then, PB and PQ are the base and 
altitude of the required rectangle. For, by (III. 59), PB X PQ = 
PM^ = AB\ and the difference of PB and PQ is QB = MN. 




PROPOSITION XVII.— PROBLEM. 

37. To find two straight lines in the ratio of the areas of two given 
polygons. 

Let squares be found equal in area to the 
given polygons, respectively (30). Upon the 
sides of the right angle ACB^ take CA and CB 
equal to the sides of these squares, join AB and 
let fell CD perpendicular to AB. Then, by (III. 46), we have 
AB : DB = TJI^ : CB*; therefore, AD, DB, are in the ratio of 
the areas of the given polygons. 







PROPOSITION XVIIL— PROBLEM. 

88. To find a square which shall be to a given square in the ratio of 
two given straight lines. 

Let AB* be the given square, and M : N 
the given ratio. 

Upon an indefinite straight line CL, lay 
off CD = M, DE = N; upon CE as a 
diameter describe a semicircle ; at D erect 
the perpendicular DF cutting the circum- 
ference in F; join FQ FEf lay off FH = AB, and through H 
draw HO parallel to EC; then, FO is the side of the required 
square. For, by (III. 16), we have 




FG:FH=FC:FE, 
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whence (III. 13), 

Also, by (TIL 46), 

FC^ : F£* = CD : DE=M: N. 

Hence, 

F0':FS^ = M:N. 

But FH= AB, therefore the square constructed upon FO is to the 
square upon AB in the ratio M : N. 

PROPOSITION XIX.— PROBLEM. 

39. To construct a polygon mnUar to a given polygon and whose area 
shall be in a given ratio to (hat of the given polygon. 

Let P be the given polygon, and let a be one of 
its sides ; let if : iV* be the given ratio. 

Find, by the preceding problem, the side a' of a 
square which shall be to a' in the ratio M : N; ^Z 
upon a', as a homologous side to a, construct the 
polygon P' similar to F (III. 80) ; this will be the 
polygon required. 

For, the polygons being similar, their areas are 
in the ratio a" : a', or Jf : iV, as required. 



PROPOSITION XX.— PROBLEM. 

40. To eonstruet <% polygon similar to a given polygon P and equivar 
lent to a given polygon Q. 

Find M and N, the sides of squares 
respectively equal in area to P and Q, 
(30). 

Let a be any side of P, and find a 
fourth proportional a' to M, N and ai 
upon a', as a homologous side to a, con« 
struct the polygon P' similar to P; this 
will be the required polygon. For, by 
construction. 
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therefore, taking the letters P, Q and P', to denote the areas of the 
polygons, 

but, the polygons P and P' being similar, we have, by (23), 



1 



• 



and comparing these equations, we have P' = Q, ^ 

Therefore, the polygon P' is similar to the polygon P and equiva- 
lent to the polygon Q, as required. 



BOOK V. 

' REGULAR POLYGONS. MEASUREMENT OF THE CIRCLR 
MAXIMA AND MINIMA OF PLANE FIGURES. 

BEGULAB POLYGONa 

1. Definition. A regular polygon is a polygon which is at once 
equilateral and equiangular. 

The equilateral triangle and the square are simple examples of 
regular polygons. The following theorem establishes the possibility 
of regular polygons of any number of sides. 



PBOPOSITION L— THEOBEM. 

2. If (he circumference of a circle he divided into any numher of 
equal parts, the chords joining the successive points of division form a 
regular polygon inscribed in the circle ; and the tangents drawn ai the 
points of division form a regular polygon drcuvfiscribed ahovi the circle. 

Let the circumference be divided into the 
equal arcs AB, BC, CD, etc. ; then, 1st, draw- 
ing the chords AB, BC, CD, etc., ABCD, etc., 
is a regular inscribed polygon. For, its sides 
are equal, being chords of equal arcs; and 
its angles are equal, being inscribed in equal 
segments. 

2d. Drawing tangents at A, B, C, etc., the 
polygon OHK, etc., is a regular circumscribed 
polygon. For, in the triangles AOB, BHC, CKD, etc., we have 
AB = BC= CD, etc., and the angles GAB, OB A, SBC, HCB, 
etc., are equal, since each is formed by a tangent and chord and is 
measured by half of one of the equal parts of the circumference 
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(IT. 62) ; therefore, these triangles are all isosceles and equal to each 
other. Hence, we have the angles O = H = K, etc., and AO = 
OB = BJS = HO = CKy etc., from which, hy the addition of 
equals, it follows that OH = HK^ etc. 

3. Corollary I. Hence, if an inscribed polygon is given, a circum- 
scribed polygon of the same number of sides can be formed by 
drawing tangents at the vertices of the given polygon. And if a 
circumscribed polygon is given, an inscribed polygon of the same 
number of sides can be formed by joining the points at which the 
sides of the given polygon touch the circle. 

It is often preferable, however, to obtain the circumscribed polygon 
from the inscribed, and reciprocally, by the following methods : 

1st. Let ABCD .... be a given inscribed polygon. Bisect the 
arcs ABf BG, CD, etc., in the points E, F, 
O, etc., and draw tangents, A'B\ B'C\ 
C'D'y etc., at these points ; then, since the 
arcs EF, FO, etc., are equal, the polygon 
A'B'C'D' .... is, by the preceding propo- 
'tion, a regular circumscribed polygon of 
the same number of sides as ABCD .... 
Since the radius OE is perpendicular to 

AB (II. 16) as well as to A'B\ the sides A'B\ AB, are parallel; 
and, for the same reason, all the sides of A*B'C*D' .... are parallel 
to the sides of ABCD.. . . respectively. Moreover, the radii 0-4, 
OB, OC, etc., when produced, pass through the vertices A\BiC*, etc. ; 
for since B*E = B'F, the point -B' must lie on the line OB which 
bisects the angle EOF (1. 127). 

2d. If the circumscribed polygon A'B'C'D' .... is given, we have 
only to draw 0A\ OB', 0G\ etc., intersecting the circumference in 
A, B, C, etc., and then to join AB, BG, CD, etc., to obtain the in- 
scribed polygon of the same number of sides. 

4. CwoUary 11. If the chords AE, EB, BF, FC, etc., be drawn, 
a regular inscribed polygon will be formed of double the number of 
sides of ABCD .... 

If tangents are drawn at A, B, C, etc., intersecting the tangents 
A!B', jB'C, CD', etc., a regular circumscribed polygon will be 
formed of double the number of sides of A'B'C'D*. . . . 

It is evident that the area of an inscribed polygon is less than 
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that of the inscribed polygon of double the number of sides ; and 
the area of a circamscribed polygon is greater than that of the cir- 
cumscribed polygon of double the number of sides. 




PROPOSITION IL— THEOREM. 

5. A circle may be do'cumseribed ahovi any regular polygon ; and a 
circle may also be inscribed in it. 

Let ABCD ... be a regular polygon ; then, 

1st. A circle may be circumscribed about 
it. For, describe a circumference passing 
through three consecutive vertices -4, -B, (7 • 
(II. ^^) ; let be its centre, draw OH per- 
pendicular to ^(7 and bisecting it at H^ and 
join OAf OD, Conceive the quadrilateral 

A OHB to be revolved upon the line OH (i. e., folded over), until 
HB falls upon its equal HC. The polygon being regular, the angle 
HBA = HCD, and the side BA = CD\ therefore the side -B^ will 
take the direction of CD and the point A will fall upon D, Hence 
OD = OAf and the circumference described with the radius OA 
and passing through the three consecutive vertices A, B, C, also 
passes through the fourth vertex D. It follows that the circumfer- 
ence which passes through the three vertices B, 0, D, also passes 
through the next vertex E, and thus through all the vertices of the 
polygon. The circle is therefore circumscribed about the polygon. 

2d. A circle may be inscribed in it For, the fides of the polygon 
being equal chords of the circumscribed circle, are equally distant 
from the centre ; therefore, a circle described with the centre O and 
the radius OH will touch all the ludes, and will consequently be in- 
scribed in the polygon. 

6. Definitions. The centre of a regular polygon is the common een- 
tre, Of of the circumscribed and inscribed circles. 

The radius of a regular polygon is the radius, OA, of the circam- 
scribed circle. 

The apothem is the radius, OJET, of the inscribed circle. 

The angle at Uie centre is the angle, A OB, formed by radii draiwn 
to the extremities of any side. 
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7. The angle at the centre is equal to four right angles divided by 
the number of sides of the polygon. 

8. Since the angle ABC is equal to twice ABO, or to ABO -f 
BAOf it follows that the angle ABC of the polygon is the supple- 
ment of the angle at the centre (I. 68). 




PROPOSITION III.— THEOREM. 

9. Regular polygons of the same number of sides are similar. 
Let ABODE, A'B'C'D'E', be 

regular polygons of the same num- 
ber of sides ; then, they are similar. 

For, 1st, they are mutually equi- 
angular, since the magnitude of 
an angle of either polygon de- 
pends only on the number of the 
sides (7 and 8), which is the same in both. 

2d. The homologous sides are proportional, since the ratio 
AB : A'B' IB the same as the ratio BCi B'C\ or CD : C'D\ etc. 

Therefore the polygons fulfill the two conditions of similarity. 

10. Corollary. The perimeters of regular polygons of the same num* 

her of sides are to each other as the radii of the circumscribed circles, 

€^ as the radii of the inscribed circles; and their areas are to each other 

<MS the squares of these radii. For, these radii are homologous lines 

of the similar polygons (III. 43), (IV. 24). 



PROPOSITION IV.— PROBLEM. 
11. lb inscribe a square in a given circle. 

Draw any two diameters AC, BD, perpen- 
dicular to each other, and join their extremities 
l>y the chords AB, BC, CD, DA ; then, ABCD 
IS an inscribed square (II. 12), (U. 59). 



12. OoroUary, To circumscribe a square about the circle, draw 
tangents at th*' extremities of two perpendicular diameters A C, BD. 

13 K 
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13. Scholium, In the right triangle ABO, we have AB* = 

OA* + OB^ = 20l\ whence AB = OA. \/% by which the side of 
the inscribed sqaare can be computed, the radius being given. 



PROPOSITION v.— PROBLEM. 

14. To inscribe a regular hexagon in a given eirele. 
Suppose the problem solved, and let b^ ^ 

ABCDEFhe a regular inscribed hexagon. // \Hy^/ 

Join ^J^and AD\ since the arcs AB^ BG, lA^ \ / 
CD, etc., are equal, the lines BE, AD, bisect vvSs! /o\ 
the circumference and are diameters inter- \\ /V. \ 
secting in the centre 0. The inscribed angle j ;.^,.^^___> 

ABO is measured by one-half the arc AFE^ 
that is, by AF, or one of the equal divisions of the circumference ; 
the angle A OB ^t the centre is also measured by one division, that 
is, by AB; and the angle BAO = ABO; therefore the triangle 
ABO is equiangular, and AB = OA, Therefore the side of the 
inscribed regular hexagon is equal to the radius of the circle. 

Consequently, to inscribe a regular hexagon, apply the radius six 
times as a chord. 

15. Corollary, To inscribe an equilateral triangle, J. CaE, join the 
alternate vertices of the regular hexagon. 

16. Scholium, In the right triangle A CD, we have J.C' = 

AD' — DC' = (2-4 Oy — AO* =SAO'; whence, AG = AO.V% 
by which the side of the inscribed equilateral triangle can be com- 
puted, the radius being given. 

The apothem, OH, of the inscribed equilateral triangle is equal to 
one-half the radius OB; for the figure AOCB is a rhombus and its 
diagonals bisect each other at right angles (I. 110). 

The apothem of the inscribed regular hexagon is equal to one-half 

the side of the inscribed equilateral triangle, that is, to l/3 ; for 

the perpendicular from upon AB is equal to the perpendicular 
from A upon OB, that is, to AH. 

The angle at the centre of the regular inscribed hexagon is -| of 
4 right angles, that is, f of one right angle = 60°. 
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The angle of the hexagon, or ABC, is f of a right angle = 120°. 
The angle at the centre of the inscribed equilateral triangle is f of 
one right angle = 120°. 




PROPOSITION VI.— PROBLEM. 

17. To inKribe a regular decagon in a given circle. 

Suppose the problem solved, and let 
ABC.,..L,hetL regular inscribed decagon. 

Join AF, BO; since each of these lines bi- 
sects the circumference, they are diameters and 
intersect in the centre 0, Draw ^-K" intersect- 
ing OA in M, 

The angle AMB is measured by half the 
sum of the arcs KF and AB (II. 64), that is, 
by two divisions of the circumference ; the inscribed angle MAB is 
measured by half the arc BF, that is, also by two divisions ; there- 
fore AMB is an isosceles triangle, and MB = AB. 

Again, the inscribed angle MBO is measured by half the arc KOf 
that is, by one division, and the angle MOB at the centre has the 
same measure ; therefore 0MB is an isosceles triangle, and OM = 
JtfiB = AB. 

The inscribed angle MBA, being measured by half the arc AK^ 
t;hat is, by one division, is equal to the angle A OB. Therefore the 
isosceles triangles AMB and AOB are mutually equiangular and 
«milar, and give the proportion 

OA:AB = AB: AM, 
^^bence 

OA X AM= IB' = OSP; 

^bat is, the radius OA is divided in extreme and mean ratio at M 
^III. 73) ; and the greater segment OM is equal to the side AB of 
the inscribed regular decagon. 

Consequently, to inscribe a regular decagon, divide the radius in 

extreme and mean ratio (III. 74), and apply the greater segnieijt ten 

times as a chord. 
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18. Corollary , lo inscribe a regular penta- 
gon, A CEOK, join the alternate vertices of the 
regular inscribed decagon. ^^ 

19. Scholium. By (III. 75), we have 



AB = OA. 



l/6 — 1 




by which the side of the regular decagon may be computed from tlie 
radius. 

The angle at the centre of the regular decagon is f of one right 
angle = 36° ; the angle at the centre of the regular pentagon is | 
of one right angle = 72°. 

The angle ABC of the regular decagon is f of one right angle = 
144° ; the angle A CE of the regular pentagon is f of one right 
angle = 108°. 




PROPOSITION VII.— PROBLEM. 

20. To inscribe a regiUar pentedecagon in a given circle. 

Suppose AB is the side of a regu- 
lar inscribed pentedecagon, or that 
the arc AB is ^^ of the circumfer- 
ence. 

Now the fraction ^^ = J — -^ ; therefore the arc AB is the dif- 
ference between ^ and -^ of the circumference. Hence, if we 
inscribe the chord AC equal to the side of the regular inscribed 
hexagon, and then CB equal to that of the regular inscribed decagon, 
the chord AB will be the side of the regular inscribed pentedecagon 
required. ^"^-^. 

21. Scholium, Ai^Tegular inscribed polygon being given, a regu- 
lar inscribed polygon of double the number of sides can be formed 
by bisecting the arcs subtended by its sides and drawing the chords 
of the semi-arcs (4). Also, any regular inscribed polygon being 
given, a r^ular circumscribed polygon of the same number of sides 
oan be formed (3). Therefore, by means of the inscribed square, we 
can inscribe and circumscribe, successively, regular polygons of 8, 
16, 32, etc., sides ; by means of the hexagon, those of 12, 24, 48, etOf 
sides ; by means of the decagon, those of 20, 40, 80, etc., sides ; aiid« 
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finally, by meanB of the pentedecagoD, those of bO, 60, 120, etc., 
sides. 

Until the beginning of the present century, it was supposed that 
these were the only polygons that could be constructed by elementary 
geometry, that is, by the use of the straight line and circle only. 
Gauss, however, in his DiiquisUiones Ariihmetiea^ lApgicB^ 1801, 
proved that it is possible, by the use of the straight line and circle 
only, to construct regular polygons of 17 sides, of 257 sides, and in 
general of any number of sides which can be expressed by 2^ -f- 1, 
n being an integer, provided that 2^ -|- 1 is a prime number. 



PROPOSITION VIIL— THEOREM. 

22. The area of a regular polygon is equal to half the product of tia 
perimeter and apoUiem, 

For, straight lines drawn from the centre to the vertices of the 
polygon divide it into equal triangles whose bases are the sides of 
the polygon and whose common altitude is the apothem. The area 
of one of these triangles is equal to half the product of its base and 
altitude (IV. 13); therefore, the sum of their areas, or the area 
of the polygon, is half the product of the sum of the bases by the 
common altitude, that is, half the product of the perimeter and 
apothem. 



PROPOSITION IX.— THEOREM. 

23. The area of a regular inscribed dodecagon is equal to Hirce times 
the square of the radius. 

Let AB, BC, CD, DE, be four consecu- 
tive Bides of a regular inscribed dodeca- 
gon, and draw the radii OA, OE; then, 
the figure OABCDE is one-third of the 
dodecagon, and we have only to prove 
that the area of this figure is equal to 
the square of the radius. 

Draw the radius OD; at A and D draw 
the tangents AF and GDF meeting in F\ 
join A C and CE, and let A C and OE be produced to meet the lan- 

13 • 
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gent GF in H and O. The arc AD, containing three of the sidet 
of the dodecagon, is one fourth of the cir- 
cumference ; therefore the angle A OD is 
a right angle, and OF is a square de- 
scribed on the radius. 

Since A C and CE are sides of the regu- 
lar inscribed hexagon, each is equal to 
the radius ; therefore OA CE is a paral- 
lelogram. Hence also GO^JETand OECH 
are parallelograms. 

The triangles DEC and BCA are equal (I. 80). The area of the 
triangle DEC is one-half that of the parallelogram EH (IV. 14) ; 
therefore the two triangles DEC&nd BCA are together equivalent 
to the parallelogram EH, Adding the parallelogram OC to these 
equals, we have the figure OJ.^C!DJ^ equivalent to the parallelogram 
OH But the parallelogram OH is equivalent to the square OF 
(IV. 11); therefore the figure OABCDE, or one-third the dodecagon, 
is equivalent to the square OF, that is, to the square of the radius. 
Therefore, the area of the whole dodecagon is equal to three times 
the square of the radius. 

24. Scholium. The area of the circumscribed square is evidently 
equal to four times the square of the radius. The area of the circle 
is greater than that of the inscribed regular dodecagon, and less than 
that of the circumscribed square; therefore, if the square of the 
radius is taken as the unit of surface, the area of a circle is greater 
than 3 and less than 4. 



PROPOSITION X.— PROBLEM. 



25. Given the perimeters of a regtUar inscribed and a similar dr- 
vjimscrihed polygon, to compute the perimeters of the regular inscribed 
and drcmmcTihed polygons of double the number of sides. 

Let AB be a side of the given inscribed polygon, CD a side of the 
similar circumscribed polygon, tangent to the arc AB at its middle 
point E. Join AE, and at A and B draw the tangents AF and 
B0\ then AE is a side of the regular inscribed polygon of double 
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Ihe number of sides, and FO is a side ^ 
'of the circumscribed polygon of double 
the number of sides (4). 

Denote the perimeters of the given 
inscribed and circumscribed polygons 
by p and P, respectively ; and the pe- 
rimeters of the required inscribed and 
circumscribed polygons of double the 
number of sides by p* and P\ respectively. 

Since OCis the radius of the circle circumscribed about tlie poly- 
gon whose perimeter is P, we have (10), 

P OC OC 
— = — or — ; 

p OA OE 
and since OF bisects the angle COE^ we have (III. 21), 

00 OF 

_^^_ ^_^ ____^ . 

OE ~" FE' 



therefore, 



P 
P 



CF 
FE 



whence, by composition, 

P + jo CF+FE CE 
2p "" 2FE ''FO 

!Now FO is a side of the polygon whose perimeter is P', and is con- 
tabled as many times in P' as CE is contained in P, hence (III. 9), 

CE^P^ 



FO 



and therefore. 



p+p _p 

2p P' 



whoice 



P' = 



2pP 



[1] 



Again, the right triangles AEH and EFNare similar, since tlieir 



152 



GEOMETRY. 



acute aogles J24-ff and J^£^ are equal, ^ ^ 
and give 

AE'~' EF 

Since AH and AE are contained the 
same number of times in p and p\ re- 
spectively, we have 

AH p 

AE"?'' 

and since EN and EF are contained the same number of times in 
p' and P', respectively, we have 

EN_2L. ' 




therefore, we have 



whence 






|)' = l/p X P'. 



[2] 



Therefore, from the given perimeters p and P, we compute P' by 
the equation [1], and then with p and P' we compute p' by the 
equation [2]. 

26. Definition. Two polygons are iaoperimeiric when their perime- 
ters are equal. 

PROPOSITION XL— PROBLEM. 

27. Cfiven the radius and apothem of a regtUar polygon, to compute 
the radius arid apothem of the isoperimetrie polygon of double the num- 
ber of sides. 

Let AB be a side of the given regular polygon, the centre of 
this polygon, OA its radius, OD its apothem. 
Produce 2)0 to meet the circumference of the 
circumscribed circle in 0'\ join O'A, O'B] 
let fell OA* perpendicular to O'A, and 
through A' draw A'B' parallel to AB, 

Since the new polygon is to have twice as 
many sides as the given polygon, the angle at 
its centre must be one-half the angle A OB ; 
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therdbre the angle AO'B, which is equal to one-half of A OB 
(IL 57), is equal to the augle at the centre of the new polygon. 

Since the perimeter of the new polygon is to be equal to that of 
the given polygon, bot is to be divided into twice as many sides, 
each of its sides must be equal to one-half of AB ; therefore A'B\ 
which is equal to one-half of AB (L 121), is a side of the new 
lH)lygon ; O'A' is its radius, and O'D' its apothem. 

If, then, we denote the given radius OA by B, and the given 
apothem OD by r, the required radius 0'-4' by B\ and the apothem 
O'D' by r\ we have 

2 2 * 

or 

r- = ^ [1] 

In the right triangle 0A'0\ we have (III. 44), 

WA!^= 00' X 0'D\ 
or 

B' = \/B>rP; [2] 

therefore, r* is an arUhmetie mean between B and r, and i^' is a 
geometric mean between B and r'. 

MEASUREMENT OF THE CIKCLE. 

The principle which we employed in the comparison of incommen- 
surable ratios (II. 49) b fundamentally the same as that which we 
are about to apply to the measurement of the circle, but we shall 
now state it in a much more general form, better adapted for subse- 
quent application. 

28. Definiiions, I. A variable quantity, or simply, a variable^ is a 
quantity which has different successive values. 

II. When the successive values of a variable, under the conditions 
imposed upon it, approach more and more nearly to the value of 
some fixed or constant quantity, so that the difference between the 
variable and the constant may become less than any assigned quan- 
tity, without becoming zero, the variable is said to approach indefi- 
18** 
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niteiy to the constant ; and the constant is called the limit of the 
variable. 

Or, more briefly, the limit of a variable is a constant quantity to 
which the variable, under the conditions imposed upon it, approaches 
indefinitely. 

As an example, illustrating these definitions, let a point be re- 
quired to move from AtoB under the fol- 

lowing conditions : it shall first move over j | t i i 

one-half of AB, that is to (7; then over '^ ^ 

one-half of C£, to C" ; then over one-half of C^B, to C" ; . and so 
on indefinitely ; then the distance of the point from J. is a variable, 
and this variable approaches indefinitely to the constant AB, as its 
limit, without ever reaching it. 

As a second example, let A denote the angle of any regular poly- 
gon, and n the number of sides of the polygon ; then, a right angle 
being taken as the unit, we have (8), 

n 

The value of J. is a variable depending upon n ; and since n may be 

4 
taken so great that - shall be less than any assigned quantity how- 
ever small, the value of A approaches to two right angles as its limit, 
but evidently never reaches that limit. 

29. Principle op Limits. Theorem. If ttoo variable quantities 
are always equal to each other and each approaches to a limit, the two 
limits are necessarily equal. 

For, two variables always equal to each other present in fact but 
one value, and it is evidently impossible that one variable value 
shall at the same time approach indefinitely to two unequal limits. 

30. Theorem, The limit of the product of two variables is the pro- 
du>ot of their limits. Thus, if x approaches indefinitely to the limit a, 
and y approaches indefinitely to the limit b, the product xy must 
approach indefinitely to the product ah ; that is, the limit of the pro- 
duct xy is the product ah of the limits of x and y. 

31. Theorem. If two variables are in a constant ratio and each 
approaches to a limit, these limits are in the sams constant ratio. 

Let X and y be two variables in the constant ratio m, that b^ lei 
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IB = 11^; and let ibeir limits be a and b respectively, Since y ap- 
proaches indefinitely to b, my approaches indefinitely to mb ; ther»i 
fore we have x and my, two variables, always equal to each other, 
whose limits are a and mb, respectively, whence, by (29), a = mb; 
that is, a and b are in the constant ratio m. 




PROPOSITION XIL— THEOKEM. 

32. An are of a cirde is less than any line which envelops it and has 
the same extremiUes. 

Let A KB be an arc of a circle, AB its chord • 
and let ALB, AMB, etc., be any lines enveloping 
it and terminating at A and B, 

Of all the lines AKB, ALB, AMB, etc. (each 
of which includes the segment, or area, AKB, be- 
tween itself and the chord AB^, there must be at least one minimum, 
or shortest line.* Now, no one of the lines ALB, AMB, etc., envelop- 
ing AKB, can be such a minimum ; for, drawing a tangent CKD to 
the arc AKB, the line A CKDB is less than A CLDB ; therefore 
ALB is not the minimum ; and in the same way it is shown that no 
other enveloping line can be the minimum. Therefore, the arc AKB 
is the minimum. 

33. Corollary, The circumference of a circle is less than the perimeter 
of any polygon circumscribed about iL 

34. Scholium, The demonstration is applicable when AKB is any 
convex curve whatever. 



PKOPOSITION Xin.— THEOREM. 

35. Jf the number of sides of a regular polygon inscribed in a circle 
be increased indefinitely, the apothem of the polygon vdll approach to 
the radius of the circle as its limit, 

* If we choose to admit the possibility of two or more equal shortest lines, still 
we say that of all the lines, AKB, ALB, etc., there must be ^ne whidi is either 
like minimam line, or one of the minimum lines. 
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Let AB be a side of a regular polygon inscribed 
in the circle whose radius is OA ; and let OD be 
its apothem. 

In the triangle OAD we have (I. 67), 

OA— 0D< AD. 

Now, by increasing the number of sides of the polygon, the length 
ot' a side AB may evidently be made as small as we please, or less 
than any quantity that may be assigned. Hence AD, or ^AB^ and 
still more OA — OD, which, is still less than AD^ may become less 
than any assigned quantity ; that is, the apothem OD approaches to 
the radius OA as its limit (28). 




PROPOSITION XIV.— THEOREM. 

36. The drcumferenee of a circle is (he Umii to which the perimelers 
of regular inscribed and circumscribed polygons approach when the 
number of their sides is increased indefinitely; and the area of the 
circle is the limit of the areas of these polygons. 

Let AB and CD be sides of a regular inscribed 
and a similar circumscribed polygon ; let r denote 
the apothem OE, R the radius OF, p the perimeter 
of the inscribed polygon, P the perimeter of the cir- 
cumscribed polygon. Tlien, we have (10), 

p r* 
whence, by division (III. 10), 

Now we have seen, in the preceding proposition, that by increasing 
the number of sides of the polygons, the difference R — r may be 

made less than any assigned quantity; consequently the quantity 

p 

— X {B — r), or P — p, may also be made less than any assigned 
B 

quantity. But P being always greater, and p always less, than the 
circumference of tlie circle, the difference between this circumference 
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and either Por p is less than the difference P — p^ and consequently 
may also be made less than any assigned quantity. Therefore, the 
circumference is the common limit of P and p. 

Again, let 8 and 8 denote the areas of two similar inscribed and 
circumscribed polygons. The difference between the triangles -COD 
and AOB is the trapezoid CABD, the measure of which is 
J (CD + AB) X -E^; therefore, the difference between the areas of 
the polygons is 

iS-« = i(P + i>)X(-B-r); 
consequently, 

iS-«<PX (i2 — r). 

Now by increasing the number of sides of the polygons, the quantity 
P X (-R — t), and consequently also 8 — «, may be made less than 
any assigned quantity. But 8 being always greater, and 8 always less, 
than the area of the circle, the difference between the area of the 
circle and either 8 or 8 is less than the difference 8 — 8, and conse- 
quently may also be made less than any assigned quantity. There- 
fore, the area of the circle is the common limit of 8 and 8, 



PROPOSITION XV.— THEOREM. 

37. Thfi circumferences of tvx> circles are to each other as their radiif 
and their areas are to each other as the squares of their radiL 

Let P and P' be the radii of 
the circles, C and C their cir- 
cumferences, 8 and 8' their areas. 

Inscribe in the two circles simi- 
lar regular polygons; let P and 
P' denote the perimeters, A and 
A' the areas of these polygons; 
then, the polygons being similar, we have (10), 





P' 



A' R' 



These relations remain the same whatever may be the number of 
Bides in the polygons, provided there is the same number in each (9). 
When this number is indefinitely increased, P approaches C as its 

14 
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limit, and P' approaches C as its 
limit (36) ; and since Pand P' are 
in the constant ratio of £ to R', 
their limits are in the same ratio 
(31)) therefore 

c 





R^ 

R' 



m 



And since the limit oi A ]a 8, and the limit of A' is 8', it follows 
in the same manner that 



8 ^R* 

8' ~ R'* 



[2] 



88. CoroUary L The proportion [1] is by (IIL 9) the same as 



C 



2R 
2R' 



[3] 



and the proportion [2] is the same as 



V 




i8'""4B'* (2i2')'' 

therefore, (he drcumferencea of dreles are to each other as their diame- 
tera, and their areas are to each other as the squares of their diamders, 

39. CoroUary II. Similar ares, as AB, 
A'B\ are those which subtend equal an- 
gles at the centres of the circles to which 
they belong; they are therefore like 
parts of their respective circumferences, 
and are in the same ratio as the circumferences. Also the similar 
sectors AOB and A'O^B' are like parts of the circles to which they 
belong. Therefore, similar arcs are to each other as their radii, and 
similar sectors are to each other as the squares of their radii. 

40. Corollary III. The ratio of the circumference of a circle to Us 
diameter is constant ; that is, it is the same for all circles. For, from 
the proportion [3] we have 

c^ ^_C^ 

2R 222' 
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This constant ratio is usually denoted by ir, so that for any circle 
whose diameter is 2R and circumference C, we have 

Q 

-— = jT, or C = 2icR. 

41. Scholium. The ratio n is incommensurable (as can be proved 
by the higher mathematics), and can therefore be expressed in num- 
bers only approximately. The letter tt, however, is used to symbolize 
its exact value. 




PROPOSITION XVI.— THEOREM. 

42. The area of a eirde is equcd to half the product of its drcum- 
ferenee by its radius. 

Let the area of any regular polygon circum- 
scribed about the circle be denoted by A, its 
perimeter by P, and its apothem which is equal 
to the radius of the circle by E ; then (22), 

A = iPXR,orj = iE. 

Let the number of the sides of the polygon be continually doubled, 
then A approaches the area S of the circle as its limit, and P ap- 
proaches the circumference (7 as its limit; but A and Pare in the 
constant ratio ^R; therefore their limits are in the same ratio (81), 
and we have 

^=\R,oTS=iCXli. [IJ 

43. Corollary I. The area of a circle is equal to the square of its 
radius multiplied by the constant number n. For, substituting for C 
its value 27ri^ in [1], we have 

44. Corollary 11. The area of a sector is equal to. half the product of 
Us arc by the radius. For, denote the arc ah of the sector a 06 by c, 
and the area of the sector by s ; then, since c and s are like parts of 
C and 8, we have (III. 9), 
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S'^ C~iCxR 

ButS=iCX B; therefore a = ic X Ii» 

45. Scholium, A circle may be regarded as a regular polygon of an 
infinite number of sides. In proving that the circle is the limit to- 
wards which the inscribed regular polygon approaches when the 
number of its sides is increased indefinitely, it was tacitly assumed 
that the number of sides is always finite. It was shown that the dif- 
ference between the polygon and the circle may be made less than 
any assigned quantity by making the number of sides sufficiently 
great ; but an assigned difference being necessarily a finite quantity, 
there is also some finite number of sides sufficiently great to satisfy 
the imposed condition. Conversely, so long as the number of sides 
is finite, there is some finite difference between the polygon and the 
circle. But if we make the hypothesis that the number of sides of 
the inscribed regular polygon is greater than any finite number^ that 
is, infinite, then it must follow that the. difierence between the poly- 
gon and the circle is less than any finite quantity, that is, zero ; and 
consequently, the circle is identical with the inscribedf polygon of an 
infinite number of sides. 

This conclusion, it will be observed, is little else than an abridged 
statement of the theory of limits as applied to the circle ; the abridg- 
ment being effected by the hypothetical introduction of the infinite 
into the statement. 



PROPOSITION XVIL— PROBLEM. 

46. To compute the ratio of the circumference of a circle to its diame- 
ter, approadmately. 

First Method, called the Method of Perimeters. In this 
method, we take the diameter of the circle as given and compute the 
perimeters of some inscribed and a similar circumscribed regular 
polygon. We then compute the perimeters of inscribed and circum- 
scribed regular polygons of double the number of sides, by Propo- 
sition X. Taking the last-found perimeters as given, we compute 
the perimeters of polygons of double the number of sides by the same 
method ; and so on. As the number of sides increases, the Ieo<rth' 
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of the perimeters approach to that of the circumference (36) ; hence, 
their successively computed values will be successive nearer and 
nearer approximations to the value of the circumference. * 

Taking, then, the diameter of the circle as given = 1, let us begin 
by inscribing and circumscribing a square. The perimeter of the 
inscribed square = 4 X i X V2 = 2|/2 (13) ,•• that of the circum- 
scribed square = 4 ; therefore, putting 

P=4, 

p = 2^/2 = 2.8284271, 

we find, by Proposition X., for the perimeters of the circumscribed 
and inscribed regular octagons, 

P' = ?EX^^ 3.3137085, 

F + P 

y = Vp X P* = 3.0614675. 
Then taking these as given quantities, we put 

P = 3.3137085, p = 3.0614675, 
and find by the same formulae for the polygons of 16 sides 

P' = 3,1825979, / = 3.1214452. 
Continuing this process, the results will be found as in the followmg 

TABLE* 



Number 


Perimeter of 


Perimeter of 


of sidM. 


circiuiMcribed polygon. 


inscribed polygon. 


4 


4.0000000 


2.8284271 


8 


3.3137085 , 


3.0614675 


16 


ai825979 


3.1214452 


32 


3.1517249 


3.1365485 


64 


3.1441184 


3.1403312 


128 


3.1422236 


3.1412773 


256 


3.1417504 


3.1415138 


512 


3.1416321 


3.1415729 


1024 


3.1416025 


3.1415877 


2048 


3.1415951 


3.1415914 


4096 


3.1415933 


3.1415923 


8192 


3.1415928 


3.1415926 



* The computations have been carried out with ten decimal places in order to 
fnsare tlie accuracy of the seventh place as given in the table. 
14^ L 
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From the last two numbers of this table, we learn that the cir* 
cumference of the circle whose diameter is unity is less than 
3.141592^ and greater than 3.1415926 ; and since, when the diame- 
ter = 1, we have C = w, (40), it follows that 

n = 3.1415927 

within a unit of the seventh decimal place. 

Second Method, called the Method of Isopertmeteks. This 
method is based upon Proposition XL Instead of taking the diame- 
ter as given and computing its circumference, we take the circum- 
ference as given and compute the diameter ; or we take the semi- 
circumference as given and compute the radius. 

Suppose we assume the semi-circumference ^(7=1; then since 
C = 27ri2, we have 

that is, the value of n is the reciprocal of the value of the radius of 

the circle whose semi-circumference is unity. 

Let ABCD be a square whose semi-perimeter 

= 1 ; tjien each of its sides = ^. Denote its 

radius OA by jR, and its apothem OE by r ; then 

we have 

r = \ =0.2500000, 

R = \\/2 = 0.3535534. 

Now, by Proposition XL, we compute the apothem r' and the 
radius R' of the regular polygon of 8 sides having the same pe- 
rimeter as this square ; we find 

r'= ^^^-^ =0.3017767, 

R' = i/jRXr' = 0.3266407. 
Again, taking these as given, we put 

r = 0.3017767, R = 0.3266407, 

and find by the same formulae, for the apothem and radius of the^ 
isoperimetric regular polygon of 16 sides, the values 

r' = 0.3142087, R' = 0.3203644. 
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Coatinuing this process, the results are found as in the following 



. TABLE. 



Nomber of sides. 


Apothem. 


BadioB. 


4 


0.2500000 


0.3535534 


8 


a3017767 


0.3266407 


16 


0.3142087 


0.3203644 


32 


0.3172866 


0.3188218 • 


64 


0.3180541 


0.3184376 


128 


0.8182460 


0.3183418 


256 


0.3182939 


0.3183179 


512 


0.3183059 


0.3183119 


1024 


0.3183089 


0.3183104 


2048 


0.3183096 


0.3183100 


4096 


0.3183098 


0.3183099 


8192 


0.3183099 


0.3183099 



NoWy a circumference described with the radius r is inscribed in the 
polygon, and a circumference described with a radius R is circum- 
scribed about the polygon ; and the first circumference is less, while 
the second is greater, than the perimeter of the polygon. Therefore 
the circumference which is equal to the perimeter of the polygon has 
a radius greater than r and less than R ; and this* is true for each of 
Uie successive isoperimetric polygons. But the r and R of the 
polygon of 8192 sides do not differ by so much as .0000001 ; there- 
fore, the radius of the circumference which is equal to the perimeter 
of the polygons, that is, to 2, is 0.3183099 within less than .0000001 ; 
and we have 

1 



TT 



0.3183099 



= 3.141593 



within a unit of the sixth decimal place. 

47. Scholium I. Observing that in this second method the value 
of r = -J, for the square, is the arithmetic mean of and -J-, and that 

-R = il/2 is the geometric mean between ^ and \, we arrive at the 
following proposition : 

tThe value of ~ is the limit approached by the successive numbers oh- 

^ined by starting from the numbers and \ and taking alternately the 
^f^ithmetic mean and the geometric mean between the two which precede* 
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48. Sclvolium 11. Archimedes (born 287 B. C) was the first txi 
assign an approximate value of tt. By a jnethod similar to the 
above " first method," he proved that its value is between Z\ and 
^f^> oi*) ^^ decimals, between 3.1428 and 3.1408; he therefore 
assigned its value correctly within a unit of the third decimal place. 
The number 3|, or ^, usually cited as Archimedes* value of n 
(although it is but one of the two limits assigned by him), is often 
ust'd as a sufficient approximation in rough computations. 

Metius (A. D. 1640) found the much more accurate value |-f-|, 
which correctly represents even the sixth decimal place. It is easily 
remembered by observing that the denominator and numerator writ- 
ten consecutively, thus 113 1 355, present the first three odd numbers 
each written twice. 

More recently, the value has been found to a very great number 
of decimals, by the aid of series demonstrated by the Difierential 
Calculus. Clausen and Dase of Germany (about A. D. 1846), com- 
puting independently of each other, carried out the value to 200 
decimal places, and their results agreed to the last figure. The 
mutual verification thus obtained stamps their results as thus far 
the best established value to the 200th place. (See Schumacher's 
AaironomiseJie Nachrichteny No. 589.) Other computers haxa car- 
ried the value to over 500 places, but it does not appear that their 
faults have been verified. 

The value to fifteen decimal places is 

TT = 3.141592653589793. 

For the greater number of practical applications, the value n = 3.1416 
is sufficiently accurate. 



MAXIMA AND MINIMA OF PLANE FIGURES. 

49. Definit{o7i, Among quantities of the same kind, that which u ^ 
greatest is called a maximum; that which is least, a minimum. 

Thus, the diameter of a circle is a maximum among ail straight ^ 

lines joining two points of the circumference; the perpendicular is a -- 

minimum among all the lines drawn from a given point to a given ^ 
straight line. 
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An enclosed figure is said to be a maximum or a minimum, when 
its area is a maximum or a minimum. 

50. Definition. Any two figures are called isaperimetric when 
their perimeters are equal. 



PROPOSITION XVIII.— THEOREM. 

51. Of all triangles having the same base and equal areas, that which 
is isosceles has Hie minimum perimeter. 

Let ABC be an isosceles triangle, and ABC 
any other triangle having the same base and an yy 

equal area; then, AB -\' AC < A' B -\' AC. ^ J^K 

For, the altitudes of the triangles must be >^:i^^^X 

equal (IV, 15), and their vertices A and A' lie s' 

in the same straight line MN parallel to BC 
Draw CND perpendicular to MN, meeting BA produced in D ; join 
AD. Snce the angle NAC = ACB = ABC = DAN, the right 
triangles A CN, ADN, are equal ; therefore, AN is perpendicular to 
CD at its middle point N, and we have AD = AC, AD = AC. 
But BD < AB + AD; that \a,AB + AC<AB + AC 

52. Corollary. Of aU triangles having the same area, that which is 
equilateral has the minimum perimeter. For, the triangle having the 
minimum perimeter enclosing a given area must be isosceles which- 
ever side is taken as the base. 



PROPOSITION XIX.— THEOREM. 

63. Off all triangles having the same base and equal perimeters^ thai 
^hieh is isosceles is the maximum. 

liOt A6Cbe an isosceles triangle, and let ABC, 
standing on the same base BC, have an equal 
perimeter; that is, let AB + AC^AB^ AC\ 
then, the area of ABC is greater than the area of 
A'MC. 

I*or, the vertex A must fall between BC and the parallel MN 
^i^wn through A ; since, if it fell upon MN, we should have, as in 
the preceding demonstration, AB + -4'C > AB -\- AC. and if it 
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fell above MN^ the sum A'B + -4' C would be still greater. Ther^ 
fore the altitude of the triangle ABC is greater than that of ABG^ 
and hence also its area is the greater. 

64. Corollary, Of all isoperimeiric triangles, thai which is eqtiilai 
eral is the maaimum. For, the maximum triangle having a given 
perimeter must be isosceles whichever side is taken as the base. 

PROPOSITION XX.— THEOREM. 

55. Of all triangles formed with the same two given sides, thai m 
which these sides are perpendicular to each other is the maximum. 

Let ABC, A'BC, be two triangles having the 
sides AB, BC, respectively equal to A'B; BC; 
then, if the angle ABC is a right angle, the area 
of the triangle ABC is greater than that of the 
triangle A'BC. 

For, taking BC a& the common base, the altitude AB of the tri- 
angle ABC is evidently greater than the altitude A'D of the 
triangle A'BC. 

PROPOSITION XXI.— THEOREM. 

56. Of all isoperimeiric plan^ figures, the circle is the maximum, 
1st. With a given perimeter, there may be constructed an infinite 

number of figures of different forms and various areas. The area 
may be made as small as we please (lY. 85), but obviously cannot 
be increased indefinitely. Therefore, among all the figures of the 
same perimeter there must be one maximum figure, or several maxi- 
mum figures of different forms and equal areas. 

2d. Every closed figure of given perimeter containing a maximum 
area must necessarily be convex, that is, such that any straight line 
joining two points of the perimeter lies wholly within the figure. 

Let A CBN A be a non-convex figure, the 

straight line AB, joining two of the points in its y^ >v 

perimeter, lying without the figure ; then, if the / 
re-entrant portion ACB be revolved about the W 
line AB into the position ACB, the figure \ 
AC'BNA has the same perimeter as the first 
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figure, but a greater area. Therefore, the non-convex figure cannot 
be a maximum among figures of equal perimeters. 

3d. Now let A CBFA be a maximum figure formed with a given 
perimeter; then we say that, taking any 
point A in its perimeter and drawing AB ^^-tt-o?' 

so as to divide the perimeter into two equal y^ /^v*^r, 

parts, this line also divides the area of the / A"/ ^^^^ 
figure into two equal parts. For, if the I \ /^^^^^^'^ *' 

area of one of the parts, as AFBy were j^^ '" 

greater than that of the other part, A CB^ g — 

then, if the part AFB were revolved upon 

the line AB into the position AF'By the area of the figure AF^BFA 

would be greater than that of the figure A CBFA, and yet would 

have the same perimeter ; thus the figure A CBFA would not be a 

maximum. 

Hence also it appears that, ACBFA being a maximum figure, 
AF*BFA is also one of the maximum figures, for it has the same 
perimeter and area as 'the former figure. This latter figure is sym- 
metrical with respect to the line AB, since by the nature of the revo- 
lution, about AB, every line FF* perpendicular to AB, and termi- 
nated by the perimeter, is bisected by AB (1. 140). Hence F and F' 
being any two symmetrical points in the perimeter of this figure, the 
triangles AFB and AF'B are equal. 

Now the angles AFB and AF'B must be right angles ; for if they 
were not right angles the areas of the triangles AFB and AF'B 
could be increased without varying the lengths of the chords AF, 
FB, AF', F'B (55), and then (the segments AOF, FEB, AO'F', 
F'E'B, still standing on these chords), the whole figure would have 
its area increased without changing the length of its perimeter ; con- 
sequently the figure AF'BFA would not be a maximum. There- 
fore, the angles JPand F' are right angles. But i^is any point in the 
curve AFB; therefore, this curve is a semi-circumference (II. 59, 97). 

Hence, if a figure A CBFA of a given perimeter is a maximum, 
its half AFB, formed by drawing AB from any arbitrarily chosen 
point A in the perimeter, is a semicircle. Therefore the whole figure 
is a circle.* 

* This demonstration is due to Steiner, OreUe^s Journal fur die reine tmrf 
QHtgewandU McUhemalik, vol. 24. (Berlin, 1842.) 
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PROPOSITIOI^ XXII.— THEOREM. 

57. Oj all plane figures containinff the sanie area, tlie circle h(u the 
minimum perimeter. 

Let C be a circle, and A any 
otlier figure having the same area 
as C; then, the perimeter of C is 
less than that of A. 

For, let ^ be a circle having 
the same perimeter as the figure 
A; then, by the preceding theo- 
rems A <C B,or C <,B. Now, of 
two circles, that which has the less 
area has the less perimeter; there- 
fore, the perimeter of C is less than that of B, or less than that of A, 




o 



O 



PROPOSITION XXIIL— THEOREM. 

58. Of aU ike polygons constructed with the same given sides^ thai is 
the ma^ximum which can be inscribed in a circle. 

Let P be a polygon constructed with the sides a, b, e, d, e, and 
inscribed in a circle S, and let P' 
be any other polygon constructed 
with the same sides and not inscrip- 
tible in a circle; then, F > P'. 

For, upon the sides a, 6, e, etc., 
of the polygon P' construct cir- 
cular segments equal to those stand- 
ing on the corresponding sides of P. The whole figure S' ihns 
formed has the same perimeter as the circle 8; therefore, area d 
8 > area of 8' (56) ; subtracting the circular segments from bolhf 
we have P > P'. 
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PBOPOSmON XXIV.— PEOBLEM. 

59. Of att uoperimetric polygons having the same number of ndea^ 
the regular polygon is the maximum. 

1st The maximum polygon P, of all the isope- 
ri metric polygons of the same number of sides must 
have its sides equal ; for if two of its sides, as AB\ 
2>*'C, were unequal* we could, by (53), substitute for 
tlie triangle AB'C the isosceles triangle ABC 
having the same perimeter as ^^'(7 and a greater 
area, and thus the area of the whole polygon could be increased with- 
out changing the length of its perimeter or the number of its sides. 

2d. The maximum polygon constructed with the same number of 
equal sides must, by (58), be inscriptible in a circle ; therefore it 
must be a regular polygon. 




PBOPOSITION XXV.— THEOEEM. 

60. Of aU polygons having the same number of sides and the same 
area, the regular polygon has the minimum perimeter. 

Let P be a regular polygon, and M 
any irregular polygon having the 
same number of sides and the same 
area as P; then, the perimeter of P is 
less than that of M, 

For, let iV be a regular polygon 
having the same perimeter and the 
same number of sides as M\ then, by 
(59), M<N,otP<K But of two 
regular polygons having the same 
number of sides, that which has the 

less area has the less perimeter ; therefore the perimeter of P is less 
than that of N^ or less than that of M, 
15 
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PROPOSITION XXVI.— THEOREM. 

61, Jff a regidar polygon be constructed with a given perimeter ^ Ha 
area will be the greater, the greaier the number of its sides. 

Let P be the regular polygon of three 
Bides, and Q the regular polygon of four 
Bides, constructed with the same given 
perimeter. In any side AB of P take 
any arbitrary point D ; the polygon P 
may be regarded as an irregular poly- 
gon of four sides, in which the sides AD, DB, make an angle with 
each other equal to two right angles (I. 16); then, the irregular 
polygon P of four sides is less than the regular isoperimetric polygon 
Q of four sides (59). In the same manner it follows that Q is less 
than the regular isoperimetric polygon of five sides, and so on. 





PROPOSITION XXVII.— THEOREM. 

62. If a regular polygon be constructed with a given area, its perim- 
eter vnll be the less, the greater the number of its sides. 

Let P and Q be regular polygons 
having the same area, and let Q have 
the greater number of sides; then, the 
perimeter of P will be greater than that 
ofQ. 

For, let jR be a regular polygon having 
the same perimeter as Q and the same 
number of sides as P; then, by (61), 
Q > jR, or P> fi; therefore the perimeter of P is greater than 
that of B, or greater than that of Q. 






GEOMETRY OF SPACE. 



BOOK VI. 

THE FLANK POLYEDRAL ANGLES, 

1. Definition, A plane has already been defined as a surface such 
that the straight line joining any two points in it lies wholly in the 
Burfiioe. 

Thus, the surface MN is a plane, if, A and B 

being any two points in it, the straight line AB jL-4. £ 

lies wholly in the surface. 

The plane is understood to be indefinite in 
extent, so that, however far the straight line is produced, all its 
points lie in the plane. But to represent a plane in a diagram, we 
are obliged to take a limited portion of it, and we usuall^r represent 
it by a parallelogram supposed to lie in the plane. 



DETEBMINATION OF A PLANE. 

PROPOSITION I.— THEOREM. 

2. Through any given drcdght line an infinite number of plana mag, 

he passed. 

IjCt AB be a given straight line. A 



/,'-• 




straight line may be drawn in any plane, y 

and the position of that plane may be l^ 

changed until the line drawn in it is . 

brought into coincidence with AB, We shall then have one plane 
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passed through AB ; and this plane may be turned upon AB as an 
axis and made to occupy an infinite number of positions. 

3. Scholium, Hence, a plane subjected to the single condition that 
it shall pass through a given straight line, is not fixed, or deter- 
minate, in position. But it will become determinate if it is required 
to pass through an additional point, or line, as shown in the next 
proposition. 

A plane is said to be determined by given lines, or points, when it 
is the only plane which contains such lines or points. 

PROPOSITION II.—THEOREM. 

4. A plane is determined, 1st] by a straight line and a paint wiihovi 
that line; 2d, hy two intersecting straight lines; 3d, by three points not 
in the same straight line ; 4th, hy two parallel straight lines, 

1st. A plane MN being passed through a given straight line AB, and 
then turned upon this line as an axis until it 
contains a given point C not in the line AB, 
is evidently determined; for, if it is then 
' turned in either direction about AB, it will 
cease to contain the point (7. The plane is 
therefore determined by the given straight 
line and the point without it. 

2d. If two intersecting straight lines AB, A C, are given, a plane 
passed thi;pugh AB and any point C (other than the point A) of A G, 
contains the two straight lines, and is determined by these lines. 

3d. If three points are given, A, B, C, not in the same straight 
line, any two of them may be joined by a straight line, and then the 
plane passed through this line and the third point, contains the three 
points, and is thus determined by them. 

4th. Two parallel lines, AB, CD, are by ^ -b 

definition (I. 42) necessarily in the same 

plane, and there is but one plane containing ^ { ^ 

them, since a plane passed through one of 

them, AB, and any point E of the other, is determined in position. 

5. CoroUary, The intersection of two planes is a straight line. 
For, the intersection cannot contain three points not in the same 
straight line, six ce only one plane can contain three such points. 
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PERPENDICULARS AND OBLIQUE LINES TO PLANES. 

6. Definitvim. A straight line is perpendicular to a plane when it 
18 perpendicular to every straight line drawn in the plane through 
its foot, that is, through the point in which it meets the plane. 

In the same case, the plane is said to be perpendicular to the line. 
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PROPOSITION III.— THEOREM. 

7. From a gwen point ^cithotU a plane, one perpendicular to the plane 
can be drawn, and but one. 

Let A be the given point, and MN the plane. 

If any straight line, as AB, is drawn from A 
to a point B of the plane, and the point B is 
then supposed to move in the plane, the length 
of AB will vary. Thus, if B move along a 

straight line BB' in the plane, the distance AB ^ 

will vary according to the distance of B from 
the foot C of the perpendicular AC let fall from A upon BB\ 
Now, of all the lines drawn from A to points in the plane, there 
must be one minimum, or shortest line. There cannot be two equal 
shortest lines ; for if AB and AB' are two equal straight lines from 
A to the plane, each is greater than the perpendicular A C let fall 
from A upon BB' ; hence they are not minimum lines. There is 
therefore one, and but one, minimum line from A to the plane. Let 
AP be that minimum line ; then, AP is perpendicular to any straight 
line £[F drawn in the plane through its foot P. For, in the plane of 
the lines AP and EF, ^P is the shortest line that can be drawn 
from A to any point in EF, since it is the shortest line that can be 
drawn from A to any point in the plane MN; therefore, AP is per- 
pendicular to EF (I. 28). Thus AP is perpendicular to any, that is, 
to every, straight line drawn in the plane through its foot, and is 
therefore perpendicular to the plane. Moreover, by the nature of 
the proof just given, AP is the only perpendicular that can be drawn 
from A to the plane MN. 

8. CoroUary, At a given point P in a plane MN, a perpendicular 
can be erected to the plane, and but one. 

15 » 
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For, let M'N* be any other plane, A* any point without it, and 
-4.'P' the perpendicular from A' to 
this plane. Suppose the plane M*N* 
to be applied to the plane JOT with 
the point P' upon P, and let AF be 
the position then occupied by the 
peri)endicular A 'P'. We then have 
one perpendicular, ^P, to the plane 

J/JV", erected at P. There can be no other : for let PB be any other 
straight line drawn through P; let the plane determined by the two 
lines iM, PjB, intersect the plane MN in the line PC; then, since 
AFC is a right angle, jBP(7is not a right angle, and therefore J5P is 
not perpendicular to the plane. 

9. Scholium. By the distance of a point from a plane is meant the 
shortest distance; hence it is the perpendicular distance from the 
point to the plane. 



PROPOSITION XV.—THEOREM. 



10. Ohliqae lines drawn from a point to a plane, at egtud distances 
from the perpendieularf are equal; and of two oblique lines unequally 
distant from ilie perpendicular the more remade is the greater, 

1st Let AB, AChQ oblique lines from 
the point A to the plane MN, meeting the 
plane at the equal distances PB, PC, from 
the foot of the perpendicular AP; then, 
AB = A a For, the right triangles APB, 
APQ are equal (I. 76). 

2d. Let AD meet the plane at a dis- 
tance, PD, from P, greater than PC; then, 
AD>AC. For, upon PD take PB = 
PC, and join ABi then AD> AB (L 35) ; 
but AB = ^ C; therefore, AD>AC. 

11. Corollary L Conversely, equal oblique lines from a point to a 
plane meet the plane at equal distances from the perpendicular; and 
of two unequal oblique lines, the greater meets the plane at the 
greats distance from the perpendicular. 
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12. Corollary II. Equal straight lines from a point to a plane meet 
the plane in the circumference of a circle whose centre is the foot of 
the perpendicular from the point to the plane. Hence we derive a 
method of drawing a perpendicular from a given point ^ to a given 
plane MN: find any three points, B, Q E, in the plane, equidistant 
from A, and find the centre P of the circle passing through thv^*) 
points; the straight line AP will be the required perpendicular. 




PROPOSITION v.— THEOREM. 

13. If a straight line is perpendicular to each of two straight lines at 
ih^r point of intersection, it is perpendicular to the plane of tiiose lines. 

Let ^P be perpendicular to PB and PC, 
at their inteneetion P; then, AP is perpen- 
dicular to the plane MN which contains those 
lines. 

For, let PD be any other straight line 
drawn through P in the plane MN. Draw 
any straight line BDC intersecting PB, PC 
PD, in B, C, D\ produce AP to A' making 
PA' =-= PA, and join A and A' to each of 
the points B, C, D, 

Since BP is perpendicular to AA\ at its 
middle point, we have BA=^ BA', and for a like reason CA = CA*; 
therefore, the triangles ABC, A'BC, are equal (I. 80). If, then, 
the triangle ABC is turned about its base J? (7 until its plane coin-^ 
cides with that of the triangle A'BC, the vertex A will fall upon A'; 
and as the point D remains fixed, the line AD will coincide with 
A'D; therefore, D and Pare each equally distant from the extremi- 
ties of AA', and DP is perpendicular to A A' or AP{1. 41). Hence 
AP iB perpendicular to any line PD, that is, to every line, passing 
through its foot in the plane MN, and is consequently perpendicular 
to the plane. 

14. Corollary L At a given point P of a straight line AP, a plane 
can be passed perpendicular to that line, and but one. For, two per- 
pendiculars, PB, PC, being drawn to AP in any two different planed 
APB, APC, passed through AP, the plane of the lines PB, PC, will 
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be perpendicular to the line AP. Moreover, no other plane passed 
through P can be perpendicular to AP; for, any other plane not con* 
taining the point C would cut the oblique line AG in & point C 
different from C, and we should have the angle APC different from 
APC^ and therefore not a right angle. 

15. Corollary II. All the perpendiculars 
PB, PC, PD, etc., drawn to a line AP at the 
same point, lie in one plane perpendicular to 
AP, Hence, if an indefinite straight line 
P§, perpendicular to AP^ be made to revolve, 
always remaining perpendicular to AP^ it is 
said to generate the plane MN perpendicular 

io AP\ for the line PQ passes successively, during its revolution, 
througli every point of this plane. 

16. Corollary III. Through any point C without a given straight 
line APf a plane can be passed perpendicular to AP, and but one. 
For, in the plane determined by the line AP and the point (7, the 
perper.dlcular CP can be drawn to AP, and then the plane generated 
by the revolution of PC about AP as an axis will, by the preceding 
corollary, be perpendicular to AP; and it is evident that there can 
be but one such perpendicular plane. 




PROPOSITION VL—THEOREM. 

17. If from the foot of a perpendiailar to a plane a straight line is 
drawn at right angles to any line of the plane, and its intersection with 
that line is joined to any point of the perpendicular, this last line will 
be perpendicular to the line of the plane. 

Let AP be perpendicular to the plane 
MN\ from its foot P let PD be drawn at 
right angles to any line £C of the plane; 
then, A being any point in AP, the straight 
line AD is perpendicular to BC, 

For, lay off DB = DC, and join PB, PC, 
AB, AC Since DB = DC, we have 
PB = PC (I. 30), and hence AB = AC 

(10). Therefore, A and D being each equally distant from B and 
C, the line AD is perpendicular to BC (I. 41). 
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PARALLEL STRAIGHT LINES AND PLANES. 

18 DefiniiwuB, A straight line is parallel to a plane when it can- 
not meet the plane though both be indefinitely produced. 

In the same case, the plane is said to be parallel to the line. 

Two planes are parallel when they do not meet, both being indefi- 
nite in extent. 

PROPOSITION Vn.— THEOREM. 

19. If two straight lines are parallel, every plane passed through one 
of them and not coincident wUh the plane of the parallels is parallel 
to the other. 

Let AB and CD be parallel lines, and 
MN any plane passed through CD\ m 

then, the line AB and the plane MN are 
parallel. 

For, the parallels AB, CD, are in the 
same plane, ACDB, which intersects the plane MN in the line CD ; 
and if AB could meet the plane MN, it could meet it only in some 
point of CD; but AB cannot meet CD, since it is parallel to it ; there- 
fore AB cannot meet the plane MN, 

20. CoroUary I. Through any given straight line HK, a plane can 
he passed parallel to any other given straight line AB. 

For, in the plane determined by AB and any ^l ' 

point H of HK, let HL be drawn parallel to ^ 

AB ; then, the plane MN, determined by HK 
and HL, is parallel to AB. 

21. CoroUary II. Through any given point 0, a plane can bepassetl 
parallel to any tvfo given straight lines AB, CD, hi space. 

For, in the plane determined by the 

given point and the line AB let a 06 be 

drawn through parallel to AB; and in _ c >^i d 

the plane determined by the point and 

the line CD, let cOc? be drawn through 

parallel to CD ; then, the plane determined 

by the lines ah and cd is parallel to each y 

of the lines AB and CD, 

35** M 
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PBOPOSITION VIII.— THEOREM. 




22. If a straight line and a plane are parallel, the inter^eeiwm of 
the plane with planes passed through the line are parcMel to that lint 
and to ea^ other. 

Let the line AB be parallel to the plane 
MN, and let CD, EF, etc., be the intersec- 
tions of MN with planes passed through 
AB ; then, these intersections are parallel 
to AB and to each other. 

For, the line AB cannot meet CD, since 
it cannot meet the plane in which CD lies ; and since these lines are 
in the same plane, AD, and cannot meet, they are parallel. For the 
same reason, EF, OH, are parallel to AB. 

Moreover, no two of these intersections, as CD, EF, can meet ; for 
if they met, their point of meeting and the line AB would be at 
once in two different planes, AD and AF, which is impossible (4). 

23. Corollary. If a straight line AB is parallel to a plane MN, a 
parallel CD to the line AB, drawn through any point C of the plane, 
lies in the plane. 

For, the plane passed through the line AB and the point C inter- 
sects the plane MN in a parallel to AB, which must coincide with 
CDf since there cannot be two parallels to AB drawn through the 
same point C. 



PROPOSITION IX.— THEOREM. 

24. Planes perpendicular to the same straight line are parallel to 

each other. 



The planes MN, PQ, perpendicular to the same 
straight line AB, cannot meet; for, if they met, we 
should have through a point of their intersection 
two planes perpendicular to the same straight line, 
which is impossible (16) ; therefore these planes are 
paralld. 
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rKOPOSITION X.— THEOREM. 

25. The intersections of two paralld planes wUh any third plane are 
parallel. 

Let MN and PQ be parallel planes, and m b 

AD B,nj plane intersecting them in the V /\ V 

lines AB and CD ; then, AB and CD are \ / \ 

parallel. \ \ 

For, the lines AB and CD cannot meet, p \ y> 

since the planes in which they are situ- \ \ / \ 

ated cannot meet, and they are lines in ^ V \ 

the 0ame plane AD; therefore they are 
parallel. 

26. Corollary, Parallel lines A C, BD, intercepted between parallel 
planes MN, PQ, are equal. For, the plane of the parallels A C, BD, 
intersects the parallel planes MN, PQ, in the parallel lines AB, CD; 
tl^erefoie, the.figure^J^DCis a parallelogram, and AC=^ BD, 



PROPOSinOlf XL— THEOREM. 

27. A straight line perpendicular to one of two parallel planes is 
perpendicular to the other. 

Let MN and PQ be parallel planes, and let the 
straight line AB be perpendicular to PQ ; then, 
it will also be perpendicular to MN 

For, through A draw any straight line AC in 
the plane MN, pass a plane through AB and AC, 
and let BD be the intersection of this plane with 
PQ, Then AC and BD are parallel (25); but 
ABiB perpendicular to BD (6), and consequently 
also to AC; therefore AB, being perpendicular to any line AC 
which it meets in the plane MN, is perpendicular to the plane MN. 

28. Corollary, Through any given point A, oneph^^e can he passed 
parallel to a given plane PQ, and hut one. For, h-um A a perpen^ 
dicular AB can be drawn to the plane PQ (7), and then through A 
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a plane MN can be passed perpendicular to AB (14) ; the plane MN 
is parallel to PQ (24). 

No other plane can be passed through A parallel to PQ\ for every 
plane parallel to PQ must be perpendicular to the line AB (27), and 
there can be but one plane perpendicular to AB passed through the 
same point A (14). 



PROPOSITION XII.— THEOREM. 

29. The locus of aU the straight lines dravm through a given poiiU 
p^irallel to a given plane, is a plane passed through the point parallel to 
th-z given plane, 

* 

Let A be the given point, and PQ the given 
pi line ; then, every straight line AB, drawn through 
A parallel to the plane PQ, lies in the plane MN 
pa^ed through A parallel to PQ, 

For, pass any plane through AB, intersecting the 
pLine PQ in a straight line CD ; then AB is paral- 
lel to CD (22). But CD is parallel to the plane 
MN, since it is in the parallel plane PQ and can- 
not meet MN\ therefore, the line AB drawn through the point A 
parallel to CD lies in the plane MN (23). 

30. Scholium. In the geometry of space, the term locus has the 
same general signification as in plane geometry (1. 40) ; only it is not 
limited to lines, but may, as in this proposition, be extended to a 
surface. In the present case, the locus is the assemblage of all the 
points of aU the lines which satisfy the two conditiona of passing 
through a given point and being parallel to a given plane. 

31. Corollary, Since two straight lines are sufficient to determine 
a plane (4), if two intersecting straight lines are each parallel to a 
given plane, the plane of these lines is parallel to the given plane. 




PROPOSITION XIII.— THEOREM. 



32. If two angles, not in the same plane, have their sides reapedkehi 
parallel and lying in the same direction, they are equal and their 
planes are parallels 
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ljitIlAC,B'A'C',}ie two anglealyingia tLe 
' planes MN, M'N'; and let AB, ^ C, be parallel 
respectively to A'B', AC, and in the same 
directiona.* 

lat. The angles BA C and B'A'C are equal. 
For, through th» parallels AB, A'B', paee a 
plane AB', mnd through the parallels AC 
A'C, pasB n plane AC, intersecting the 
firet in the line AA'. Let BC be any plane 
parallel to..i^', intersectJDg the planes ^fi', AC, la the lines BB', 
CC, and the planes MN, M'N', in the lines BC, B'C, respectively. 
Since AA' is parallel to the plane BC, the intersections BB', CC, 
are parallel to AA' and to each other (22) ; hence, the quadrilaterals 
AB' and AC are parallelugrams, and we have AB = A'B', AC^ 
A'C',KaABB' = AA'= CC. Therefore, ££' and CC are equal 
and parallel, and the quadrilateral BC is a parallelograui, and we 
have BC=B'C'. The triangles ABC, J'S'C", therefore, have 
their three sides equal each to each, and consequently the angles 
BA C and B'A'C are equal. 

2d. The planes of these angles are parallel. For, each of the 
lines AB, AC, being parallel to a line of the plane M'N', Is parallel 
to that plane, therefore the plane MAT of these lines is parallel to the 
plane M'N' <31). 



PROPOSITION XIV.— THEOREM. 

33. If one of tmo parallel lines U perpendicular to a plane, the oilier 
is alio perpendicular to that plane. 

Let AB, A'B', be parallel lines, and let 
ABbe perpendicular to the plane MN; then, 
A'B" a also perpendicular to MN. 

For, let A and A' be the intersections of 
these lines with the plane; through A' draw 
any line A'C in the plane MN, and through 
A draw .4 <7 parallel to A'C and in the same direction. The angles 

• Two paralteU AB, A'B', lie in the name direction when they lie on the Ham* 
'tide of the line AA' joining Iheir origita A and A'. Compare note {1. 60). 
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BAG, B'A'C\ are equal (32) ; but BAG is a right angle, since BA 
is perpendicular to the plane ; hence, B^Al C" is a right angle ; that 
is, B^A! is perpendicular to any line A!G* drawn through its foot in 
the plane MN^ and is consequently perpendicular to the plane. 

34. Gorollary I. Two straight lines ABy A'B\ perpendicular to the 
same plane MN, aare parallel to each other. For, if through any point 
of A!B' a parallel to AB is drawn, it will be perpendicular to the 
plane MN, since AB is perpendicular to that plane ; but through the 
same point there cannot be two perpendiculars to the plane ; there- 
fore, the parallel drawn to AB coincides with A'B\ 

35. Gorollary II. IJ two straight lines A and B 
are parallel to a third G, they are parallel to each 
other. For, let MN be a plane perpendicular to 
C; then (33), A and B are each perpendicular to 
this plane and are parallel to each other (34). 
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36. Gorollary III. Two parallel planes are everywhere eqvaUy dis- 
tant All perpendiculars to one of two parallel planes are also per* 
pendicular to the other (27) ; and since they ar^ parallels (34) inte^ 
cepted between parallel planes, they are equal t^26)* 



PROPOSITION XV.— THEOREM. 

37. If two straight lines are intersected by three parallel planes^ their 
corresponding segments are proporU&nal. 

Let ABy GB, be intersected by the parallel 
planes MN, PQ, ES, in the points A, E, B, and 
G,F,I); then, 

; AE __ GF 
EB^ FD 

For, draw At) cutting the plane PQ in G, and 
join EO and FO. The plane of the lines AB^ 
AD, cuts the parallel planes PQ and RS in the 
lines EO and BD ; therefore, EO and BD are parallel (25), an 1 we 
Lave (UL 15), 

AE _A0 

EB~ QD 
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TV 3 plane of the lines DA and 2) Cents the parallel planes ifiV and 
FQ in the lines A C and OF; therefore, A C and OF are parallel, 
and we have 

AO^CF 

0D~ FD 

Comparing these two proportions, we obtain 

AE ^ CF 
EB" FD ^ 

DIEDRAL ANGLEa— ANGLE OF A LINE AND PLANE, ETC. 

38. D^nition. When two planes meet and are terminated by their 
common intersection, they form a diedral angle. 

Thus, the planes AE, AF, meeting in AB, and ter- 
minated by ABf form a diedral angle. 

The planes AE^ AF, are called the faces, and the 
line AB the edge, of the diedral angle. ^ 

A diedral angle may be named by four letters, one 
in each face and two on its edge, the two on the edge being written 
between the other two ; thus, the angle in the figure may be named 
DABC. 

When there is but one diedral angle formed at the same edge, it 
may be named by two letters on its edge ; thus, in the preceding 
figure, the diedral angle DABC may be named the diedral angle 
AB. ^ 

89. D^niHon. The angle CAD formed by two straight lines A C, 
AD, drawn, one in each &ce of the diedral angle, perpendicular to 
its edge AB at the jape point, is called the plane angle of the diedral 
angle. *^ 

The plane angle thus formed is the same at whatever point of the 
edge of the diedral angle it is constructed. Thus, if at B, we draw 
BE and BF in the two faces respectively, and perpendicular to AB, 
the angle EBF is equal to the angle CAD, since the sides of these 
angles are parallel each to each (32). 

It is to be observed that the plane of the plane angle CAD is 
perpendicular to the edge AB (13) ; and conversely, a plane perpen- 
di^.ular to the edge of a diedral angle cuts its faces in linea vil\vc\\ 
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are perpendicular to the edge and therefore form the plane angle oi 
the diedral angle. 

40. A diedral angle DABC may be conceived to be generated by 
a plane, at first coincident with a fixed plane AEy revolving upon 
the line AB as an axis until it comes into the position AF, In this 
revolution, a straight line CAy perpendicular to AB^ generates the 
plane angle CAD,^ 

41. Definition, Two diedral angles are equal when they can be 
placed so that their faces shall coincide. 

Thus, the diedral angles CABD, 
C*A*B^D\ are equal, if, when the edge 
A*B^ is applied to the edge AB and 
the face A'F' to the face AF, the face 
A 'E' also coincides with the face AK 

Since the faces continue to coincide 
when produced indefinitely, it is apparent that the magnitude of the 
diedral angle does not depend upon the extent of its faces, but only 
upon their relative position. 

Two diedral angles are evidently equal when their plane angles 
are equal. 

42. Definition. Two diedral angles CABD, DABE, 
which have a common edge AB and a common plane 
BD between them, are called adjacent. 

Two diedral angles are added together by placing 
them adjacent to each other. Thus, the diedral angle 
CABE is the sum of the two diedral angles CABD 
and DABK 

43. Definition. When a plane CAB meets 
another MN, forming two equal adjacent die- 
dral angles, CABMtxnd CABN, each of these 
angles is called a right diedral angle, and the 
plane CAB is perpendicular to the plane MN, 

It is evident that in this case the plane 
angles CDE, CDF, of the two equal diedral 
angles, are right angles. 

Through any straight line AB in a plane MN, a plane CAB can 
be pass^ perpendicular to the plane MN, The proof is similar to 
that of the corresponding proposition in plane geometry (1. 9). 
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PROPOSITION XVI.— THEOREM. 

44. 3W diedral angles are in the same rtdio as their plane angles. 
Let CiBPaud G^Kffbe two die- ^ ^ ^ 

dral angles; and let CAD and 6EH 
be their plane angles. 

Suppose the plane angles have a 
common measure, contained, for exam* 
pie, 6 times in CAD and 3 times in 
QEH; the ratio of these angles is 
then & : 3. Let straight lines be drawn 
from the vertices of these angles, dividing the angle DAC inlo 5 
equal parts, and the angle HEO into 3 equal parts, each equal to 
the common measure ; let planes be passed through the edge A£ and 
the several lines of division of the plane angle CAD, and also planes 
through the edge EF and the severol lines of division of the plane 
wigle QEH. The given diedral angles are thus divided into partial 
diedral angles which are all equal to each other since tlieir plane 
angles are equal. The diedral angle CABD contains 5 of these 
partial angles, and the diedral angle 6EFH contains 3 of them ; 
therefore, the given diedral angles are also in the ratio 5:3; that is, 
they are iu the same ratio as their plane angles. 

The proof is extended to the case in which the given plane angles 
are incommensurable, hy the method exemplified in (II. 61). 

45. CoTollary I. Since the diedral angle is proportional to its plane 
angle (that is, varies proportionally with it), the plane angle is taken 
as the meagure of the diedral angle, just as an arc is taken as the mea- 
sure of a plane angle. TIius, a diedral angle will be expressed by 
45" if its plane angle ie expressed by 45", etc. 

46. CoroBary IL The smn of two adjacent die- 
dral angles, formed by one plane meeting another, 
is equal to tteo right diedral angles. For, the sum 
of the plane angles which measure them is equal 
to two right angles. 

In a similar manner, a number of properties of 
diedral angles can be proved, which are analo- 
gous to propoeitions relating to plane angles. 
The student can establish the following : 
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Opposiie or verlieal diedral anglea are equal; as CABN and 
DABM, in the preceding figure. 



When a plane inlenecU two paraUel planet, r 

the alternate diedral anglet are equal, and the I 
eorregponding diedral anffle^ are equal; (the 

terms a/fer?tate and oorrespmding having sig- i ^ 

nijicationa similar to those given in plane / / 
geometry.) 



Two diedral angles which have their faces retpeetively parallel, or 
(if their edges are parallel) reapecHvely perpendiadar to each other, an 
either equal or gupplemenlarg. 
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47. ^a straight line is pcrpendiaular to a plane, 
through the line is also perpendicular to that plane. 

Leit AB be perpendicular to the plane MN', 
then, any plane PQ, passed through AJ3, is also 
perpendicular to MN. 

For, at B draw £C> in the plane M2f, perpen- 
dicular to the intersection BQ. Since AB is per- 
pendicular to the plane MN, it is perpendicular to 
BQ and BC; therefore, the angle ABO is the 
plane angle of the diedral angle formed by the pli 
and since the angle ABG is a right angle, the plan 
lar to each other. 

48. QyroUary. If A 0, BO etad CO, are 
three straight lines perpendicular to each 
other at a common point 0, each is per- 
pendicular to the plane of the other two, y 
and the three planes are perpendicular to 
each other. 



every plane passed 

m 



iw PQ and MH; 
i are perpendicu- 



id- 
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PROPOSITION XVin.— THEOREM. 

49. IJ two planes are perpendicular to each other, a draight line 
drawn in one of them^ perpendicular to their intersection, is perpendieur. 
lar to the other. 

Let the planes PQ and MN be perpendicular to each other ; and 
at anjT point B of their intersection BQ, let BA 
l>e drawn, in the plane PQ, perpendicular to BQ; 
then, BA is perpendicular to the plane MN, 

For, drawing BC, in the plane MN, perpendicu- 
lar to BQ, the angle ABC\& a right angle, since it 
is the plane angle of the right diedral angle formed 
by the two planes ; therefore, AB, perpendicular to 
the two straight lines BQ, BC, is perpendicular to their plana 
MN(12). 

^0. Corollary I. If two planes, PQ and MN, are perpendicular to 
each other, a straight line BA drawn through any point B of their 
intersection perpendicular to one of the planes MN, will lie in the 
other plane PQ (8). 

51. Corollary II. If two planes, PQ and MN, are perpendicular 
to each other, a straight line drawn from any point A of PQ, per- 
pendicalar to MN, lies in the plane PQ (7). 
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PROPOSITION XIX.— THEOREM. 
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52. Through any given straight line, a plane can be passed perpen- 
dicular to any given plane. . 

Let AB be the given straight line and MN the 
given plane. From |uiy point *^ of AB let AC 
be drawn perpendicular to JOT, and through AB 
and A C padft a plane AD. This plane is perpen- 
dicular to MN (47). 

Moreover, since, by (51), any plane passed 
through AB perpendicular to MN must contain the perpendicular 
A C, the plane AD is the only plane perpendicular to MN that can 
be passed through AB, unless AB is itself perpendicular to MN, in 
which case an infinite number of planes can be passed through it 
perpendicular to MN (47). 
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PROPOSITION XX.— THEOREM. 

£3. If two intersecting planes are each perpendicular to a third plane, 
their itUerteetion it ako perpendicular to th(U plane. 

Let the planes PQ, RS, intcraecting in the 
line AB, be perpendicular to the plase MN; 
ihcu, AB is perpeudicular to the plane MN. 

For, if from any point A of AB, a perpen- 
dicular be drawn to MN, this perpendicular 
will lie in each of the planes PQ and BS (51), 
and must therefore be their intersection AB. 

54. SeholinBt, This proposition may be otherwise stated as foliowB: 
ff a plane {MN') u perpendieuiar (a each of lioo intersecting planet 
(PQ and BS), it is perpendicular to the intersection (.AB) of thou 
planes. 




PROPOSITION XXI.— THEOREM. 

55. Evert/ point in the plane which bisects a diedral angle it equally 
distant from the faces of that angle. 

Let the plane AM bisect the 
diedral angle CABD; let P be 
any point in this plane ; PE and 
PF the perpendiculars from P 
upon the planes ABC and ABD; 
then, PE = PF. 

For, through PE and PF pass 
a plane, intersecting the planes 
ABC e.aA ABD in OE and OF; 
join PO. The plane PEFis per- 
pendicular to each of the planes ABC, ABD(i7), and oonsequ&utly 
perpendicular to their intersection AB (54). Therefore the ^glea 
; POE and POF measure the diedral angles MABC and MABD, 
which by hypothesis are equal. Hence the right triangles POE aiu! 
POF&re equal (I. 83), and PE ^ PF. 
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56. D^inUions. The projection of a point A 
upon a plane 1£N, is the foot a of the perpen- 
dicular let &11 from A upon the plane. 

The projection of a line ABCDE • . . , upon a 
plane MN, is the line abcde • . • formed by the 
projections of all the points of the line 
ABCDE. . . upon the plane. 




PBOPOSITION XXII.— THEOREM. 

57. The projection of a straight line upon a plane is a straight line. 
Let AB be the given straight line, and 

MN the given plane. The plane Ab, passed 
through AB perpendicular to the plane MN, 
contains all the perpendiculars let fall from 
points of AB upon MN (50)^ therefore, these 
perpendiculars all meet the plane MN in the 
intersection ah of the perpendicular plane 
with MN The projection of AB upon the 
plane MN is, consequently, the straight line ab, 

58. Scholium. The plane Ab is called the projecting plane of the 
straight line AB upon the plane MN 




PROPOSITION XXIIL— THEOREM. 

59. The a>cute angle which a straight line makes with its own prO' 
jection upon a plane, is the least angle which it m>akes with any line of 
thai plane. 

Let Ba be the projection of the straight line 
BA upon the plane MN, the point B being 
the point of intersection of the line BA with 
the plane; let BC h^ any other straight line 
drawn through B in the plane ; then, the angle 
ABa is less than the angle ABC. 

For, take BC= Ba, and join AC In the 
triangles ABa, ABC, we have AB commoD, and Ba = BC, but 
Aa <^ AC, since the perpendicular is less than any oblique line; 
therefore, the angle ABa is less than the angle ABC (I. 85). 
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60. Definition, The acute angle which a straight line makes with 
its own projection upon a phine is called the indinaHan of the line to 
the plane, or the angle of the line and plane, 

61. Definition. Two straight lines AB^ 
CD, not in the same plane, are regarded 
as making an angle with each other which 
is equal to the angle between two straight 
lines Oh, Od, drawn through any point 
in space, parallel respectively to the two 
lines and in the same directions. 

Since every straight line has two oppo- 
site directions (I. 4), the angle which one line makes with another 
is either acute or obtuse, according to the directions considered. 
Thus, if Ob is drawn in the direction expressed by AB (that is, on 
the same side of a straight line joining A and 0), and if Od is drawu 
in the direction expressed by CD, then dOb is equal to the angle 
which CD makes with AB ; but if Oa is drawn in the direction ex- 
pressed by BA (which is the opposite of AB), while Od is still in 
the direction of CD, then dOaia equal to the angle which CD maka 
with BA. 

IfMNk any plane parallel to the two lines AB, CD (21)» then 
the angle of these lines is the same as the angle of their prcjeetioni 
ah, cd, upon this plane. 

62. From the preceding definition, it follows that when a draigU 
line is perpendicular to a plane, it is perpendicular to all the lines of ihe 
plane, whether the lines pass through its foci or 
not For, let AB be perpendicular to the plane 
MN, and CD any line of the plane. At any 
point B* in CD, let A'B' be drawn perpendicu- 
lar to the plane; then, A'B' being parallel to 
AB, the right angle J.'jB'(7 is equal to the angle 
of the lines J.£ and CD, that is, AB is perpen- 
dicular to CD. 



At 



a. 




a 



BOOK VI. 



191 




PEOPOSITION XXIV.— THEOREM. 

63. Two draighi lines not in the same plane being given : Ist, a 
eommon perpendicular to the two lines can be drawn ; 2dy but one svjth 
common perpendicular can be drawn; 3d, the common perpendiciilar is 
the shortest distance between the two lines. 

Let AB and CD be the given straight 
lines. 

1st. Through one of the given lines, 
say AB^ pass a plane MN, parallel to 
the other (20) ; let c(i be the projection 
of CD upon this plane. Then, cd will 
be parallel to CD (22), and therefore 
not parallel to AB ; hence it will meet 

AB in some point e. At c draw cC perpendicular to cd in the pro- 
jecting plane Cd ; then (7c is a common perpendicular to AB and 
CD. 

For, CD and cd being parallel, Cc drawn perpendicular to eof is 
perpendicular to CD. Also, since Cc is the line which projects the 
point C upon the plane MN^ it is perpendicular to that plane, and 
therefore perpendicular to AB. 

2d. The line Cc is the only common perpendicular. For, if an- 
other line EF, drawn between AB and CD, could be perpendicular 
to AB and CD, it would be perpendicular also to a line FO drawn 
parallel to CD in the plane MN, and consequently perpendicular to 
the plane MN; but EH^ drawn in the plane Cd, parallel to Oc, is 
perpendicular to the plane MN; hence we should have two perpen- 
diculars from the point E to the plane MN, which is impossible. 

3d. The common perpendicular Cc is the shortest distance between 
iB and CD. For, any other distance EF is greater than the per- 
pendicular EH^ or than its equal Cc. 

64 Scholium. The preceding construction furnishes also the angle 
between AB and CD, namely, the angle Bed. 
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POLYEDRAL ANGLES. 

65. Definition, When three or more planes meet in a common 
point, they form a polyedrcU angle. 

Thus, the figure S-ABCD, formed by the 
planes ASB, BSQ CSD, DSA, meeting in the 
common point 8^ is a polyedral angle. 

The point S is the vertex of the angle ; the 
intersections of the planes, SA, SB, etc., are its 
edges; the portions of the planes bounded by 
the edges are its faces; the angles A8B, BSC, etc., formed by tlie 
edges, are its /ace angles, 

A triedral angle is a polyedral angle having but three faces, which 
is the least number of faces that can form a polyedral angle. 

66. Definition. Two polyedral angles are eqnal when they can be 
applied to each other so as to coincide in all their parts. 

Since two equal polyedral angles coincide however far their edges 
and faces are produced, the magnitude of a polyedral angle does not 
depend upon the extent of its faces ; but in order to represent the 
angle clearly in a diagram we usually pass a plane, as ABCD, cut- 
ting all its faces in straight lines AB, BC, etc. ; and by the face AJSB 
is not meant the triangle ASB, but the indefinite surface included 
between the lines SA and SB indefinitely produced. 

67. Definition, A polyedral &ng]Q S-ABCD is convex, when any 
section, ABCD, made by a plane cutting all its faces, is a convex 
polygon (I. 95). 

68. Symmetrical polyedral angles. If we produce the edges AS, 
BS, etc., through the vertex S, 
we obtain another polyedral 
angle S-A'B'C'D\ which is 
symmetrical with the first, the 
veitex S being the centre of 
symmetry. 

If we pass a plane A'B'C'D\ 
parallel to ABCD, so as to 
make SA' = SA, we shall also 
have SB' = SB, SC = SC, 
etc. ; for we may suppose a third 
parallel plane passing through 
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Sf and then AA', BB\ etc., being divided proportionally by three 
parallel planes (37), if any one of them is bisected at 8, the others 
are also bisected at that point The points A\ B\ etc., are, then, 
symmetrical with J., B, etc., the definition of symmetry in a planer 
(I. 13d), being extended to symmetry in space. 

The two symmetrical polyedral angles are equal in all their parts, 
for their face angles, ASB and A'SB', BSC and B'SC\ are equal, 
each to each, being vertical plane angles ; and the diedral angles at 
the edges SA and SA\ SB and SB', etc., are equal, being vertical 
diedral angles formed by the same planes. But the equal parts are 
arranged in inverse order in the two figures, as will appear more 
plainly, if we turn the polyedral SLngle S-A'B'C'D' about, until 
the polygon A'B*C*D' is brought into the same plane with ABCD, 
the vertex S remaining fixed ; the polygon A'B'C^D' is then in the 
position abcd^ and it is apparent that while in the polyedral angle 
S-ABCD the parts ASB^ BSC, etc., succeed each other in the 
order /rom right to left, their corresponding equal parts aSh, bSc, etc., 
in the polyedral angle S-ahcd succeed each other in the order from 
left to right The two figures, therefore, cannot be made to coincide 
by superposition, and are not regarded as equal in the strict sense 
of the definition (I. 75), but are said to be equal by symmetry. 



PROPOSITION XXV.— THEOREM. 

69. The sum of any two face angles of a triedral angle is greaier 
than the third. 

The theorem requires proof only when the third ai;igle considered 
is greater than each of the others. 

Let S-ABC be a triedral angle in which the ^ 

face angle A8C is greater than either ASB or /\\V 

nSC; then, ASB + BSC> ASC. / \V\ 

For, in the face ASC draw SB making the ^i /-.-.. \.Vii\^ 
angle ASD equal to ASB, and through any point ' "jk' 
i) of SD draw any straight line ADC cutting SA 
and SC; take SB = SD, and join AB, BC. 

The triangles ^i>and ASB are equal, by the construction (I. 76). 
whence AD = AB. Now, in the triangle ABC, we have 
17 N 
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AS+ BOAC, 

and subtracting the equals AB and AD, 

BODC; 

therefore, in the triangles BSC and DSC, we have the angle BSC > 
DSC (I. 85), and adding the equal angles ASB and ASD, we have 
AJSB+ BSC> ASa 



PROPOSITION XXVI.— THEOREM. 

70. The mm of the face angles of any convex polyedra^ angle m less 
than four right angles. 

Let the polyedral angle 8 be cut by a plane, 
making the section ABODE, by hypothesis, a / 

convex polygon. From any point within this / / 

polygon draw OA, OB, 00, OD, OE. / /^^A. \ 

The sum of the angles of the triangles ASB, /\ / "^^C* \'/\ 

BSO, etc., which have the common vertex S, is JS ^n^ 

equal to the sum of the angles of the same num- 
ber of triangles A OB, BOO, etc., which have the common vertex 
0. But in the triedral angles formed at A, B, 0, etc., by the faces 
of the polyedral angle and the plane of the polygon, we have (69). 

SAE + SAB > EAB, 

8BA + SB0> ABO, etc.; 

hence, taking the sum of all these inequalities, it follows that the 
sum of the angles at the bases of the triangles whose vertex is iS is 
greater than the sum of the angles at the bases of the triangles 
whose vertex is ; therefore, the sum of the angles atSm less than 
the sum of the angles at O, that is, less than four right angli 



PROPOSITION XXVIL— THEOREM. 
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71. Two triedral angles are either equal or symmeirieal, taken the 
three face angles of one are respectively equal to the three face angles of 
the other. 

Id the triei'ra. angles S and s, let ASB = asb, ASC= ase, and 
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B8C = &m; then, the diedral angle 8 A is equal to tie diedral 
angle M. 






On the edges of these angles take the six equal distances SA^ SB, 
SC, so, A, 8e, and draw AB, BC, AC, ah, he, ac. The isosceles tri- 
angles SAB and mb are equal, having an equal angle included hy 
equal sides, hence AB = ab; and for the same reason, BC = be, 
AG^^dc; therefore, the triangles ^.j^Cand abe are equal. 

At any point D in SA, draw DE in the face ASB and DF in the 
fkee ASC, perpendicular to SA ; these lines meet AB and A C, 
respectively, for, the triangles ASB and ASC being isosceles, the 
angles SAB and SAG are acute ; let E and F be the points of meet- 
ing, and join EF. Now on sa take ad == SD, and repeat the same 
construction in the triedral angle 8. 

The triangles ADE and ade are equal, since AD = ad, and the 
angles at A and D are equal to the angles at a and d ; hence, 
AE = <te and DE = de. In the same manner, we have AF= af 
and DF = df. Therefore, the triangles AEF and aef are equal 
(1. 76), and we have EF = ef. Finally, the triangles EDF and edf, 
being mutually equilateral, are equal; therefore, the angle EDF, 
which measures the diedral angle SA, is equal to the angle edf, which 
measures the diedral angle $a, and the diedral angles SA and aa are 
equal (41). In the same manner, it may be proved that the diedral 
angles SB and SC are equal to the diedral angles sb and sc, re- 
spectively. 

So far the demonstration applies to either of the two figures 
denoted in the diagram by »-abe, which are symmetrical with each 
other. If the first of these figures is given, it follows that S and s 
are equal, since they can evidently be applied to each other so as to 
coincide in all their parts (66) ; if the second is given, it follows that 
8 and 8 are synmetrical (68). 



BOOK VII. 

POLYEDRONS. 

1. DEFiiaTioN, A polyedron is a geometrical solid bounded by 
planes. 

The boundiDg planes, by their mutual intersections, limit each 
other, and deaw.mine the faces (which are polygons), the edget^ and 
the vei'tlces, of \bo ^x)lyedron. A diagonal of a polyedron is a 
straight line joiuing any two of its vertices not in the same &ce. 

The least nunibci of planes that can form a polyedral angle is 
three ; but the space within the angle is indefinite in extent, and it 
requires a fourth plane to enclose a finite portion of space, or to form 
a solid ; hence, the least number of planes that can form a polyedron 
is four. 

2. Definition, A polyedron of four faces is called a tetraednm; 
one of six faces, a hexahedron; one of eight faces, an octahedron; 
one of twelve faces, a dodecaedron; one of twenty &ces, an icosor 
edron. 

3. Definition, A polyedron is convex when the section, formed by 
any plane intersecting it, is a convex polygon. 

All the polyedrons treated of in this work will be understood to 
be convex. 

4. Definition, The volume of any polyedron is the numerical 
measure of its magnitude, referred to some other polyedron as 
the unit. The polyedron adopted as the unit is called the unit of 
volume. 

To measure the volume of a polyedron is, then, to find its ratio to 
llie unit of volume. 

5. Definition. Equivalent solids are those which have e^|ual 

volumes. 
19A 



FBISHS AND FARALLELOPIPEDS. 

6. DefinitUmi. A pritm is a polyedron two of 
whoee lacea are equal polygous lying in parallel 
planes and having their homologous aides parallel, 
the other feces being parallelograms formed by 
the intersections ef planes passed through the 
homologous eidee of the equal polygons. 

The parallel &ce8 are called the basei of the 
prism ; the parallelograms taken together constitute its latcraZ or 
convex mirfaee; the intersections of the lateral feces are its lateral 




The aUitude of a prism is the perpendicular distance between tb( 
plunes of its bases. 

A triafigvlar prism is one whose base is a triangle ; a qwtdrangvlM 
prism, one whose base is a quadrilateral ; etc 

7. Defmitiont. A right pritm is one whose lateral 
edges are perpendicular to the planes of it^ bases. 

In a right prism, any lateral edge is equal to the 
altitude. 

An oblique prion is one whose lateral edges are ob- 
lique to the planes of ita bases. ^— — ' 

In an oblique prism, a lateral edge is greater than the altituda 

8. Definition. A regular prion is a right prism whose bases are 
regular polygons. 



9. Dt^iiion. If a prism, ABC2XB-F, is 
intersected by a plane 6K, not parallel 
to its base, the portion of the prism in- 
cluded between the base and this plane, 
namely ABCDE-OSIEL, is called a 
tnmoated priim. 




10. DefitiUion. If a plane intersects a prism at right angles ti its 
lateral edge^ the section is called a right seUion of the prism. 
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11. DejtnAton. A parallehpiped is a prism 
whose bases are parallelogramB. It is therefore 
a polyedron all of whuae faces are paralldo- 
graniB. 

From this deGnitioii and (VI. 32) it is evident 
that an; two opposite faces of a parallelopiped 
are equal parallelograms. 

12, De/initwa. A right par<d[el(^ped is a parallele- 
piped whose lateral edges are perpendicular to the 
planes of its bases. Hence, by (VL 6), ita lateral 
fkces are rectangles; but its bases may be either 
rhomboids or rectangles. 

A redangvlar parallelopiped is a right paraHelopiped 
whose baaea are rectangles. Hence it is a parallelopiped all of 
whose faces are rectangles. 

Since the perspective of figures in space distorts the angles, the 
diagram may represent «ther a right, or a rectangular, parallel- 
opiped. 



13. Definition. A cube is 8 rectangular parallelopiped 
whose BIX faces are all squares. 



PROPOSITION I.— THEOREM. 

14. The eeelione of a prism Tnade by parallel p^ne$ are eqnci 
polygons. 

Let the prism AD' be intersected by the 
parallel planee OK, Q'K'; then, the sec- 
tions, QOIKU O'H'I'K'L', are equal 
IKilygons. , 

For, the sides ef these polygons are paral- 
lel, each to each, as for example, OS and 
Q'H', being theint^tsections of parallel 
planes with a third plane (VI. 25), and 
they are equal, being parallels included 
between parallels (1. 104]; hence, also, the 
angles of the; polygons are equal, each to 
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Ach (VT. 32). Therefore, the two sections, being botb mutually 
equilateral ai^d mutually equiangular,' are equal. 

16. (k^roUary. Any Bection of a prism, made by a plane parallel 
to the base, is equ4l to. the base. 

pBOposrnoH n.— thbobem. 

16. The lateral area of a priem u equal to (heproduet of the perint- 
tier of a right 4ee&m of the pritm by a lateral edge. 

Let AD' be a prism, and OHIKL a right 
section of it ; then, the area of the convex Bur- 
fiice of the prism is equal to the perimeter 
GHIKL multiplied by a lateral edge AA ', 

i'or, the sides of the section GHIKL being 
petpendicular to the lateral edges AA', 
BB', etc, are the altitudes of the parallelo- 
grams which form the convex suriace of the 
prism, IT we take as the bases ef these paral- 
lelograms the lateral edges, AA! BB', etc., which are all equal. 
Hence, the area of the sum of these parallelograms is (lY. 10), 
QB y. AA' + HI y. SB' -ir eta. 
= (OH-i- m+ etc) X AA'. 

17. OaroUary, The lateral Area of a right prism is equal to the 
product of the perimeter of its base by its altitude. 

iUtl'C PROPOSITION in.— THEOREM. // 

18. The four diagonals of a parallelopiped Insect each other. 

Let ABCD~0 be a parallelopiped ; its four diagonals, A O, EG, 
BH, DF, bisect each other. 

Tbroligb t6e oppeeite and parallel edges 
AE, GG, pan ft plane which intersects the 
parallel &oe8 ABCD, EFGH, in the parallel 
lines AO and EG. The figure ACGE is a (I '^'i/-'^'^ 

paru11el<^ram, and its diagonals AGaxiA EC I J-^^\ I 
bisect each other in the point 0. In the 
same manner it is shown that AG and BH, 
A G and DF, bisect each other ; therefore, the 
{Uir diagonals bisect each otlier in the point 0. 
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19. SelioHitm. The point 0, in which the four diagonak iutereect, 
is called the centre of the parallelepiped ; and it is easily proved that 
any straight line drawn through and terminated by two opposite 
&ces of the parallelepiped is bisected in that point. 



PKOPOSITION IV.— THEOREM. 

1 20. The sum of the squares of the four diagonals of a paraHelopiped 
is equal to the «iim of the equarea of Us twelve edget. 
In the parallelogram A CQE we have (III. 64), 







dnd in the parallelogram DBFS, 

5F' + DF' = 2SF' + 2SB\ 

Adding, and observing that BF = AE, 
and also that in the parallelogram ABCD, 
2AG^ + 2BD' = HB^ + iZD", we have 

JJP +CE'-i- SW + SF* = 4ZE* + ilB' + 4AD\ 

which proves the theorem. 

21. Corollary. In a rectangular parallel<^ped, the four diagottaU 
are equal to each otiier ; and the sqvare of a diagonal is equal to iAa 
gum of the squares of the three edges which meet al a common vertex. 
Thus, if A Q is A rectangular parallelopiped, we have, by dividing 
the preceding equation by 4, 

J^ = IE' + Jb'+ J5'. 

22. Scholium. If any three straight lines AB, AE, AD, not in the 
^me plane, are given, meeting in a common point, a parallelopiped 
Clin be constructed upon them. For, pass a plane through the 
extremity of each line parallel to the plane of the other two; these 
plitnes, together with the planes of the given lines, determine (he 
parallelopiped. 

In a rectangular parallelopiped, if the plane of two of the three 
edges which meet at a common vertex is taken as a base, the third 
e<lge is the altitude. These three edges, or the three perpeudiculai 
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if behtmi tbe opponte &ce8 of r r«itangu1ar penillelopiped, 
are called its three ditnentione. 




PEOPOSITION V.-THEOREM. 

23. Tuo prutne are equal, if three faces including a iriedrat angle of 
the one are rupeditv^ equal to three facet nmilarlj/ placed including a 
iriedral angle of the other. 

Let the triedral angles A and 
a of the prisma ABCDE-A', 
abede-a', be ctintaiDed by equal 
faces similarly placed, namely, 
ABODE equal to abede, AB' 
equal to ah', and AE' equal to 
ae' ; then, the prUme are equal. 

For, the triedrsl angles A and 
a are equal (VI. 71), and can be applied, the one to the other, bo bs 
to coincide; and then the bases ABODE, abcde, coinciding, the iace 
^£' will coiucide with ab', and the face ^f with ae' ; therefore 
the sides A'B', A'E', of the upper base of one prism, will coincide 
with the aides a'b', a'e', of the upper base of the other prism, and 
since these bases are equal they will coincide throughout; conse- 
quently also the lateral faces of the two prisms will coiucide, each 
to each, and the prisms will coincide throughout ; therefore, the prisms 
are equal. 

24 Gtrollarjf I. Two truncated primw are equal, if three faces in- \. 
eluding a triedral angle of the one are re^edively equal to three facet ', 
nmilarly placed indudiTig a iriedral angle of the other. For, the pre- ■ 
ceding demonstration applies whether the planes ^'£'(7'i)'£' and I 
a'b'e'd'e' are parallel or inclined to the lower bases. 

25. Corollary II. Too right primu are equal, if they have equal 
bases and equal altitudes. 

In tbe case of right prisma, 't is not 
necessary to add the condition that 
the &ce8 shall be similarly placed ; 
for, if the two right prisma ABO-A' 
abe-J, cannot be made to coincide by 
plotung the bun J£Cupon the equal 
base ahfi ; yet, by inverting one of the 
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prisms and applying the bam ABC to the base a'i'e',' thej will 
coincide. 

PROPOSITION VI.— THEOREM. 

i- 26. Any oMique prism i» equivalent to a right prion whose base ia a 
right uetion of the oblique prism, and whose cUtitude is equal to a lateral 
edge of the oblique prism, 

Ijet ABCDE-A' ha the ohllqaepTiBm. At 
any point F in tbe edge AA', pass a plane 
perpendicular to AA' and forming the right 
section FOSIK. Produce AA' to F', mak- 
ing FF'=AA', and through J' ' pass a 
second plane perpendicular to the edge 
AA', intersecting all the faces of the 
prism produced, and forming another right 
section F'Q'H'I'K' parallel and equal to 
the first. The prism FQHIK-F' is a right 
prism whose base is the right section and 
whose altitude FF' is equal to the lateral edge of the oblique 
prism. 

Thesolid^£(7/)&-^!s a truncated prism which is equal to the 
truncated prism A'B'Q'D'E'-F' (24). Taking the first away from 
the whole solid j1£CZ)J^F', there remains the right prism; taking 
the second away from the same solid, there remains the oblique 
prism ; therefore, the right prism and the oblique prism have the 
esme volume, that is, they are equivalenL 




PEQPOSITION VIL— THEOREM. 

27. The plane pasted thnmgh t\ao diagoaallg opposUa edges of a 
paTaUdopiped dimdes ii into two equivalent triangular priams. 

Let ^£CD-j4' be any parallelepiped; the 
plane ACC'A', passed through its opposite 
edges AA' and CC, divides it into two equiv- 
alent triaaffOiJaTpTiemB ABC- A' KaiADC-A'. 

liCt FQHI be any right section of the 
parallclppiped, madp by a plane perpendicu- 
lar to- the edge AA'. The intersection, FH, 
vf thi& plane with the plane jIC, is the di- 
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agonal of the parallelogram FOHI, and divides that parallelogram 
into two equal triangles, FOH &nd FIH, The oblique prism AB G-A' 
is equivalent to a right prism whose base is the triangle FOH and 
whose altitude is AA' (26) ; and the oblique prism ABG-Al is equiva- 
l^t 4» a right prism whose base is the triangle FIQ and whose 
Altitude is AAll. The two right prisms are equal (25); therefore; 
die obliqi^e prisms, which are respectively equivalent to them, are 
^iiivalent to each other. 
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PROPOSITION VIII.— THEOREM. 

28. T\DO rectangular paraUdopipeda having eqtial bases are to each 
other as their aUUudes. 
* Let Ptod Q be two rectangular par- 
Idlelopipeds having equal bases, and let 
AB and CD be Uieir altitudes. 

1st, Suppose the altitudes have a com- 
moa measure, which i^ contained,, for 
example, 5 time&i in AB and 3 times in 
CD, so that if AB is divided in 5 equal 
parts, CD will contain 3 of these parts ; 
then we have « . 

AB^d 
CD'^S 

If now we pass planes through the several points of division of AB 
and CDy perpendicular to these lines, the parallelopiped P will be 
divided into 5 equal parallelepipeds, and Q into 3 parallelepipeds^ 
each equal to those in P; hence, 

e""3 

and, therefore. 



P 
Q 



AB 
CD 



'' - 2d. If the altitudes are incommensurable, the proof may be given 
by the method exemplified in (11. 61) and (III. 15), or, according to 
theslethod of limits, as follows. 

;'.Xiel CD be divided into any number of equal parts, and let one 
of these parts be applied to AB as often as AB will contain it; 
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Since AB and CD are incommensurable, 
a certain number of these parts will 
extend from J. to a point B', leaving a 
' remainder BB^ less than one of the parts. 
Through B' pass a plane perpendicular 
to AB, and denote the parallelepiped 
whose base is the same as that of P or 
Qy and whose altitude is AJi', by P'; 
then, since AB' and CD are commensur- 
able, 

P' ^ AB' 

Q'" CD 

Now, suppose the number of parts into which CD is divided to be 
continually increased ; the length of each part will become less and 
less, and the point B' will approach nearer and nearer to B. The 
limit of AB' will be AB, and the limit of P' will be P (V. 28). 

P' P AB' AB 

The limit of --- will therefore be — > and that of will be 

9 Q CD CD 

P' AB' 

Since, then, the variables ---• and are constantly equal and 

approach two limits, these limits are equal (V. 29), and we have 

P_AB 
Q" CD 

29. Scholium. The three edges of a rectangular parallelepiped 
which meet at a common vertex being called its dimeiwions, the pre- 
ceding theorem may also be expressed as follows : 

Two rectangular parallelopipeds which have two dimensions in com' 
ynon are to each other as their third dimensions. 



PROPOSITION IX.— THEOREM. 

30. Two rectangular parallelopipeds having equal attitiides are to 
ea^ch other as their bases. 

Let a, b and c be the three dimensions of the rectangular par- 
allelepiped P; m,n and c those of the rectangular parallelepiped Qi 
the dimension c, or the altitude, being common. 
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Let i2 be a third rectangular parallel- 
epiped whose dimensions are m, h and c; 
then, M has the two dimensions h and c in 
common with P, and the two dimensions 
n and c in common with Q ; hence (29), 



o\ 



p 

R 



a 
m 



Q 



b 

— > 

n 



^ 



I 
I 
I 
I 
I 
I 



\ 


K 




.— .bJL 


X 


\ 
\ 




m 



and multiplying these ratios together, 

P^ aX b 
Q mXn 

But a X i is the area of the base of P, and m X ^ is the area of 
the base of Q ; therefore, P and Q are in the ratio of their bases. 
31. Scholium, This proposition may also be expressed as follows : 
2W rectangular parallelopipeds which have one dimenaion in com* 
mofif are to eaxsh other in the producta of the other two dimensions. 



PROPOSITION X.— THEOREM. 

32. Any two rectangular parallelopipeds are to each other as the pro* 
ducts of their three dimensions. 

Let a, b and c be the three dimensions 
of the rectangular parallelepiped P; 
m, n and p those of the rectangular 
parallelepiped Q, 

Let P be a third rectangular paral- 
lelepiped whose dimensions are a, b and 
p ; then R has two dimensions in com- 
mon with P and one dimension in com- 
mon with' Q; hence, by (29) and (31), 



P 
B 



e 
P 



R 

Q 



aXb 



m X » 
fliid multiplying these ratios together, 

P^ aXbX e 
Q mXnXp 

18 




\ K 


P 1 



m 
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PROPOSITION XI.— THEOREM. 

33. 3'hs volume of a reetangvlar paraUelopiped is equal to the pn- 
dwA of its ihree dimengions, the unit of volume being the cube tekoM 
edge is the linear unit. 

Let a, b, e, be tbe three dimensions 
of the rectangular parallelopiped P; 
and let .Q be the cube whoee edge is the 
linear ubi^ Tbe three dimensions of Q 
are eaclb .equal tt> uuitj, and we have, 
b; the preceding proposition. 

F _ aXl>Xe _ 

Q IXIXI 

p 
Now, Q being taken as the unit of volume, — is the numerical mea- 
sure, or volume of P, in terms of this unit (4) ; therefore the volume 
of P is equal to the product o X i X c 

34. jSc^^ium I. Since the product a X ^ represents the base, when 
e is called the altitude, of the parallel<^ped, this proposition may 
also be expressed as follows: 

The volume of a rectangular parallelopiped is equal to the product 
of its bate by Us altitude. 

35. Scholium II. When the three dimensions of tbe paralletopiped 
are each exactly divisible b; tbe linear unit, tbe truth of tbe propo- 
sition is rendered evident by dividing the solid 

into cubes, each -of which is equal to the unit of 

volume. Thus, if the three edges which meet at 

a common vertex A are, respectively, equal to 3, 

4 and 5, times tbe linear unit, these edges may 

be divided re^eotively into 3, 4 and & equal 

parts, and then planes passed through the several 

points of division at right angles to tiiese edges 

will divide the solid into cubes, each equal to the unit cube, the 

number of which is evidently 3 X 4 X &■ ■ . . 

But the moro generel demonstration, above ^ven, includes also 
tbe caxes in which one of tbe dimensions, or two ^f them, or all thre^ 
are incommensurable with tbe linear unit. 



V 
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36. SAoRum im If the three dimensions of a rectangular paral-' 
lelopiped are each equal to a, the solid is a cube whose edge is a, and 
its volume is a X <% X <3t = ^ ; or, the volume of a cube is the third 
fwwer of ita edge. Hence it is that in arithmetic and algebra, the 
expression ** cube of a number" has been adopted to signify the 
^ third power of a number." 



PROPOSITION Xn.— THEOREM. 

37. The volume of any parcUlelopiped ie equal to the product of tie 
haae by tie aUUude. 

Jjei ABCD-A' be anj oblique parallelepiped, whose base ia 
ilJSCD, and altitude jB'O. 




Produce flie edges AB, A'B\ DC, D'C'\ in AB produced take 
FO=AB, and through FandO pass planes, FFTI, GG'H'H, 
perpendicular to the produced edges, forming the right parallelopipect 
FGHI-F'Mth the base FFTI and altitude FG, equivalent to the 
given oblique parallelppiped ABCD-A' (26). 

From J", draw i?"^ perpendicular to FI or FT. Since AF is 
perpendicular to the plane FI\ the plane of the base and the phine 
FI' are perpendicular to each other (VI. 47) ; therefore, F^K is 
perpendicular to the plane of the base (VT. 49) and is equal to B'O. 

Now the three lines i^'G', FT and F'K Are perpendicular to 
«aeh other ; consequently the parallelepiped KLMN-F\ constructec^ 
upon them, is rectangular. The parallelopiped FOHI-F\ regdrded 
MB an oblique prism whose base is FGOT* and lateral edge F'I\ 
is equivalent to the right prism, or rectangular parallelopiped, 
KIiMN-F\ whose base is the right section F'L and whose altitude 
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is F'l' (26). Therefore, the ^ven parallelepiped ABCD-A' is also 
equivalent to the rectangular parallelopiped KLMN-F'. The volume 
of this rectangular parallelopiped is equal to the product of its base 
KM hy its altitude F'K-, its base KM ia equal to F'B', or FH, 
which is equivalent to AO, and its altitude F'K is equal to B'O; 
therefore the volume of the parallelopiped ABCD-A' Is equal U> tho 
product of its base J C by its altitude B'O. 




PEOPOSITIOS XIII.— THEOREM. 

38. The volume of anyprigm, ie equal to iheproduel of its base by iti 
aSilade, ^, ^, 

Ist. Let ABO-A' be a triangular prism. 
This prism is equivalent to one-half the par- 
allelopiped ABCD-A' constructed upon the 
edges AB, BO and BB' (27), and it has the 
same altitude. The volume of the parallelo- 
piped is equal to its base BD multiplied by its 
altitude ; therefore, the volume of the triangu- 
lar prism is equal to its base ABC, the half of BD, multiplied by 
its altitude. ^, 

2d. Let ABCDE-A' be any prism. It may 
be divided into triangular prisms by planes 
passed through a lateral edge AA' and the sev- 
eral diagonals of its base. The volume of the 
given prism ia the sum of the volumes of the 
triangular prisms, or the sum of their bases 
multiplied by their common altitude, which is " '•' 
the base ABCDE of the given prism multiplied by its altitude. 

39. Corollary. Prisms having equivalent bases are to each other as 
their altitudes ; prisms having equal altitudes are to each other us 
their bases ; and any two prisms are to each other as the products 
of their bases and altitudes. Any two prisma having equivalent 
bases and equal altitudes are equivalent. 
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PYRAMIDS. 




40. Definitions, A pyramid is a poljedron bounded by a polvgoa 
and triangular faces formed by the intersections 

of planes passed through the sides of the poly- 
gon, and a common point out of its plane; ap 
S-ABCBK 

. The polygon, ABODE, is the hose of the pyra- 
mid ; the point, 8, in which the triangular faces 
meet, is its vertex, the triangular faces taken to- 
gether constitute its laiercU, or convex, surface ; the 
area of this surface is the lateral area ; the lines 
SA, 8B, etc., in which the lateral faces intersect,are 
its lateral edges. The altitude of the pyramid is the perpendicular 
distance SO from the vertex to the base. 

A triangular pyramid is one whose base is a triangle; a q'lmdrangvr 
lar pyramid, one whose base is a quadrilateral ; etc. 

A triangular pyramid, having but four faces (all of which are 
triangles), is a tetraedron ; and any one of its faces may be taken as 
its base. 

41. Definitions, A regular pyramid is one whose base is a regular 
polygon, and whose vertex is in the perpendicular 

to the base erected at the centre of the polygon. 
This perpendicular is called the aais of the regular 
pyramid. 

From this definition and (VI. 10) it follows that 
all the lateral faces of a regular pyramid are equal 
isosceles triangles. 

The skmJt height of a regular pyramid is the per- 
pendicular from the vertex to the base of any one 
of its lateral faces. 

42. Definitions, A truncated pyramid is the portion of a pyra- 
mid included between its base and a plane cutting all its lateral 
edges. 

When the cutting plane is parallel to the base, the truncated pyra- 
mid is called a frustum of a pyramid. The altitude of a frustum is 
the perpendicular distance between its bases. 

IS* 
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In a frustum of a regular pyramid, the lateral faces are equal 
trapezoids; and the perpendicular distance between the parallel 
sides of anj one of these trapezoids is the slant height of the 
frustum. 



PROPOSITION XrSTi— THEOREM. 



43. If a pyramid is cut by a plane parallel to its base : 1st, the edges 
and the altitude are divided propartionaUy ; 2d, the section is a polygon 
similar to the Imse. 

Let the pyramid i8-J.jB(7DJE7, whose altitude 
is SOf be cut by the plane abcde parallel to the 
base, intersecting the lateral edges in the points 
a, 6, c, d, e, and the altitude in o ; then, 

1st. The edges and the altitude are divided 
proportionally. 

For, suppose a plane passed through the ver- 
tex S parallel to the base; then, the edges and 
altitude, being intersected by three parallel 
planes, are divided proportionally (VI. 37), and 
we have 




8a 
8A 



8b 
8B 



8e 
8C 



8o^ 
SO 



2d. The section. aiecle, is similar to the J)ase ABODE. . , 
For, the side9 ab, be, etc,, are parallel respectively to AB, BO, eta 
(VI. 25), and in the same directions : therefore the angles of the two 
polygons are equal, each to. each (VI. 32). 

Also, since ab is parallel to, AB, and be parallel to BO, the tri- 
angles 8ab and 8AB are similar, and. the triangles 8bewd /SfiCare 
simUar; therefore, 

: a6 8b , 6c jS& 

AB" 8^^^ B0'~ 8B 
whence 

ah __ be ^ 
AB'^BOy ; 
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Therefore, the polygons ahcde and ABCDE are similar (III. 24) 
44. ConUary I, The polygons ai«!e and ABCDE being similar, 
tlieir enrikcee ore proportional to the squares of thdr homologous 
lidee; hence 

abede _ ^ _ ^ _ ^ . 
ABCDE~ AB^~ 'SI'~ Bo" 

that ia, tAe twrfaee of any tectum of a pyramid paralUl to iU boM u 
propotiumal to the tquare of Us dvtanee from the vertex. 

46. CoToUaryll. If boo pyramidt, S-ABCJ>Eand S'-A'B'C'D', 
having equal altiiudet SO and S'O', are cut by planes paralUl to their 
bases and at equal distances, So and S'o', from their vertices, the 
teeUone abede and a'b'e'd' will be proportional to the bases. 

For, by the preceding corollary, 



abdee 
ABODE 



^ 



-BV\ 

'WW'"' 



whence, since So = 
SO = S'O'. 




ABODE A'B'C'D' 

46. CaroUary HI. If tteo pyramids have equal aUUvdes and eijaiva 
lent bases, aeetioni made by plaiies parallel to their bases and at equai 
distanees from their vertices are equivalent. 
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PROPOSITION XV.— THEOREM. 

47. The lateral area of a regular pyramid U equal to the produd / 
the perimeter of Us base by one-half its slant heiglU. 



For, let 8-ABCDE be a regular pyra- 
tiiul ; the lateral faces SAB, SBC, etc., be- 
ing equul isosceles triangles, whose bases are 
tlic sides of the regular polygon ABODE and 
whose common altitude is the slant height 
S'/f,thesumof their areas, or the lateral area 
of Che pyramid, is equal to the sum of AB, 
BC, etc., multiplied by J«H"(IV. 13). 




48. Corollary. The lateral area of tJie frustum of a regular pyramid 
ia equal to the half sum of the perirtieiers of its banes muUiplied by the 
slant height of the frustum. For, this product is tlie measure of the 
earn of the areas of the trapezoids ABba, BCcb, etc., whose common 
altitude ia the slant height hH (IV. 17). ^ 



PROPOSITION XVI.— LEMMA. 

49. A aeries of prisma may be inserted in any given triangular 
pyramia whose total volume sluUl differ from the volume of the pyramid 
by lees than anyasngned volume. 

Let S-ABC be the given triangular 
pyramid, whose altitude is ^71 Divide 
the altitude AT into any number of 
equal parts Ax, xy, etc., and denote 
one of these parts by A. Through the 
|>oints of division x, y, etc, pass planes 
parallel to the base, cutting from the 
pyramid the sections DEF, OHI, etc. 
Upon the triangles DEF, GHI, etc., 
as xipper bases, construct prisma whose 
lateral edges are parallel to SA, and 
whose altitudes are each equal to h. This Is eflected by passing 
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planes through EFy HI, etc., parallel to SA. There will thus be 
formed a series of prisms DEP-A, OHI-D, etc., inscribed in the 
pyramid. 

Again, upon the triangles ABC^ DEF, GHI, etc., as lower bases) 
construct prisms whose lateral edges are parallel to SA, and whose 
altitudes are each equal to A. This also is effected by passing planes 
through BCf EF, HI, etc., parallel to SA. There will thus be 
formed a series of prisms ABO-D, DEF~0, etc., which may be said 
to be circumscribed about the pyramid. 

Now, the first inscribed prism DEF^A is equivalent to the second 
circumscribed prism DEF-0, since they have the same base DEFtLud 
equal altitudes (39) ; the second inscribed prism OHI-D is equivalent 
to the third circumscribed prism OHI-'K; and so on. Therefore, the 
sum of all the inscribed prisms differs from the sum of all the cir- 
cumscribed prisms only by the first circumscribed prism ABC-D. 
But the pyramid is greater than the sum of the inscribed prisms and 
less than the sum of the circumscribed prisms ; therefore, the difier- 
ence between the total volume of the inscribed prisms and the volume 
of the pyramid is less than the volume of the prissi ABG-D. 

The volume of the prism ABC-D may be made as small as we 
please, or less than any assigned volume, by dividing the altitude 
A T into a sufficiently great number of equal parts ; for, if the as- 
signed volume is represented by a prism whose base is ABC and 
altitude Aa, we have only to divide A T into a number of equal parts 
each less than Aa. 

Therefore, the difference between the total volume of the inscribed 
prisms and the volume of the pyramid may be made less than any 
assigned volume. 

50. Corollary, If the number of parts into which the altitude is 
divided is increased indefinitely, the difference between the volume 
of the inscribed prisms and that of the pyramid approaches indefi- 
nitely to zero; and therefore the pyramid is the limit of the sum 
of the inscribed prisms, as their number is indefinitely increased 
(V. 28). 
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PROPOSITION XVn.— THEOREM. 

51. Two trianffiUar pyramida having equivalent bases and eqwal tUtif 
(udes are equivalent 
Let S-ABC and 8'-^A'B'C' be two triangular pyramids having 




B B^ 

equivalent bases, ABC^ A'B'C\ in tbe same plane, and a common 
altitude ^r. 

Divide the altitude A T into a number of equal parts Axy xf/y yz^ 
etc., and through' the points of division pass planes paralld to the 
plane of the bases, intersecting the two pyramids. In the pyramid 
£^J.jB (7 inscribe a series of prisms whose upper bases are the sections 
J)EFf OHI, etc., and in the pyramid 8'-A'B'C' inscribe a series of 
prisms whose upper bases are the sections D'E'F\ O'H'I^^ etc. 
Since the corresponding sections are equivalent (46), the correspond- 
ing prisms, having equivalent bases and equal altitudes, are equiva- 
lent (39) ; therefore, the sum of the prisms inscribed in the pyramid 
8-ABOis equivalent to the sum of the prisms inscribed in the pyra* 
mid S'-A'B'C \ that is, if we denote the total volumes of the two 
series of prisms by Fand V\ we have 

F= r. 

Now let the number of equal parts into which the altitude ia 
idivided be supposed to be indefinitely increased; the volume V 
approaches to the volume of the pyramid 8- ABO as its limit, and 
the volume V approaches to the volume of the pyramid S'—A'B'C 
as its limit (50). Since, then, the variables V and V are always 
equal to each other and approach two limits, these limits are equal 
(V. 29) ; that is, the volumes of the pyramids are equal. 
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PE0P08ITI0N XVra.— THEOREM. 

62. A irianffular pyramid i» one-third of a triangular prism of ih4 
tame base and €dtUude. 

Let S-ABG be a triangular pyramid. Through 
(me edge of the base, as AC, pass a plane ACDE 
parallel to the opposite lateral edge SB, and through 
8 pass a plane 8B1D parallel to the base ; the prism 
ABC-E has the same base and altitude as the given 
pyramid, and we are to prove that the pyramid is 
one-third of the prism. 

Taking away the pyramid 8-ABC from the prism, there remains 
a quadrangular pyramid whose base is the parallelogram A CDE and 
ye^rtex & The plane 8EC, passed through SE and SC, divides this 
pyramid into two triangular pyramids, S-AEC and S-ECD, which 
are equivaleoit to each other, since their triangular bases AEC and 
ECD are the halves of the parallelogram A CDE, and their common 
altitude is the perpendicular from 8 upon the plane A CDE (51). 
The pyramid S-ECD may be regarded as having ESD as its base 
and its vertex at C; therefore, it is equivalent to the pyramid 
S-ABC which has an equivalent base and the same altitude. There- 
fore, ihe three pyramids into which the prism is divided are equiva- 
lent to each other, and the given pyramid is one-third of the prism. 

53. Corollary. The volume of a triangular pyramid is equal to one* 
third of the prodwst of its base by its altitude. 



PROPOSITION XIX.--THEOREM. 

54 The volume of any pyramid is equal to one-third of the produit 
of its base by its altitude. 

For, any pyramid, 8'ABCDE, may be di- 
vided into triangular pyramids by passing planes 
through an edge &1 and the diagonals AD, AC, 
etc., of its base. The bases of these pyramids 
are the triangles which compose the base of the 
given pyramid, and their common altitude is the 
altitude 80 of the given pyramid. The volume 
of the given pyramid is equal to the sum of the 
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volumes of the triangular pyramids, which is one-third of the sum 
of their bases multiplied by their common altitude, or one-third the 
product of the base ABODE by the altitude SO. 

55. OoroUary. Pyramids having equivalent bases are to eadi other ai 
their altitudes. Pyramids having equal altitudes are to each other a* 
their bases. Any two pyramids are to each other as the products of 
their bases and altitudes. 

56. Scholium. The volume of any polyedron may be found by 
dividing it into pyramids, and computing the volumes of these pyra- 
mids separately. The division may be effected by drawing all the 
diagonals that can be drawn from a common vertex ; the bases of 
the pyramids will be all the faces of the polyedron except those 
which meet at the common vertex. Or, a point may be taken within 
ttie polyedron and joined to all the vertices; the polyedron will 
then be decomposed into pyramids whose bases will be the faces of 
the polyedron, and whose common vertex will be the point taken 
within it. \\ ,i 
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PROPOSITION XX.— THEOREM. 

57. Two tetraedrons which have a triedral angle of the one equal to 
a triedral angle of the other, are to ea>eh other as the products of the 
three edges of the equal triedral angles. 

Let ABOD, AB'0'D\ be the 
given tetraedrons, placed with their 
equal triedral angles in coincidence 
at A. From D and 2)', let fall DO 
and D*0' perpendicular to the face 
ABC. Then, taking the faces AB C, 
AB'C\ as the bases of the triangu- 
lar pyramids D-ABC, D'-AB'C\ and denoting the volumes by V 
and V\ we have (55), 

JT^ ABC X DO ^ ABC DO^ 
V "" AB'C X D'O' "" AB'C D'O'' 




By (IV. 22) and (IH. 25), we have 

ABC ^ ABXAC 
AB'C AB' X AC 



and 



DO 



AD 



D'O' AD' 



therefore^ 
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V AB XAC XAD 



r AB' X AC X AD' 

PROPOSITION XXI.— THEOREM. 

58. A firtutum of a inanguUir pyramid is equivalent to the sum of 
three pyramids vthoee common aUUude is the aUUvde of the frustum, 
and uAose bases are the lower base, the upper base, and a mean pro- 
portional between the bases, of the frustum. 

"Lest ABO-D be a frustum of a tri- J ^ 

angular pyramid^ formed by a plane /^^sTx 

DEF parallel to the base ABC. /xi^\ \ 

Through the vertices A, E and C, //^ I ^^\ 
pass a plane AEC; and through the //^ I ^ ^ 

vertices E, D and C, pass a plane EDC, ^ ^^^""^^^^^-^^/^^^^^ — 

dividing the frustum into three pyra- b 

mids. For brevity, denote the pyramid 

E-ABChj P, the pyramid E-DFChyp, and the pyramid E-ADG 

hjQ. 

The pyramids P and Q, regarded as having the common vertex 
C and their bases in the same plane BD, have a common altitude 
and are to each other as their bases AEB and AED (55). But the 
triangles AEB and AED, having a common altitude, namely, the 
altitude of the trapessoid ABED, are to each other as their bases AB 
and DE; hence we have 

P^AB 
Q DE 

The pyramids Q and p, regarded as having the common vertex 
E and their bases in the same plane AF, have a common altitude, 
and are to each other as their bases ADC and DCF. But the tri- 
angles ADCwaA DCF, having a common ajititude, namely, the alti- 
tude of the trapezoid ACFD, are to each other as their bases AC 
and DF\ hence we have 

p DF 

Moreover the section DEF being similar to ABC (48), we have 
If 
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AB^AC 

DE DF' 
and therefore 

Q p' 

whence ^_^-__ 

Q« = p X p, Q = i/Pl<7; 

that is (III. 5), the pyramid Q is a mean proportional between th$ 
pyramids P and p. 

Now, denote the lower base ABC of the frustum by jB, its upper 
baie by 6, and its altitude by h. The pyramid P, regarded as having 
its vertex at E, has the altitude h and the base B ; the pyramid p, 
regarded as having its vertex at C, has the altitude h and the base 
b ; hence (54), 

P=iAX£, p = ihXh 
and 

Q = \/ihXBXihXb = ihXV'BXb; 

consequently, Q is equivalent to a pyramid whose altitude is h and 
whose base is a mean proportional between the bases B and 6 ; and 
since the given frustum is the sum of P, p and Q, the proposition is 
established. 

1 f F denotes the volume of the frustum, the proposition is ex- 
pressed by the formula 

V=^hXB + ihXb + ^hX l/BlTb, 

V=ih{B + b + \/Wx^). 

59. CoroUary A frustum of any pyramid is equivalent to the sum of 
three pyramids whose coinmon aUUude is the altitude of the frustum, and 
whose bases are the lower base, the upper base, and a mean proportional 
between the bases, of the frustum^ 

For, let ABCDE-F be a frustum of any pyramid 8-ABCDR 
Let S'-A'B'C be a triangular pyramid, having the same altitude 
as the pyramid S-ABCDE, and a base J.'jB'C" equivalent to the 
base ABODE, and in the same plane with it The volumes of the 
two pyramids are equivalent (55). Let the jplane of the upper base 
of the given frustum be produced to cut the triangular pyramid* 
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The ModonfOT being equivaloit to th« section FQHIK d^), 
the pyramid B'-F'Q'I' is equivalent to the pyramid S-F6HIK\ 





and taking away these pyramids from the vhole pyramids, the frus- 
tums that remain are equivalent; therefore, denoting by B the area 
of ABODE or of A'B'C. by b that of FOHIK or of F'QT, and 
by h the common altitude of the two frustums, we have for the vol- 
ume of the given frustum the same expression as for that of the tri- 
angular frustum ; namely, 

v=\hiB + b + ^rFyrb). 



TBUHCATED TBIANGULAB PBISH. 



PBOPOSITTON XSIL— THEOEEBL 

60. A inmeated triangvtar prim it eq^ivaleni to the turn of three 
pyramida viko9eeommon bate ie the b<ue of the prittn, and whose verHeet 
are tils three verticee of the inclitied section. 

Let ABG-DEF be a truncated triangular 
prism whose base is ABC and inclined sec- 
Uon DBF. 

Pass the planes AEC and DEC, dividing 
the tmncated prism into the three pyramids, 
E-ABO. E-ACDtuii E-CDF. 

The first of these pyramids, E-ABC, has 
the base .IBCand the vertex K 
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The second pyramid, E-ACDy is equivalent to the pyramid 
B- ACD; for they have the same base ACD, and the same altitude, 
since their vertices E and B are in the line EB parallel to this base. 
But the pyramid B-ACD is the same as D-ABC; that is, it has the 
base ABC and the vertex D. 

The third pyramid, E-CDF, is equivalent to the pyramid B-A CF; 
for they have equivalent bases CDF and A CF in the same plane, 
and also the same altitude, since their vertices E and B are in the 
line EB parallel to that plane. But the pyramid B-A CF is the 
same as F-ABC; that is, it has the base ABC ajid the vertex F. 

Therefore the truncated prism is equivalent to three pyramids 
whose common base is ABCasid whose vertices are E, D and F. 

61. Corollary I. The volume of a truncated right triangular jprum 
is equal to the product of its hose by one-third the sum of its lateral 
edges. For, the lateral edges AD, BE, CF, being perpendicular to 
the base, are the altitudes of the three pyramids 
to which the truncated prism has been proved to 
be equivalent ; therefore, the volume is 

ABC X iAD + ABC X iBE + ABC X iCF, 




or 



ABCX 



AD + BE+ CF 




62. Corollary II. The volume of any truncated triangtdar prism is 
equal to the product of its right section by one-third the sum of its lateral 
edges. For, let ABC-A'B' C* be any trun- 
cated triangular prism; the right section 
DEF divides it into two truncated right 
prisms whose volumes are, by the preced- 
ing corollary. 



3 



and 







the sum of which is 



^^„ AA' + BB' + CC 
DEFX • 

3 



p' 
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SIMILAR POLYEDRONS. 

63. Definition. Similar polyedrona are those ^hich are bounded by 
the same number of faces similar each to each and similarly placed, 
and which have their homologous polyedral angles equal. 

Parts similarly placed in two similar polyedrons, whether faces, 
lines, or angles, are homologous. 

64. OoToUary L Since homologous edges are in the ratio of simili- 
tude of the polygons of which they are homologous sides (III. 24), 
and every edge belongs to two faces, in each polyedron, it follows 
that the ratio of similitude of any two homologous faces is the same 
as that of any other two homologous faces, and thb ratio may be 
called the raUo of similitude of the two polyedrona. 

Therefore, any two homologous edges of two similar polyedrons are 
in the ratio of simUUude of the polyedrons; or, homologous edges are 
proportional to each other. 

65. Corollary II. The ratio of the surfaces of any two hom4>logous 
faces is the square of the ratio of similitude of the polyedrons (TV. 24) ; 
or, any two homologous faces are to each other as the squares of any tvH> 
homologous "edges. 

Hence, by the theory of proportions (III. 12), the entire surfaces 
of Uoo similar polyedrons are to each other as the squares of any two 
homologous edges. 

PROPOSITION XXIIL— THEOREM. 

66. If a tetraedron is cut by a plane parallel to one of its faces^ the 
ietraedron cut off is similar to the first 

Let the tetraedron ABCD be cut by the ^ 

plane B'C'D' parallel to BCD\ then, the A 

tetraedrons^J8'(7'2>' and ^^ CD are simi- // \ 

lar. / / \ 

For, since the edges AB, AC, AD, are '^A" / — 'y;^' 

divided proportionally at B', C\ D', the / Vx^ \ 

face AB'C is similar to the face ABC, I \ \ 

AC'D' to ACD, and AB'D' to ABD\ ^V^ "7 •— ;^3 
also, B'C'D' is similar to BCD (43). \ / ^y^ 

Moreover, the homologous triedral angles, \y^ 

being contained by equal face angles simi- ^ 

19* 
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larly placed, are equal, each to each (VI. 71). Therefore, by Uie 
defiuition (63), the tetraedrons are similar. 



PROPOSITION XXIV.— THEOREM. 

67. Two tetrcLedrons are similar, when a diedral angle of the one u 
equal to a diedral angle of the other, and thefaeee including these angles 
are similar each to each, and similarly placed. 

Let ABCD, A'B'C'D', be 
two tetraedrons in which the 
diedral angle AB is equal to the 
diedral angle A'B\ and the 
faces ABC and ABD are res- 
pectively similar to the &ce8 
A'B'C and A'B'D'-, then, the 
tetraedrons are similar. 

The triedral angles A and A' are equal, since thej maj evidently 
be placed with their vertices in coincidence so as to coincide in all 
their parts. Therefore, the angles CAD and C'A'D' are equal. The 
given similar faces furnish the proportions 




whence 



AC AB 
A'C A'B' 


AD AB 
A'D' ~ A'B' 


AC 


AD 



A'C A'D'' 



therefore, the faces ACD and A' CD' are similar (IIL 32). 

In like manner it is shown that the triedral angles B and B' are 
equal, and the faces BCD and B'CD' are similar. 

Finally, the triedral angles C and C are equal, since their fiu» 
angles are equal each to each and are similarly placed (VI. 71) ; 
and the triedral angles D and Z)' are equal for the same reason. 
Therefore, the ti7o tetraedrons are similar (63). 
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PB0P08ITI0N XXV.— THEOREM. 

68. Tv» timilar polyedrone may be decomposed into Qie tame numbei 
of tetraedront aimilar each, to each and similarly placed. 

Let ABGDEF6H and abcdefyh be Buhilar polyedrona, of which 
A and a are homologous vertices. 




Let all the faces not adjacent to A, in the first polyedron, be 
decomposed into triangles, and let straight lines be drawn from A to 
the vertices of these triaugles ; the polyedron is then divided into 
letraedroDS having these triangles as bases and the common ver- 
tex A 

Also decompose the faces not adjacent to a, in the second polye- 
dron, into triangles similar to those in the first polyedron and simi- 
larly placed (III. 39), and let straight lines be drawn from a to the 
vertices of these triangles ; the second polyedron is then divided into 
the same number of tetraedrons as the first, and it is readily proved 
that two tetraedrons similarly placed in the two polyedrons are 
similar. 

^Ve leave the delaib of the proof to the student. See (III. 39). 

69. Cbrollary. Somologoua diagonaU, and in general any two homol- 
Offotu linee, in tun etmilar polyedrona, are in Uie same ratio as any hm 
homologotu edges, UuU u, in the ratio of similitude of the polyedrons. 



PROPOSITION XXVI.— THEOREM. 

70. Turn polyedrons composed of Ike same number of tetraedrona, 
Btmilar each to each and similarly placed, are similar. 
The proof is left to the student. See (III. 38). 
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PROPOSITION XXVII.— THEOREM. 

71. Similar polyedrana are to each other as the cubes of their homol- 
ogous edges. 

1st Let ABCD, ahed, be two 
similar tetraedrons ; let the similar 
faces BCDf bed, be taken as bases, 
and let AO, aohe their altitudes. 

Since the tetraedrons are simi- 
lar, they may be placed with their 
equal homologous polyedral angles 
A and a in coincidence, and the 
base bed will then be parallel to 
the base BCD, since their planes 

make equal angles with the plane of the face ABO. The perpen- 
dicular ^0, to BCD, will also be perpendicular to bed, and Ao will 
be the altitude of the tetraedron Abed or abed. Denoting the 
volumes of the tetraedrons by Fand v, we have (55), 

F_ BCD XAO _ BCD AO 
V bed X Ao bed Ao 




The bases being similar, we have 



BCD WT 



bed 



Te' 



and by (69), we have 



AO AC BC 
Ao ae be * 



hence 



r_^BC\ BC _^W\ 
V Sc' be be 



or, since any two homologous edges are in the same ratio as any 
other two, the two similar tetraedrons are to each other as the cubes 
of any two homologous edges. 

2d. Two similar polyedrons may be decomposed into the same 
number of tetraedrons, similar each to each ; and any two homologous 
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letraedrons are to each other as the cubes of their homologous edges ; 
but the ratio of the homologous edges of the two similar tetraedroDs 
is equal to ratio of any two homologous edges of the polyedron (69) ; 
ther€»fore, any two homologous tetraedrons are to each other as the 
cubes of two homologous edges of the polyedron, and by the theory 
of proportion, their sums, or the polyedrons themselves, are in the 
same ratio, or as the cubes of their homologous edges. 

72. OoroUary I. Similar prisms or pyramids are to each other as 
the cubes of their altitudes. 

73. OoroUary II. Two similar polyedrons are to each other as the 
cubes of any two homologous lines. 



SYMMETBICAL POLYEDBONS. 



a. Symmetry with respect to a plane. 



M 



74. DifinitiaiM. Two points, A and A', are gymr 
metrical with respect to a plane, MN, when this 
plane bisects at right angles the straight line AA' 
joining the points. 

Two figures are symmetrical with respect to a 
plane, when every point of one figure has its sym- L 

metrical point in the other. 

We leave the proof of the following simple theorems to the 
student. 



75. Theorem. The symmetrical figure of a finite 
straight line, AB, is an equal straight line, A' B', 




76. Theorem. The symmetrical fi^gure of 
an indefinite straight line^ AB, is another 
indefinite straight line, A 'B \ which intersects 
the fird in the plane of symmetry, and 
makes the same angle with the plane. 




/?^ 



}"~ip^~{ 
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77. Theorem, The gymmetrioal figure of a plane angle, BA Q «• on 
equal plane angle, B'A'C (Fig. 1). 




nni 




78. Theorem. The eymmetrieal figure of a plane ABC, is a plane 
ABC ; and the two planes interseet in the plane of symmetry ABN, 
and make equal angles with ii (Fig. 2). 

Corollary. If a plane is parallel to the plane of symmetry, its sym- 
metrical plane is also parallel to the plane of symmetry, and at the 
same distance from it. 

79. Theorem. The symmetrical figure of a diedral angle, CABD, 
is an equal diedral angle, C'A'B'D' (Fig. 8). 



PROPOSITION XXVIIL— THEOREM. 

80. Jff tfwo polyedrons are symmetrical with respect to a plane, 1st, 
their homologous faces are equal; 2d, their homologous polyedrai angles 
are symmetrical. 

1st liCt A, B, C, D, be the vertices of a face 
of one of the polyedrons; their symmetrical 
points, A\ B', C, D', are in the same plane 
(78) ; the homologous sides of the polygons 
ABCD, A'B'C'D\ are equal (75), and their 
homologous angles are equal (77) ; therefore 
the homologous faces are equal. 

2d. The homologous fa6e angles of two 
polyedrai angles, A and A\ are equal (77), 
and their homologous diedral angles are 
equal (79) ; but if one of the face angles as 
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BAD be applied to its equal B'A'D\ bo as to bring the other edges 
of the polyedral angles A and A' on the same side of the common 
plane B'A'D\ it will be apparent that the face angles succeed each 
other in inverse orders in the two figures ; therefore, the homologous 
polyedral angles of the two polyedrons are symmetrical (VI. 68). 

81. Corollary. Two symmetrical polyedrons may be decomposed into 
ike same number of ieiro/edrons symmstrical each to each. For one of 
the polyedrons being divided into tetraedrons by drawing diagonals 
from a common vertex, and the homologous diagonals being drawn 
in the other polyedron, any two corresponding tetraedrons thus 
formed will have their vertices symmetrical each to each, and will 
conse<juently be symmetrical tetraedrons. 

82. SduJ^Aian. Two polyedrons whose faces are equal each to each 
and whose polyedral anglea^are symmetrical each to each, are called 
symmetrical polyedrons, whatever may be their poi^ition with respect 
to each other, since they admit of being placed on opposite sides of a 
plane so as to make their homologous vertices symmetrical with 
respect to that plane. 

PROPOSITION XXIX.— THEOREM. 

83. 2W symmetrical polyedrons are equivalent. 

Since two symmetrical polyedrons may be decomposed into the 
same number of tetraedrons symmetrical each to each, it is only 
necessary to prove 4;hat two symmetrical tetra- 
edrons are equivalent ^^ 

Let 8ABG be a tetraedron ; let the plane / 

of one of its &ces, ABO, be taken as a plane / 

of symmetry, and construct its symmetrical ^ v' 

tetraedron 8' ABC. The tetraedrons, having V^ 

the aame base ABC and equal altitudes 80, \ 

S'O, ftre equivalent (65). > 



6. Symmetry wUh respect to a centre. 

, 84. D^miUona. Two points A and A' , are sym- ^^ 

metrical with respect to a fixed point, 0, called ^^"^ 

the centre of symmetry, when this point bisects ^^ 
the straight line, AA\ joining the two points. a 
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Any two figures are symmetrical with respect to a centre, wben 
every point of one figure has its symmetrical point on the other. 

These definitions are identical with those given in (1. 138), but 
are here extended to figures in space. 

The student can readily establish the following theorems on figures 
symmetrical with respect to a centre. 

85. Theorem. The symmetrical figure of a finite straight line, AB, 
ia an equal straight line, A 'B/ parallel to the first (Fig. 1). • 

Fig. 2. 
Vig.1. 




yo 





86. Theorem. The symmetrical fijgure of a plane angle, BA C,is ai 
equal plane angle, B'A'C (Fig. 2). 

87. Theorem. The symmetrical figure of a plane, BA C,is a parallel 
plane, B' A 'C (Fig. 2). 



88. Theorem. The symmetrical 
figure of a diedral angle, DABC, is 
an equal diedral angle, D'A'B* G\ J> 




\ 







J n, ^^e — B' : 

/it?''--'' '^ XL>i7 



o* 



89. Theorem. If two polye- 
drons are symmetrical with re- 
spect to a centre, 1st, their ho' 
mologous faces are equal; 2d, 
their homologous angles are symr 
metrical. 

Corollary I. The symmetrical figure of a polyedron is the same, 
whether the symmetry he vriih respect to a plane or with resped to a 
centre. 

Corollary II. Two polyedrons, symmetrical with respect to a eentrtf 
are equivalent. 
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«. Symauky of a aii^k jiffure. 

90. D^nitwn. Any figure in space is called a gymmetrical fig^tre, 
Ist, if it can be divided by a plane into two figures which are sym- 
metrical with respect to that plane; 2d, if it has a centre which 
bisects all straight lines drawn through it, and terminated by the sur- 
&ce of the figure ; 3d, if it has an axit which contains the centres 
of all the sectioiu perpendicular to that szis. 

For example, let, the hexaedron 8ABC8' 
is symmetrical with reapect to the plane ABC, 
which divides the solid into the two syramet- 
rical tetraedrons SABCt 8' ABC. 

2d. The intersecUoQ of the four diagonals 
of a parallelepiped is the centre of syrametry 
of the parallelojuped (18). 

3d. The straight line ss',joiDing the cen- 
tres of the bases of a right parallelopiped 
A C, is on axis of symmetry of the figure, 
since it evidently contains the centre of any 
section abed perpendicular to it, or parallel to 
the bases. If the parallelepiped is rectangu- 
lar, it has three axes xx', yy', iz', perpendicu- 
lar to each other which inteisect in its centre. 

We leave the demonstration of the following theorems to the 




91. Theorem. Jff a figure hot two 
planet of tymmetry, MN and PQ, 
the iTtteraeeium, xx', of these planet, 
w an axis of eymmetry of the figure. 

gee (L 141). 



X\ 



y 



^ 



&dO 
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92. Theorem. If a figure has three planes of m/mmetry perpendieulaf 
to each other (VI. 48), the intersections of these planes are three axes 
of symmetry, and the common intersection of these axes is the centre of 
symmetry of the figure, 

THE REGULAR POLYEDRONS. 

93. Definition. A regular polyedron is one whose faces are all equal 
regular polygons and whose polyedral angles are all equal to each 
other. 



, PROPOSITION XXX.— PROBLEM. 

94. To^ construct a regular polyedron, having given one of its edges. 
There are five regular polyedrons, which we shall consider in their 
order. 

Oonatradion of the regular tetraedron. 

Let AB be the given edge. Upon AB con- 
struct the equilateral triangle ABC. At the 
centre of this triangle erect a perpendicular, 
OD, to its plane, and take the point D so that 
AB = AB; join DA, DB, DC. The faces of 
the tetraedron ABCD&re each equal to the &ce 
ABC (VI. 10), and its polyedral angles are all 
equal (VI. 71) ; therefore, ABCD is a regular 
tetraedron. 



Conatniction of the regular hexahedron. 

Upon the given edge AB, construct the square 
ABCD. The cube ABCDE, whose faces are each 
equal to this square, is a regular hexaedron, and the 
method of constructing it is obvious. 





QyMinkotion of the regular octaedron. 

Let AB be the given edge. Upon AB construct, the square 
ABCD, and at the centre of the square erect the perpendicular 
FO to its plane. In this perpendicular, take the points i^and O so 
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that 0F= OA and 00 =: OA, and join FA, 
FB, FC, FD, OA, OB, 00, OD. These 
edges are equal to each other (VL 10), and 
also to the edge AB, since AOF and AOB 
are equal triangles ; therefore, the fiices of the 
figure are eight equal equilateral triangles. 

Since the triangles DFB and DAB are 
equal, DFBO is a square, and it is evident 
that the pyramid A-DFBO is equal in all its parts to the pyramid 
F-ABGD; therefore, the polyedral angles A and F are equal; 
whence, also, all the polyedral angles of the figure are equal to each 
other, and the figure is a r^ular octaedron. 




Construction of tlie regular dodeoaedron. 

Upon the given edge AB, construct a regular pentagon ABODE; 
to each of the sides of this pentagon apply the side of an equal 





pentagon, and let the planes of these pentagons be so inclined to 
that of ABODE as to &rm triedral angles at A, B, 0, D, K There 
is thus formed a convex surface, FOHI, etc., composed of six regu- 
lar pentagons. 

Construct a second convex surface, F'O'H'F, etc., equal to the 
first. The two sur&ces may be combined so as to form a single con^ 
vex surface. For, suppose the diagram to represent the exterior of 
the first surface and the interior of the second ; let the point F of 
the first be placed on F' of the second ; then the three equal angles 
OFF, P'F'A', -4'-F'G ', can be united so as to form a triedral angle 
at F' equal to that at A\ since the diedral angle F'A' is already 
that which belongs to such a triedral angle. But when PF coin* 
cides with F'0\ there will be brought together at 0' three angles 
PFA, AFO, F'O'W, which will form a triedral angle equal to A'' 
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since the diedral angles at the edges FA and F'O' are already those 
which belong to such an angle. Thus, it can be shown, successively, 
that all the edges PF, FO, etc., of the first figure, will coincide with 
the edges F'0\ 0'H\ etc., of the second, and that all the polyedral 
angles of the whole convex surface thus formed are equal. This 
sur&ce is therefore a regular dodecaedron. 



Construction of the regular icosaedron. 

Upon the given edge AB, construct a regular pentagon ABCDE, 
and at its centre erect OS perpendicular to its plane, taking S so 
that SA = AB; then, joining SA, SB, etc., the pyramid S-ABCDE 
is regular, and each of its faces is an equilateral triangle. Now let 






tnc vertices A and B be taken (as in the second figure) as the vertices 
of two other pyramids, A^-BSEFO and B-ASCHO, each equal to 
the first and having in common with it the faces ASB and ASE, 
ASB and BSC, respectively, and in common with each other the 
fiices ASB and ABO. There is thus foi:med a convex surface 
CDEFOHf composed of ten equal equilateral triangles. 

Construct a second convex sur&ce CD' E' F' 0'H\ equal in all re- 
spects to the first ; and let the figures represent the exterior of the first 
sur&ce, and the interior of the second. Let the first surface be applied 
to the second by bringing the point i), where two faces meet, upon Uie 
point C, where three fiEtces meet. The edges DE and DCcan then 
be brought into coincidence with the edges CD' and C'H\ re- 
spectively, to form a polyedral angle of five faces equal to 8, without 
in any way changing the form of either surface, since the diedral 
angles at the edges SD, S'C\ B'C\ are those which belong to such 
a polyedral angle. But when 2) (7 has been brought into coincidence 
with C'H\ there have been brought together, at the point H\ &v 
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equal hem hsTing the necessary diedral inclinations to form another 
poljedral angle equal to S; and thus, in succession, it can be 8lu>wn 
that all the outer edges of the first surface coincide with those of the 
second, and that all the polyednU angles of the entire convex sur« 
fiu» thus formed are equaL This sur&ce is therefore a r^ular 
icoeaedron. 



PROPOSITION XXXI.— THEOREM. 

95. Only five regular (jconvex) polyedrons are posMle, 

The &ce8 of a regular polyedron must be regular polygons, and 
at least three &ces are necessary to form a polyedral angle. 

1st. The simplest regular polygon is the equilateral triangle. 
Three angles of an equilateral triangle can be combined to form a 
eon vex polyedral angle, and this combination, as shown in the pre- 
ceding proposition, gives the regular tetraedron. 

The combination of four such angles gives the regular octaedron ; 
and that of five gives the regular icosaedron. The combination of 
six or more (each being f. of a right angle) gives a sum equal to, or 
greater than, four right angles, and therefore cannot form a convex 
polyedral angle (VI. 70). Therefore, only three regular convex 
polyedrons are possible whose surfaces are composed of triangles. 

2d. Three right angles can be combined to form a polyedral angle, 
und this combination gives the regular hexaedron, or cube. Four 
or more right angles cannot form a convex polyedral angle (VI. 70) ; 
therefore, but one regular convex polyedron is possible whose surface 
is composed of squares. 

3d. Three angles of a regular pentagon, being less than four right 
angles (each bdng {- of a right angle), may form a polyedral angle, 
as in the case of the dodecaedron ; but four or more would exceed 
four right angles. Therefore, but one regular convex polyedron is 
possible with pentagonal &ces. 

4th. Three or more angles of a regular hexagon (each being f of 
a right angle) cannot form a convex polyedral angle ; nor can angles 
of any regular polygon of a greater number of sides form such a 
polyedral angle. 

Therefiurey the five regular convex polyedrons constructed in the 
preceding proposition are the only ones possible. 

20 • 
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M. jWafiwiw. Ae Btsdentmay derive some aid in comprehending 
the preceding discuBsion of the regular polyedrona b^ construcUng 
models of them, which he caa do in a very simple manner, and at 
the same time with great accuracy, as follows. 

Draw on card-board the following diagmme; cut them out entire, 
and at the lines separating adjacent polygons cut the card-board 
half through ; the figures will then readily bend into the form of the 
respective surfacea, and can be retained is that form by glueing the 




QENEBAL THEOBEHS ON POLYEDBONS 

PB0P08ITI0N XXXII.— THEOREM, 

97. in any polyedron, the number of tto edges inereased hg tm 
t» equal to the number of its verHees inereaeed by the nvmbbr of tit 
/aeei. 
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Let E denote 4;he number of edges of any polyedron, V the num* 
ber of its vertioes, and jP the number of its faces; then we are to 
prove that 

JE+2= V+F. 

In the first place, we observe that if we 
remove a face, as ABODE, from any con- 
vex polyedron OH, we leave an open sur- 
face, terminated by a broken line which 
was the contour of the face removed ; and 
in this open sur&ce the number of edges 
and the number of vertices remain the 
same as in the original surface. 

Now let us form this open surface by putting together its faces 
successively, and let us examine the law of connection between the 
number of edges E, the number of vertices V, and the number of 
faces, at each successive step. Beginning with one face we have 
E=V. Annexing a second face, by applying one of its edges to an 
edge of the first, we form a surface having one edge and two vertices 
in common with the first ; therefore, whatever the number of sides 
of the new &ce, the whole number of edges is now one more than 
the whole number of vertices ; that is, 

For2&ces, E=V+1. 

Annexing a third fi&ce, adjacent to each of the former, the new sur- 
face will have two edges and three vertices in common with the pre- 
ceding surface; therefore the increase in the number of edges is 
again one more than the increase in the number of vertices ; and we 
have 

For 3 faces, E=V+2. 

At different stages of this process the number of common edges to 
two successive open surfaces may vary, but in all cases it is ap- 
parent that the addition of a new face increases E by one more unit 
than it increases F; and hence we have the following series of 
results: 
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In an open surface of 



Ifece, JE= F, 

2 feces, E=V+h 

3 " E=r+2, 

4 « £= F+3, 
etc. etc. 

-F—1 faces, E=V+F—2; 



where the law is, that, in the successive values of E, the number to 
be added to F is a unit less than the number of faces. The last line 
expresses the relation for the open surface of jP — 1 faces, that is, 
for the open surface which wants but one face to make the closed sur- 
face of F faces. But the number of edges and the number of ver- 
tices of this open surface are the same ajs in the closed surface. 
Therefore, in a closed surface of i^ feces, we have 

E=V+F'-2, 
or 

F+2= V+F, 

as was to be proved. 

This theorem was discovered by Euler, and is called Eulei^a Theth 
rem an Polyedrons. 

PBOPOSITION XXXIIL— THEOREM. 

98. The sum of ail the angles of the faces of any polyedron is equal 
to four right angles taken as many times as the polyedron has vertices 
less two. 

"Let E denote the number of edges, F the number of vertices, F 
the number of feces, and 8 the sum of all the angles of the faces, of 
any polyedron. 

If we consider both the interior angles of a polygon and the 
exterior ones formed by producing its sides as in (1. 101), the sum of 
all the angles both interior and exterior is 2R X n, where R denotes 
a right angle, and n is the number of sides of the polygon. If, 
then, E denotes the number of edges of the polyedron, 2E denotes 
the whole number of sides of all its faces considered as independent 
polygons, and the sum 8 of the interior angles of all the F feces 
plus the sum of their exterior angles is 2R X 2E But the sum of 
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tbe exterior angles of one polygon is 4S, and the sum of the exterioi 
angles of the J^ polygons is4B X F; that is, 

8+4SxF=2Bx2E, 
)r, reducingy 

8 = ARXiE — F). 

But by £MfaK« Theorem F~ F= V— ?; ^eiio% 



// BOOK. Vlll. 

THE THREE ROUND BODIES. 

Or (be various solids bounded by curved surfaces, but three are 
treated of in Elementary Geometry — namely, the cylinder, the eone, 
and the tpAere, which are called the thsbe BOtmo bodies. 

THE CYLINDER. 

2. D^mition, A. eylindneal lurface a a curved surface generated 

by a moving straight line which continually touohee a given curve, 

and in all of its positions is parallel to a given fixed straight line not 

in the plane of the curve. 

Thus, if tbe straight line Aa moves so 

aa continually to touch the given curve 

ABCDjKid so that in any of its positjous, 

as £b, Ce, Dd, etc., it is parallel to a 

^ven fixed straight line Mm, the surface 

ABCDdeba is a cylindrical surface. If 

the moving line is of indefinite length, a 

surface of indefinite extent is generated. 

The moving line is called the geTurairix; the curve which it touches 

is called the directrix. Any straight line in the surface, aa Bb, which 

represents one of the positions of the generatrix, is called an element 

of the surface- 
In thb general definition of a cylindrical surface, the directrix 

may be any curve whatever. Hereafter we shall assume it to be a 

eUtsed curve, and usually a circle, as this is the only curve whose 

propertiea are treated of in elementary geometry. 
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3. DefiniHiM. The solid Ad bounded hj a cyliodrical sur&ce and 
two panllel planes, ABD and abd, is called a eylinder; its plane 
mrfaces, ABD, a&d, are called ite baaee; the curved surface is some- 
times called ita laieral turfaea; and the perpendicular distance be- 
twerai its bases is its aititude. 

A cylinder wbcee base is a <nrcle ia called a eireular cylinder. 

4. D^nition. A right et/Under is one whose ele- 
ments are perpendicular to ita base. 

5. D^ailion. A right et/Under with a ctreular 
bate, as ABCh, is called a cylinder of retotulion, be- 
cause it may be generated by the revolution of a 
rectangle A Ooa about one of its sides, Oo, as an 
axis; the side Aa generating the curved surface, 
and the sides OA and oa generating the bases. 
Oo is the ozM of the cylinder. The radius of the base ii 
radivt of the cylinder. 



The fixed side 
a called the 




PROPOSITION I.— THEOEEM. 

6. &ery tedion o/ a cylinder made by a plane patting through aa 
dement it a parallelogram. 

liet^ be an element of the cylinder Je; 
then, the section BbdD, made by a plane 
passed through Bb, is a parallelogram. 

Ist The linejD<2 in which the cutting plane 
intersects the curved surface a second time is 
an elemenL For, if through any point D of 
this intersection a straight line is drawn paral- 
lel to Bb, this line by the definition of a cylindrical surface, is an 
element of the surface, and it must also lie in the plane Bd; there- 
fore, this element, being common to both lurfaces, is their inter- 
section. 

2d. The lines BD and bd are parallel (VI. 25), and the elements 
Bb and Dd are parallel ; therefore, Bd is a parallelogram. 

7. Corollary. Every section of a right cylinder made by a plane 
perpendicular to its base is a rectangle. 
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= a& and AD = 



PEOPOSITION II.— THEOREM. 

8. The btuee of a cylinder are equal. 

Let SD be the straight line joining any 
two points of the perimeter of the lower bafie, 
and let a plane passing through SD and the 
element Sb cut the upper base in the line bd; 
tlien, BD = bd (6). 

Let A be any third point in the perimeter 
of the lower base, and Aa the corresponding 
element. Join AB, AD, ab, ad. Then AB = 
(6) ; and the triangles ABD, ahd, are equal. Therefore, if the upper 
base be applied to the lower base with the line bd in coincidence 
with its equal BD, the triangles will coincide and the point a will 
fall upon A ; that is, any point a of the upper base will &11 on the 
perimeter of the lower base, and consequently the perimeters will 
coincide throughout. Therefore, the bases are equal. 



9. CaroUary L Any two parallel sections 
MPN, mpn, of a cylindrical surface Ab, are 
equal. 

For, theee sections are the bases of the 
cylinder Mi. 



10. Corollary IL All the sections of a circular cylinder parallel 
to its bases are eqnal circles ; and the etrught line joining the centres 
of the bases passes through the centres of all the parallel sectiooi. 
Tbis line is called the axii of the cylinder. 

11. Definition, A tangent plane to a cylinder is a plane which 
[•asses through an element of the curved snr&ce without cutting this 
surfkce. The element through which it passes is called the etewtmi 
iff eontaet. 
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PKOPOSmON in.— PEOBLEM. 




'^'12. Thr9Ugkajfivenpoint,top(uaaplanetanffmttoa^vmeircular 
tender, 

Ist Wlieii the g^voi point ia ia the curved surface of the cjlindcr, 
in which case die element of 
tiontaet is given, since it must 
be the elemrat pasaiog through 
the given point 

Let the given point be ft 
point in the element Aa. At 
A, in the pUse of the base, 
draw A T tangent to the base, 
and pass a plane Rt through 
Aa and A T; thu plitne is tan- 
gent to the cylinder. For, let P be any point in thu plane not in 
the element Aa, and through P pass a plane parallel to the base, in- 
tersecting the cyliuder in the circle MN and the plane Rt iu the lino 
MP. Let Q be the centre of the circle MN, and join QM. Since 
MP and MQ are parallel respectively to J 7 and ^ (VI. 25), the 
angle PMQ is equal to the angle TAO, and PM is tangent to the 
circle MNwA M; therefore, Plies without the circle MN and conse- 
quently without the cylinder. Hence the plane Bt does not cut the 
cylinder and is a tangent plane. 

2d. When the ^ven point is without the cylinder. Let P be the 
given point Through Pdraw the straight line PT, parallel to the 
dententa of the cylinder, meeting the plane of the base in T. From 
Tdraw TA and TC tangenta to the base (IL 90) ; through PT and 
the tangent TA pass a plane Rl, and through PT and TC pass a 
plane Tt. The plane iff, passing through PjT and the point ^, must 
contain the element Aa, since Aa ia parallel to PT; and it is a tan- 
gent plane since it also contains the tangent AT. For a like reason 
the plane T« is a tangent plane. 

18. OnvUary. The intersection of two tangent planes to a cylinder 
is parallel to the elements of the cylinder. 

14. Sdwlium. Any straight line, drawn in a tangent plane and 
cutting the ele-nent of contact, is tangent to the cylinder. 
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THE CONE. 

15 Definition. A conical surface is a curved surface generated 
by a moving straight line which continually touches a given curve, 
and passes through a given fixed point not in the plane of the 
curve. 

Thus, if the straight line SA moves so 
AS continually to touch the given curve 
ABCD, and in all its positions, SB, SC, 
SD, etc., passes through the given fixed 
point S, the surfiice 8-ABCD is a conical 
surface. 

The moving line is called the generatrix; 
the curve which it touches is called the 
directrix. Any straight line in the surface, 

as SB, which represents one of the positions of the generatrix, is 
called an element of the surface. The point S is called the vertex. 

If the generatrix is of indefinite length, as AS a, the whole surface 
generated consists of two symmetrical portions, each of indefinite 
extent, lying on opposite sides of the vertex, as S-ABCD and 
S-abcdf which are called nappes; one the upper, the other the lower 
nappe. 

16. Definition. The solid S-ABCD, bounded by a conical surface 
and a plane ABD cutting the surface, is called a cone; its plane sur- 
face ABD is its ba>se, the point S is its vertex, and the perpendicular 
distance SO from the vertex to the base is its altitude. 

A cone whose base is a circle is called a circular cone. The straight 
line drawn from the vertex of a circular cone to the centre of its 
base is the axis of the cone. 

17. Definition. A right circular cone is a circular 
cone whose axis is perpendicular to its base, as 
S-ABCD. 

The right circular cone is also called a cone of revo- 
lution, because it may be generated by the revolution 
of a triangle, SA 0, about one of its perpendicular 
sides, SO, as an axis; the hypotenuse SA gener- 
ating the curved surface, and the remaining perpen- 
dicalar side OA generating the base. 
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PROPOSITION IV.— THEOREM. 

18. Every section of a cone made by a plane passing through its vet' 
texts a triangle. 

Let the cone S-ABCD be cut by a plane SBC which passes 
through the vertex S and cuts the base in the straight line BC\ 
then, the section SBC is a triangle, that is, the 
intersections SB and SC with the curved surface 
arc straight lines. 

For, the straight lines joining S with B and C 
are elements of the surface, by the definition of a 
cone, and they also lie in the cutting plane; 
therefore they coincide with the intersections of 
that plane with the curved surface. 





PROPOSITION v.— THEOREM. 

19. If the hose of a cone is a circle, every section made by a plane 
parallel to the base is a circle. 

Let the section ofe, of the circular cone 
8- ABC, be parallel to the base. 

Let be the centre of the base, and let o 
be the point in which the axis SO cuts the 
plane of the parallel section. Through SO 
and any number of elements SA, SB, etc., 
pass planes cutting th><) base in the radii OA, 
OBf etc., and the parallel section in the 
straight lines oa, ob, etc. Since oa is parallel to OA, and ob to OB, 
we have 

oa 8o^ A ^^ ^ I, ^® ^^ 

OA'^SO^^ OB'^'sb''^ ^^^^ai'^'oB 

But OA = OB, therefore oa = ob; hence, all the straight lines 
drawn from o to the perimeter of the section are equal, and the sec- 
tion is a circle. 

20. Corollary. The axis of a circular cone passes through the 
centref of all the sections parallel to the base. 
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21. Definition. A tangerU plane to a cone is a plane which passes 
through an element of the corved radbo& without cutting this sur* 
&ce. The element through which it passes is called the element of 
eontaeL 

PROPOSITION VL— PROBLEM. 

A'j/^ 22. Through a given pointy iopamaphne tangent to a given circular 
cone. 
Ist When the given point is in the curved surface of the cone. 

8 




Let the given point be a point in the element 8A^ At A^ in the 
IvTane of the base, draw AM tangent to the base, and pass a plane 
MP thrmigh 8A and AM; this plane is tangent to the coneu The 
pro<^ is the same as for the tangent plane to the c jltudSei;. 

2d. When the given point is & point m without the cone*. Joiar 
the vertex 8 and the point m^ and produce Sm to meet the pfame of 
the base in M. From M draw MA and MQ tengenta to the baae^ 
and through SM and these tangents pas» the {daaes MP and MIL 
The plane MP^ containing the element SA and the tangent MA^ m a 
tangent plane to the cone, and it also passes through the given 
point m ; and for a like reason, the plane MR also satisfies the con- 
ditions of the problem. 

23. Sdwlium I. Any straight line, drawn in a tangent plane and 
cutting the element of contact, is tangent to the eone. 

24. Scholium IL When the given point is without the exme^ the< 
problem may be stated in the following form : 

Through any given straight Une pasting through the verier of a ewM^ 
to pass a plar^ tangent to the cone. 



II 
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// THE SPHERE. 

25. l>B^btftJbn. A fipkeirt is a solid bouBded by a 8Dr£eu» all the 
points of which are equally distant &om a point within called die 
ttmtrt. 

A sphere may be gmierated by the revolation 
of a senncircle ABC about its diameter ul C as an 
axis; for the sui^ice generated by the curve ^J?& 
will have all its points equally distant from the 
centre 0. 

A radivA of the sphere is any straight line 
drawn from the centre to the surface. A diameter 
is any straight line drawn through the centre and terminated both 
ways by the surface. 

Since all the radii are equal and every diameter is double the 
radius, all the diameters are equal. 

26. Definition. It will be shown that every secticm of a sphere 
made by a plane is a circle ; and as the greatest possible section is 
one made by a plane passing through the centre, such a section is 
called a great eirde. Any section made by a plane which does not 
pass through the centre is called a mnaU circle. 

27. D^inMan. The poles of a circle of the sphere are the extremi- 
ties of the diameter of the sphere which is perpendicular to the plane 
of the circle ; and this diameter is called the axii of the circle. 



PBOPOSITION Vn.— THEOREM. 

28. Every section of a sphere made by a plane is a eirde. 
Let abe be a plane section of the sphere 

whose centre is 0. ^ — r— ^^^^ 

All the straight lines Oa, 06, etc., drawn o^IIIII^ZZZll^l^c 

from to points in the curve of intersec- / "nF^.j..^ \ 

tion abc^ are equal, being radii of the jk™--— -*! — ™»y<y 

sphere ; therefore, the curve abc is the cir- V ^ • I 

eumference of a circle (VI. 12), and its Nw j ^ 

centre is the foot o of the perpendicular Oo ^ — 
let &11 from upon the plane of the section. 

29. CoToUary I All great circles, as ABC^ ADCE^ are equal ; 
21 ♦ 
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for, giase their planes pass through the centre of the sphere, their 
radii OA, Oa, are radii of the sphere. 

30. OoroUary IL A. small circle ahc is the less, the greater its 
distaace Oo team the centre of the sphere. 

31. Corollary IIL Every great circle divides the sphere into tvo 
equal parte ; for, if the parts be separated and then placed with their 
bases in coincidence and their convexities turned the same vay, their 
surfaces will coincide; otherwise there would be points in the spheri- 
cal surface unequally distant from its centra 

32. CoroaorylV. Any two great circles .4 CBi>..i£Bj; bisect eacl 
other; for, the common intereecUon AB of 

their planes posses through the centre of the 
sphere and is a diameter of each circle. 

33. Corollary V. An arc of a great circle may 
be drawn through any two given points, A, E, 
of the surface of the sphere ; for the two points, 
A and E, together with the centre 0, deter- 
mine the plane of a great circle whose cir- 
Gumference passes through A and E (VI. 4). 

If, however, the two given points are the extremities A and B <tt 
a diameter of the sphere, the position of the circle Is not determined, 
for the points A, and B, being in the same straight line, an infi- 
nite number of planes can be passed through them (VI. 2). 

34. OoroUary VI. An arc of a circle may be drawn through aaj 
three given points on the surface of the sphere ; for, the three points 
determine a plane which cuts the sphere in a circle. 




PROPOSITION VIII.— THEOBEM. 

S5. AU Hia painU in the circumferenee oj a arcle of f&« tphere oi 
eqaaUy dUtant from each of Ua poles. 

Let abed be any circle of the sphere and 
PP' the dianiet«r of the sphere perpendicu- 
lar to its plane ; then, by the definition (27), 
Pand P' are the poles of the circle abed. 

Since PP' passes through the centre o 
of the circle, the distances Pa, Pb, Pe, are 
, oblique lines from P to points a, 6, c, equally 
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distant from the foot of the perpendicular, and are therefore equal 
(VI. 10). Hence, all the points of the circumference abed are equally 
distant from the pole P. For the same reason, they are equally dis- 
tant from the pole P'. 

36. Corollary I. All the arcs of great circles drawn from a pole 
of a circle to points in its circumference, as the arcs Fa, Pb, Pc, are 
equal, since their chords are equal chords in equal circles. 

By the distance of two points on the surface of a sphere is usually 
understood the arc of a great circle joining the two points. The 
arc of a great circle drawn from any point of a given circle abc^ to 
one of its poles, as the arc Pa^ is called the polar distance of the given 
circle, and the distance from the nearest pole is usually understood. 

37. Corollary II. The polar distance of a great circle is a quad- 
rant of a great circle ; thus PJ., PJB, etc., P'J., P'P, etc., polar dis- 
tances of the great circle ABCD, are quadrants; for, they are the 
measures of the right angles AGP, BOPy AOP\ BOP\ etc., whose 
vertices are at the centre of the great circles PAP\ PBP\ etc. 

In connection with the sphere, by a quadrant is usually to be 
understood a quadrant of a great circle, 

38. QoroUary lJI. If a point P on the surface of the sphere is at 
the distance of a quadrant from two points, B and C, of an arc of a 
great circle, it is the pole of that arc. For, the arcs PB and PC 
being quadrants, the angles POB and POC are right angles; there- 
fore, the radius OP is perpendicular to each of the lines OB, OC, 
and is consequently perpendicular to the plane of the arc BC 
(VI. 13); hence. Pis the pole of the arc BC. 

39. Scholium. By means of poles, arcs of circles may be drawn 
upon the surface of a sphere with the same ease as upon a plane sur- 
face. Thus, by revolving the arc Pa about the pole P, its extremity 
a will describe the small circle abd; and by revolving the quadrant 
PA about the pole P, the extremity A will describe the great circle 
ABD. 

If two points, B and C, are given on the surface, and it is required 
to draw the arc BC, of a, great circle, between them, it will be neces- 
Bary first to find the pole P of this circle ; for which purpose, take 
B and C as poles, and at a quadrant's distance describe two arcs on 
the surfiiice intersecting in P. The arcJBCcan then be described 
with a pair of compasses, placing one foot of the compasses on P and 
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tracing the arc with the other foot. The opening of the eooapasses 
(distance between their feet) must in this caae be equal to the chord 
of a quadrant ; and to obtain this it y$ neceooary to knov tke radius 
of the sphere. 



^ 
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40. To find the radius of a given sphere. 

We here suppose that a material sphere is giyen, und that <Hily 
measurements on the surface are possible. 




Fig.1. 



ng.8. 





Ist. With any point P (Fig. 1) of the given surface a0 a pole, and 
with any arbitrary opening of the compasses, describe a circum- 
ference dbc on the surface. The rectilinear distance Pa, being tba 
arbitrary opening of the compasses, is a known line. 

Take any three points, a, b, e, in this circumferenoe, and n^ith the 
compasses measure the rectilinear distances oi, be, ca, 

2d. On a plane surface construct a triangle abe (Fig. 2), with the 
three distances ab, be, ca, and find the centre o of the circle circum- 
scdbed about the triangle (II. 87). The radius OQ of this pirqle is 
the radius of the circle aie of Fig* 1* 

3d. With the radius oo as a side, and the known di9tance Pa as 
the hypotenuse, construct a right triangle aoP (Fig. 3). Draw aP' 
perpendicular to aP, meeting Po produced in P'. Then it is OTident 
that PP', thus determined, is equal to th^ diaqaater of tb^ given 
sphere, and its half PO is the required radius. 

41. Definition. A plane is tangent to a sphere whei) it has Init 0119 
point in common with the surface of the sphere. 

42. Definition, Two spheres are tangent to eacl^ ether when theif 
surfaces have but one point in common. 
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PBOPOSITION X.— THEOREM. 

43. A pbme perpendicular to a rctdiua of a sphere at its extremity is 
tangent to the sphere. 

Let be the centre of a sphere, and y^ "^^ 

let the plane MN be perpendicular to a / \ 

radius OA at its extremity A ; then, the I ^ \ n 

plane JfJV is tangent to the sphere at the /"v-^^ 
^int A. J \\ 

For, taking any other point, as ^, in / yJv / 

the plane, and joining OH, the oblique L TL -iZL/ 

line OB- 18 greater than the perpendicu- ' 

lar OA ; therefore the point H is without the sphere. Hence the 
plane MN has but the point A in common with the sphere, and is 
consequently tangent to the sphere. 

44. Corollary. Conversely, a plane tangent to a sphere is perpen- 
dicular to the radius drawn to the point of contact. For, since every 
point of the plane except the point of contact is without the sphere, 
the radius drawn to the point of contact is the shortest line from the 
centre of the sphere to the plane, therefore it is perpendicular to the 
plane (VI. 9). 

45. Scholium. Any straight line AT, drawn in the tangent plane 
through the point of contact, is tangent to the sphere. 

Any two straight lines, AT, ^T', tangent to the sphere at the 
same point A, determine the tangent plane at that point 
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46. Through a given straight line vnthout a given sphere, to pass a 
plane tangent to the sphere. 

Through the given straight line and the centre of the sphere, a 
plane can be passed which will cut the sphere in a great circle. Let 
the plane of the paper represent this plane ; let MN be the given 
line, the centre of the sphere, and aPcP' the great circle in which 
the plane passed through MN and the centre cuts the sphere. 

From any point M in the given line draw a tangent MaT to the 

great circle aPe ; draw MO cutting the circumference of the circle 
21** 
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in P aDd P'; let fall ao perpen- ^*\if 

iicular to MO, and join 0(u /^^ 

Conceive the sphere to be gen- / i\ \\^ 

erated by the revolution of the >^^'''^i\^^ 

Bemicircle PaP* about its diame- aj ^'-'''-^^^:^ ^ 

t«r, and let the tangent Ma re- n \. ; r \\ 

volve with it. The line ao, per- / \ i^ \ / \ 

pendieular to the axis, will gener- / \ i \ / \ 

ate a small circle ahc whose poles / n^,^ j ^^y\ 

are P and P'; the tangent MaT i*' 

will generate a conical surface; 

and the portion of this surface between the point JIf and the circum« 
ference aho is the surface of the cone whose vertex is M and whose 
base is the circle aha. Every element of this cone as Mh is a tangent 
to the sphere, since it has the point 6, and that point only, in common 
with the sphere. 

Now, every plane which is tangent to this cone is also tangent to 
the sphere ; for any plane touching the cone in an element if 6, has 
the point 6, and only the point i, in common with the sphere. 

Therefore the solution of the present problem is reduced to passing 
a plane through the given line MN, tangent to the cone .M^xftc; 
which is done by Proposition VI. of this Book, observing the Scho- 
lium (24). 

Since there are two tangent planes to the cone, there are also two 
tangent planes to the sphere, passing through the given line MN, 

47. Scholium. "The indefinite conical surface generated by the 
revolution of the tangent MT is drcumacribed about the sphere ; and 
the sphere is inscribed in this surface. The circle abc is called the 
circle of contact of the cone and sphere. 

.\^ 
(3-\a;: - PROPOSITION XIL—THEOREM. 

, 48. The intersection of tvjo spheres is a drole whose plane is perpen- 
dicidar to the straight line joining the centres of the spheres, and whose 
centre is in that line. 

Through the centres and 0' of the two spheres, let any plane 
be passed, cutting the spheres in great circles which intersect each 
other in the points A and B; the chord AB is bisected at C by the 
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line 00' at right angles (II. 34). If we 
now revolve the plane of these two circles 
about the line 00\ the circles will gener- 
ate the two spheres, and the point A will 
describe the line of intersection of their 
Bur&ces. Moreover, since the line AC 

will, during this revolution, remain perpendicular to 00\ it will 
generate a circle whose plane is perpendicular to 00' (VI. 15), and 
whose centre is O. 

49. Scholium. Two spheres being given in any position whatever, 
if any plane is passed through their centres cutting them in two 
great circles, the spheres will intersect if these circles intersect, will 
be tangent to each other if these circles are tangent to each other, 
etc For each of these positions, therefore, we shall have the same 
relations between the distance of the centres and the radii of the 
spheres, as have been established for the corresponding positions of 
two circles in Book II. 



/hvi 



imT 



PROPOSITION XIII.— THEOREM. 



50. Through any four points not in the same plane, a spherical sur- 
face caai be made to pass, and but one. 

Let A, JB, O, D, be four given points not 
in the same plane. These four points may 
be taken as the vertices of a tetraedron 
ABCD. 

Let E be the centre of the circle circum- 
scribed about the face ABC, and draw EM 
perpendicular to this face; every point in 
EM is equally distant from the points A, B 
and C (VL 10). 

Let F be the centre of the circle circum- 
scribed about the face BCD, and draw FN perpendicular to this 
face; every point in FN is equally distant from the points B, C 
and D. 

The two perpendiculars, EM and FN, intersect each other. For, 
let £r be the middle point of BC, and draw EH, FH. The lines 
EH and FH are each perpendicular to BC (II. 16) ; therefore, the 
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plane passed through EH a.nd FH is perpendicular to BC (VL 13) 
and consequently also to each of the faces ABC, BCD (YI. 47). 
Hence, the perpendiculars EM and FN lie in the same plwe EHF 
(YI. 50), and must meet unless they are parallel ; but they cannot be 
parallel unless the planes BCD and ABC are one and the same 
plane, which is contrary to the hypothesis that the four given points 
are not in the same plane. 

The intersection of the perpendiculars EM and FN, being 
equally distant from A, B and C, and also equally distant from S^ 
C and D, is equally distant from the four points \i, B, O and D, 
therefore, a spherical surface whose centre is and whose radius is 
the distance of from any one of these points, will pass through 
them all. 

Moreover, since the centre of any spherical surface passing through 
the four points A, B, C and D is necessarily in each of the perp^i- 
diculars EM, FN, the intersection is the centre of the only sphari- 
cal surface that can be made to pass through the four j^ven 
points. 

51. Corollary I. The four perpendiculars to the planes of the faces 
of a tetraedron, erected at the centres of the faces, meet in the same 
point. 

52. Corollary II. The six planes, perpendicular to the six edges 
of a tetraedron at their middle points, intersect in, the same point 

PROPOSITION XIV.— THEOREM. 

r 

" 53. A sphere may be inscribed in any given tetraedron. 
Let ABCD be the given tetraedron. ^ 

Let the planes OAB, OBQ O^C, bisect the xK 

diedral angles at the edges AB, BC, AC, re- / I \ 

spectively. Every point in the plane GAB is / o 1 \ 

equally distant from the faces ABC and ABD j^^zzZZZ ^-Xllisk 

(YI. 55); every point in the plane OBC is ^s. \l / 
equally distant from the faces ABC and DBC; ^"Xjl/ 

and every point in the plane OAC is equally jr 

distant from the faces ABC and ADC; there- 
fore, the common intersection, 0, of these three planes is equally 
distant from the fQv^r faces of the tetraedron ; and a sphere described 
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with as a centre, and with a radius equal to the distance of from 
any ftce, will be tangent to each face, and will be inscribed in the 
Mniedron. 

54. Corollary, The six planes, bisecting the six diedral angles of a 
tetraedron, intersect in the same point. 



SPHEBICAL ANGLES. 

66. JkfsxMafik. The oingU of two eurvea passing through the same 
point 18 the angle formed by the two tangents to the curves at thai 
point. 

This definition is applicable to any two intersecting curves in 
space, whether drawn in the same plane or upon a surface of any 
kind. 



Thus, in a plane, two circumferences inter* 
secting in a point A^ make an angle equal to 
the angle TAT' formed by their tangents at 
A. In this case, the angle is also equal to 
the angle OAO' formed by the radii of the 
two eircles drawn to the common point. 




In like manner, on a sphere, the angle 
formed by any two intersecting curves, 
AB, AB\ is the angle TAT\ formed by 
the lines AT, AT\ tangents to the two 
curves, respectively, at their common 
point A 




PE0P08ITI0N XV.— THEOREM. 

56. The angle of two intersecting curves on the surfaee of a sphere is 
equoU to the diedral angle between the planes passed through the centre 
^ Hhe sphere anA ike tangents ta the two curves at their point of in* 
ierrsedion, 

22 
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Let the curves, AB and AB\ on the 
surface of a sphere whose centre is 0, in- 
tersect at A, and let A T and A T' be the 
tangents to the two curves, respectively. 
Since A T and A T' do not cut the curves 
at A, they do not cut the surface of the 
sphere, and are therefore tangents to the 
sphere. Hence they are both perpendicular to the radius OA drawn 
to the common point of contact, and consequently the angle T'A T, 
which is the angle of the two curves (55), measures the diedral angle 
of the planes OAT, OAT\ passed through the radius OA and each 
of the tangents. 




PROPOSITION XVI.— THEOREM. 

57. The angle of two arcs of great circles is equal to the angle of 
their planes, and is measured by the are of a great circle described from 
its vertex as a pole and included between its sides (^produced if ner 
cessary). 

Let AB and AB* be two arcs of great 
circles, A T and AT' the tangents to these 
arcs at A, the centre of the sphere. 
The planes passing through the centre 
and the tangents AT, AT', are in this 
case the planes of the curves AB, AB', 
themselves ; consequently the angle BAB ', 
or TA T', is equal to the angle of these 

planes (56), the edge of this angle being the common diameter 
AOD. 

Now let CC be the arc of a great circle described from -4 as a 
pole and intersecting the arcs AB, AB' (produced if necessary), in 
C and C, The radii OC and OC are perpendicular to -40, since 
the arcs AC, AC, are quadrants (37) ; therefore, the angle COC is 
also equal to the diedral angle AO, or to the angle BAB', and it is 
measured by the arc CC, 

58. Corollary. Any gifeat circle arc j1 C", drawn through the pole 
of a given great circle CC, is perpendicular to the circumference 
CC. For, the pole A being in the diameter A OD perpendicular tp 
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the plane of CC, the plane of AC is perpendicular to the plane of 
CC (VI. 47), and hence the angle C is a right angle. 

Conversely^ any great circle arc C'A perpendicular to the arc CC 
must pass through the pole A of CC. 

59. Scholium. If it is required to draw a great circle B'G^ perpen- 
dicular to a given great circle CCE, through a given point B\ we 
have only to find the pole N of the required arc by describing, from 
B^ as a pole and at a quadrant's distance, an arc cutting CC^E in 
N\ then, from ^ as a pole, the perpendicular B'C can be de« 
scribed. 



SPHERICAL POLYGONS AND PYRAMIDS. 

60. Definition. A aphericcU polygon is a portion Jr—^-^^a 

of the surface of a sphere bounded by three or y^ * /\ 

more arcs of great circles, as ABCD. ^\ — *^^/ I 

Since the planes of all great circles pass \ / / >w / 

through the centre of the sphere, the planes of \//^ \J 

the sides of a spherical polygon form, at the cen- ^ ^ 

tre Oy a polyedral angle of which the edges are the radii drawn to 
the vertices of the polygon, the face angles are angles at the centre 
measured by the sides of the polygon, and the diedral angles are 
equal to the angles of the polygon (57). 

Since in a polyedral angle each face angle is assumed to be less 
than two right angles, each side of a spherical polygon will be as- 
sumed to be less than a semi-circumference. 

A spherical polygon is convex when its corresponding polyedral 
angle at the centre is convex (VI. 67). 

A diagonal of a spherical polygon is an arc of a great circle join 
ing any two vertices not consecutive. 

, 61. JD^nition. A spherical triangle is a spherical polygon of three 
sides. It is called right angled^ isosceles, or equilateral, in the same 
cases as a plane triangla 

62. Definition. A spherical pyramid b a solid bounded by a spheri- 
cal polygon and the planes of the sides of the polygon ; as 0-ABCD. 
•The centre of the sphere is the vertex of the pyramid ; the spherical 
polygon is its base. 
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63. Symmebrieal Bpherieal triangles and polygons. Let ABC be • 
spherical triangle, and the centre of the 

sphere. Drawing the radii OA, OB^ OQ we 
form the triedral angle O-ABC, at the centre. 
The sides AB^ BC^ AQ of the triangle are 
respectively the 9ieasure8 of the face angles 
A OB, BOQ AOC, of the triedial angle ; and 
the angles A, B, Q of the triangle are respec- 
tively equal to the diedral angles at the edges 
OA, OB, 00, of the triedral angle (67). 

If the radii AO, BO, CO, are produced to meet the sur&ce of the 
sphere in the points A\ B\ C, and if these points are joined by arcs 
of great circles A'B', B'C, A'C, a triedral angle O-AB'C is 
formed symmetrical with 0-ABG (VI. 68), and its corresponding 
spherical triangle A' B'C is symmetrical with ABC 

The spherical pyramid O-A'B'C is also symmetrical with the 
spherical pyramid 0-ABC 

In the same manner, we may form two symmetrical polygons of 
any number of sides, and corresponding symmetrical pyramids. 

64. Two symmetrical spherical triangles, or polygons, are still 
called symmetrical in whatever position they may be placed on the 
surface of the sphere. If we place tiie symmetri- . 

cal triangles of the preceding figure with the yei^ 
tices A' and B' in coincidence with their homolo- 
gous vertices A and B, their third vertices C and 
C will lie on opposite sides of the arc AB. In 
this position, it is apparent that the order of ar- 
rangement of the parts in one toiangle is the 
reverse of that in the other, and that, in general, 
two symmetrical spherical triangles cannot be made to ooindde by 
superposition. 

65. There is, however, one exception to the last remark^ namely, 
the case of symmetrical isosceles trir 
angles. For, if ABC is an isosceles 
spherical triangle and AB =^ AC, 
then, in its symmetrical triangle we 
have A'B' = A'C, and consequently 
AB = A'C, AC = A'B', and smce 
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tbo ftngkB A tad ^' fti^ «qaal, if AB be placed on A'C, AC will 
fiill on its equal A'B' and the two triangles will coincide throughout 

66. In consequence of the relation established between polyedral 
angles and spherical polygons, it follows that from any property of 
polyedral angles we may infbr an analogous property of spherical 
polygons* 

Reciprocally, from apy property of spherical polygons we may 
infer an analogous property of polyedral angles^ 

The latter is in almost all cases the more simple mode of proce- 
dure, inasmuch as the comparison of figures drawn on the surface of 
a fpbere is nearly If npt quite as simple as the comparison of plane 
figures. 

67. D^biition. If from the vertices of a spherical triangle as 
poles, arcs of great circles are described, these arcs form by their 
intersection a second triangle which is called the polar triangle of tlie 
first. 

Thus, if ^, J? and C are the poles of the arcs 
of great circles, £'C\ A!C\ and J^B\ respec- 
tively, A'B'C is the polar triangle of ABC. 

Since all great circles, when completed, intersect 
«ach other in two points, the arcs B'G\ A!G\ 
A!B\ if produced, will form three other triangles ; 
but the triangle which is taken as the polar tri- 
angle is that whose vertex A!^ homologous to A^ lies on the same 
fide of the arc j5 (7 as the vertex A ; and so of the other vertices. 




^ 
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68. If A'B'C* is the polar triangle of ABC, then, reeiproeally^ 
iBC w the polar triangle of A'B'C. 

For, since A is the pole of the arc B'C, the 
point J3' is at a quadrant's distance from A ; and 
since C is the pole of the arc A'B', the point B' \a 
at a quadrant's distance from C; therefore, B' is 
the pole of the arc AC (38). In the same man- 
ner, it is shown that A' is the pole of the arc BC, 
and C the pole of the arc AB. Moreover, A and 
A' are on the same side of B'C, B and B' on the same side of A'C\ 

22» R 
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C aud C on the same side of A'B'; therefore, ABC is the polar 
triangle of ^'£'C". 




PEOPOSITION XVIIL— THEOBEM. 

69. In two polar triangles^ each angle of one is measured by the sup- 
plement of the side lying opposite to U in the other. 

Let ABC and A^B'C* be two polar triangles. 

Let the sides AB and A C, produced if necessary, 
meet the side j5' (7' in the points h and e. The 
vertex A being the pole of the arc ie, the angle 
A is measured by the arc he (57). 

Now, jB' being the pole of the arc Ac and C 
the pole of the arc Ah^ the arcs B'e and C'h are 
quadrants ; hence we have 

B'C -\- bc = jB'c + C'b = a semi-circumference. 

Therefore be, which measures the angle A, is the supplement of the 
Bide5'C"(IL 55). 

In the same manner, it can be shown that each angle of either 
triangle is measured by the supplement of the side lying opposite to 
it in the other triangle. 

70. SchoKum I. Let the angles of the triangle 
ABC be denoted by A, B and (7, and let the sides 
opposite to them, namely, BC, AC and AB, be 
denoted by a, b and c, respectively. Let the cor- 
responding angles and sides of the polar triangle 
be denoted by A\ B\ C, a', b' and c'. Also let 
both angles and sides be expressed in degrees 
(XL 54). Then, the preceding theorem gives the following relations : 

A + a' = B-{-V = C+o'z=^ 180^ 

A' + a =jB'+6 = C'-f o = 180^ 

also A — a = A' — a', etc. 

71. Scholium II. Two triedral angles at the centre of the sphere, 
corresponding to two polar triangles on the sur&ce, are called wp^ 
plmneniary triedral angles; for, it follows from the precedin/if 
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theorem^ and from the relation between any spherical polygon and 
its corresponding polyedral angle (60), that the diedral angles of 
either of these triedral angles are respectively the supplements of 
the opposite face angles of the other. 

PROPOSITION XIX.— THEOREM. 

72. TuDO triangles on the same sphere are eiUier equal or symmetrical^ 
when two sides and the included angle of one are respectively equal to 
two sides and the included angle of the other. 

In the triangles ABC and DEF, let the angle 
A be equal to the angle D, the side AB equal 
to the side DE, and the side A C equal to side 
DF. 

1st. When the parts of the two triangles are 
in the same order, ABC can be applied to 
DEF, as in the corresponding case of plane 
triangles (L 76), and the two triangles will 
coincide ; therefore, they are equal. 

2d. When the parts of the two tri- 
angles are in inverse order, let DE^Fhe 
the symmetrical triangle of DEF, and 
therefore having its angles and sides equal, 
respectively, to those of DEF. Then, in 
the triangles ABC and DE^F, we shall 
have the angle BA C equal to the angle 
E'DF, the side AB to the side DE\ and 
the side AC to the side DF, and these parts arranged in the same 
order in the two triangles; therefore, the triangle ABC is equal to 
the triangle DE'F, and consequently symmetrical with DEF, 

73. Scholium, In this proposition, and in those which follow, the 
two triangles may be supposed on the same sphere, or on two equal 
spheres. 

PROPOSITION XX.— THEOREM. 

74. Two triangles on the same sphere are either equal or symmetrical, 
when a side and the two adjacent angles of one are equcU respectively to 
a tide and the two adjacent angles of the other. 
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For, one of tlie triaDgles may be applied to tiie other, or to its 
Bymmet^ical triangle, as in the corresponding case of plane tri- 
angles (I. IS). 

PROPOSITION XXI.— THEOREM. 

75. Two triangles an ike same sphere are either equal or symmetrical, 
wheti the three sides of one are respeetvcdy equal to the three ddes of the 
other. 

For, their corresponding triedral angles at the centre of the sphere 
are either equal or symmetrical (VI. 71). 



PROPOSITION XXII.— THEOREM. 

76. If tu)o triangles on the same sphere are muJ^wUy equiangular^ 
they are also mutually equilateral; and are either equal or symr 
metrical 

Let the spherical triangles 
M and N be mutually equian- 
gular. 

Let iT be the polar triangle 
of Jf, and N' the polar triangle of iV. Since M and N are mutually 
equiangular, their polar triangles M' and N' are mutually equi- 
lateral (69) ; therefore, by the preceding proposition, the triangles M' 
and N' are mutually equiangular. But M' and N' being mutually 
equiangular, their polar triangles M and JV^are mutually equilateral 
(69). Consequently, Jlf and N are either equal or symmetrical (75). 

77. Scholium. It may seem to the student that the preceding 
property destroys the analogy which subsists between plane and 
spherical triangles, since two mutually equiangular plane triangles 
are not necessarily mutually equilateral. But in the case of spheri- 
cal triangles, the equality of the sides follows from that of the angles 
only upon the condition that the triangles are constructed upon the 
same sphere or on equal spheres ; if they are constructed on spheres 
of different radii, the homologous sides of two mutually equiangular 
triangles will no longer be equal, but will be proportional to the 
radii of the sphere; the two triangles will then be similar, as in the 
case of plane triangles. 
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FBOFO^nON XXIIL— THEOREM. 




78. in cm iaotceba qtherical frlangle, the angles opposite the equal 
tides are equal. 

In the spherical triangle ABC, let AB^^AC; a 

then, B= a 

For, draw the arc AD of a great circle, from the 
vertex A to the middle €ff the base BC, The tri- 
angles ABD and A CD are mutnally equilateral, 
and in this case axe symmetrical (75); therefore 

B=a 

79. OmUofry. Smce the triangles ABD and ACD are matuany 
equiangular, we have the angle BAD equal to the angle CAD, and 
the angle ADB equal to the adjacent angle ADC; therefore, the arc 
drawn from the vertex of an isosceles spherical triangle to the middle of 
the Sase is perpendicular to the base and also bisects the vertical angle, 

80. Seholum, This proposition and its coroUary may also be 
proved by applying the isosceles triangle to its symmetrical tri- 
angle (66). 



PEOPOSmON XXTW-THEOREM. 

8L Jff two angles of a spherical triangle are equaly the triangle is 
isosedes. 

In the triangle ABC let B = C\ then, 
AB = Aa 

For^l^A'B'O' be the polar triangle of ABC, 
Then, the sides A'B' and A'C are equal 
(90% and therefore the angles B' and C are 
equal (78). But since the angles B' and C ^ 
SM %qpBl in the triangle A'B'C\ the sides AB 
and AC are equal in its polar triangle ABC 
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PBOPOSITION XXV.— THEOREM. 

82. Any side of a spherical triangle is leas than the sum of ihA 
other two. 

Let ABC be a spherical triangle; then, 
any side, as J. (7, is less than the sum of the 
other two, AB and BC, 

For, in the corresponding triedral angle ^ 

formed at the centre of the sphere, we ' '' 

have the angle AOC less than the sum of ^ ^^ 
the angles AOB vm^ BOC (VI. 69); and 

since the sides of the triangle measure these angles, respectively, we 
\i9.yB AC < AB -{- BC. 

83. Corollary, Any side, AB, of a spherical 
polygon ABCDE is less than the sum of all the 
other sides. 

PROPOSITION XXVI.— THEOREM. 

84. In a spherical triangle, the greater side is opposite the greaixt 
angle; and conversely, 

1st In the triangle ^J^Csuppose ABO A CB\ 
then, AO AB, For, draw the arc BD making 
the angle DBC=DCB; then, the triangle BDC 
is isosceles (81), and DC= DB, Adding DA to 
each of these equals we have AC= DB + DA. 
But DB + DA> AB (82) ; therefore, A C > AB. 

2d. Conversely, in the triangle ^jBC suppose AO AB; then 
ABO ACB. For, if ABC were equal to ACB, AC would be 
equal to AB (81), which is contrary to the hypothesis ; and if ABC 
were less than A CB, A C would be less than AB, which is also con- 
trary to the hypothesis; therefore, ABC must be greater than ACB, 

PROPOSITION XXVII.— THEOREM. 

85. If from the extremities of one side of a spherical triangle two ares 
of great circles are drawn to a point wUhin the triangle, the sum of 
these arcs is less than the sum of the other two sides of the triangle. 
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In the spherical triangle ABC, let the arcs 
BD and CD be drawn to any point D within the 
triangle; then, DB + DC<AB + AC. 

For, produce BD to meet AC in E; then we 
have DC<DE+ EC (82) ; and adding BD to 
both members of this inequality, we have DB + i)(7 < BE + EG 
In the same manner, we prove that BE-\- EC <C AB -^ AC\ 
therefore, DB + DC<AB + AC. 




PROPOSITION XXVIIL— THEOREM. 

86. The sum of the sides of a convex spherical polygon is less than 
the circumference of a great circle. 

For, the sum of the face angles of the corresponding polyedral 
angle at the centre of the sphere is less than four right angles 
(VI. 70). 

PROPOSITION XXIX.— THEOREM. 

87. The sum of the angles of a spherical triangle is greater than 
tv)o, and less than six, right angles. 

For, denoting the angles of a spherical triangle 
by A, B, Cf and the sides respectively opposite to 
them in its polar triangle by a\ h\ c\ we have (70), 

^ = 180^-.a',J5 = 180^ — 6',C=180^— c', 

the sum of which is 

A + B+ C= 540^ — (a' + 6' + c'). 

But a' + 6' + c' < 360^ (86) ; therefore, A + B+C> 180^; 
that is, the sum of the three angles is greater than two right angles. 
Also, since each angle is less than two right angles, their sum is less 
than six right angles. 

88. Corollary. A spherical triangle may have two or even three 
right angles ; also two or even three obtuse angles. 

89. Definitions. If a spherical triangle ABC has 
two right angles, B and (7, it is called a bi-rectangtdar 
triangle ; and since the sides AB and A C must each 
pass through the pole of BC (58), the vertex A is 
that pole, and therefore AB and A C are quadrants. 
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If a triangle has three night auglea it k 
called a tri^edanguUxr MangU; eaeh ^ 
its sides is a quadrant, and each vertex is 
the pole of the opposite side. Three plai>e» 
passed through the centoe of the sphere, 
each perpendicular to the other two (VI. 48)| 
divide the surface of the sphere into eight 
tri-rectangular triangles, ABC^ A^BC, etc 





BATIO OF TH£ SUBFACES AND VOLUMES OF SPHERICAL 

FIGUREa 

do. De/mitioiu. A tune is a portioii of the surface 
of a sphere included between two semi-drcumferenods 
of great circles ; as AMBNA, 

A spherical unguLa^ or wedge, is a solid bounded by 
a lune and the two semicircles which intercept the 
lu&e on the surfSsu^ of the sphere^ ais the solid 
ABMANB, The common diameter AB, of the semi-^ 
circles, is called the edge of the ungula; f^ hme vH envied its 
hcLse. 

91. Defiviition, The excess of thd sum of the Utigfefif tit A q^rieaj 
triangle over two right angles is callisd the spherieal excess. 

If the angles of a spherical triangle ABC are denoted by A, B 
and C, and its spherical excess by Ey and if a right angid is the unit 
employed in expressing the singles, we shall httte 



PROPOSITION XXX.— THEORfiM. 

92. Two eymmetrieai sjAerieed tritmgies are equvdoteML- 
Let ABC and A'B'C be two symmetneal triangta widt tMr 
bomologous vertices diametrically oppobife" to each other on the 
sphere. Let P be th« pole of the small eircle^ which piMBS thrdfrgh 
the three points A, B and C. The great cirdie ares PA^ PB, PGg 
are equal (36). 
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Draw the diameter POP* and the great 
circle arcs P'A\ P'B', P*C'\ these arcs 
being equal, respectively, to PA^ PB, PC, 
are also equal to each other. 

The triangles PAB, P'A'B\ are mu- 
tuallj equilateral, and also isosceles; 
therefore, they are superposable (65) and 
are equal in area. For the same reason 
the triangle PA C is equivalent to the tri- 
angle P'-4'C", and PBC is equivalent to P'B'C. Therefore the 
triangle ABG, which is the sum of the triangles PAB, PAC and 
PBC, is equivalent to its symmetrical triangle A'B'C which is the 
sum of the triangles P'A'B\ P'A'C and P'B'C\ 

If the pole P should fall without the triangle ABC, the triangle 
would be equivalent to the sum of two of the isosceles triangles 
diminished by the third ; but as the same thing would occur for the 
symmetrical triangle, the conclusion would be the same. 

93. CoToUary I. If the arcs of two great 
circles, ACA\ BCB', intersect on the sur- 
face of a hemisphere, the sum of the oppo- 
site triangles A CB, A' CB', is equivalent to 
a lune whose angle is the angle ACB, 
formed by the gfe&t circles. 

For, completing the great circle BCB' C, 
the triangles ACB\ ACB, are symmetri- 
cal, and therefore equivalent. Hence, the sum of ACB and ACB' 
is equivalent to the sum of A CB and A C*B, that is, to the lune 
ACBC'A, whose angle is the angle ACB, 

94. CoroUary II. The reasoning employed in the demonstration 
of the theorem may be applied also to the pyramids whose bases are 
two symmetrical triangles. Hence, two syminetriccU spherical triangu- 
lot' pyramids are equivalent. 

Also by the reasoning in Corollary I. we infer that iJie sum of ilie 
ffolumes of two sphericdl triangular pyramids the sum of whose bases is 
equivalent to a lune, is equal to the volume of the ungtUa whose base is 
that lune, 

23 
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PROPOSITION XXXI.— THEOREM. 

95. A lune is to the surface of the sphere cu the angle of the lune is to 
four right angles. 

Let ANBMA be a lune, and let MNP be ^--4?*^ 

the great circle whose poles are the ex- /^ j \ \v\ 

tremities of the diameter J.J&. / • l*\m 

Let the circumference of the circle MNP pf^-- •l.-l--»-^ii< 

be divided into any number of equal parts \ — hn'^^i^/ 
Ma, ab, etc. ; and let planes be passed \ j / //,// 

through the diameter AB and each of the ^ — b'^^^ 

points of division. The whole surface of 

the sphere will evidently be divided into equal lunes of which the 
given lune will contain the same number as there are parts in the 
arc MN, Hence, whether the number of the parts in MN and the 
number of the parts in the whole circumference MNP, are commen- 
surable or incommensurable, the ratio of the lune ANBMA to the 
surface of the sphere is the same as the ratio of the arc MN to the 
circumference MNP ; or, since MN is the measure of the angle of 
the lune, and the circumference MNP is the measure of four right 
angles, the lune is to the surface of the sphere as the angle of the 
lune is to four right angles. 

96. Corollary I. Two lunes, on the same or on equal spheres, are 
to each other as their angles. 

97. Corollary IL If we denote the surface of the tri-rectangular 
triangle by T, the surface of the whole sphere will be 8T (89); 
therefore, denoting the surface of the lune by L and its angle by A^ 
the unit of the angle being a right angle, we have 

-- = --, whence L= TX2A. 
8!r 4 

If, further, we take the tri-rectangular triangle as the unit of sor- 
&ce in comparing surfaces on the same sphere, we shall have 

L = 2A; 

that is, a right angle being the unit of angles, and the tri^edangular 
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triangle ike unU ofq^herietU mrfaees^ ike area of a lune is eacpreesed ly 
iwiee Ub angle. 

98. CoroBaary TIT. The trirTectangvlar spherical pyramid (that 
whoee base is the tri-rectangular triangle) being taken as the unit of 
volume, the same reasoning may be employed to prove that ihe 
volume of an ungula will he expreesed by twice its angle. 



PBOPOSITION XXXn.— THEOREM. 

99. The area of a ephericai triangle ia equal to its spherical excess 
(the right angle being the unit of angles and the tri-rectangular 
triangle the unit of areas). 

For, let ABC be a spherical triangle. Complete the great circle 
ABA'B\ and produce the arcs AC and BC 
to meet this circle in A' and B'. 

We have, by the figure, 

ABC+A'BC =lune^ 
ABC+AB'C =lune-B, 

and by (98) 

ABC +A'B'C= lune C. 

The sum of the first members of these equations is equal to twice 
the triangle ABQ plus the four triangles ABC, A'BC, AB'C^ 
A'B^Ct which compose the surface of the hemisphere. With the 
system of units adopted, the surface of the hemisphere is expressed 
by 4; therefi)re, denoting the area of the triangle ABC by K, and 
the numerical measures of its angles by A, B and C, we have (97), 

2K+ A = 2A + 2B + 2Q 
whence 

K=A + B+C — 2 = spherical eoccess. 

100. Corollary, The same reasoning, in connection with (94) and 
(98), may be employed to prove that, if Fis the volume of a spheri- 
cal triangular pyramid whose base is the spherical triangle ABC, 
and if the unit of volume is the volume of the tri-rectangular spheri* 
cal pyramid, we shall have 

r=A + B+ C—2. 
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101. Scholium, It must not be forgotten that the preceding results 
are merely the expression of the ratios of the figures considered to 
the adopted units. For example, suppose the angles of a spherical 
triangle are given in degrees as follows : A = 80^, B = 100^, 
C = 120^ ; then, reducing them to the right angle as the unit, 

^_80_ 100 120___2 = 4 
90 ^ 90 ^ 90 3 

therefore, the area of thb triangle is ^ of the area of the tri-rectangu- 
lar triangle. 

Also, the volume of the spherical pyramid of which this triangle 
is the base is ^ of the volume of the tri-rectangular spherical 
pyramid. 

Hence, also, it follows that the volumes of two triangular spherical 
pyramids are to each other as the areas of their bases. 




PROPOSITION XXXni.— THEOREM. 

102. The area of a spherical polygon is measured by the sum of its 
angles minus the product of two right angles multiplied by the number 
of sides of the polygon less two, ^ 

Jjet ABCDE be a spherical polygon. From /^^^^^'N. 
any vertex, as A, draw the diagonals AC, AD; / ^ ^ \^ 
the polygon will be divided into as many tri- ^ ^^3-0 

angles as there are sides less two. The surface X_^. — ""^ 

of each triangle is measured by the sum of its 
angles minus two right angles ; and the sum of all the angles of the 
triangles is equal to the sum of the angles of the polygon ; therefore 
the surface of the polygon is measured by the sum of its angles 
minus two right angles multiplied by the number of triangles, that 
is, by the number of sides of the polygon less two. 

103. Corollary I. Denoting the number of sides of the polygon 
by n, the sum of its angles by S, and its area by K, then, with the 
adopted system of units, we have 

K=S—2(n — 2) = 5— 2n + 4. 

104. Corollary II. The tri-rectangular pyramid being taken as the 
anh of volume, the volume of any spherical pyramid will have the 
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■am« amneiical expression as the area of its base ; tliat is, the volume 
ef a ^herieal pynanid u to the volume of the Iri-redangular pyramid 
oi the bate of the pyramid it to the Iri^eelangular triangle. 

Now the volume of the tri-rectangular pyramid is one-eighth of the 
▼olome of the sphere, and the tri-rectangular triangle is one-eighth of 
the surface of the sphere; therefore, ^ vo/ume of a epherieal pyramid 
ia to the volume of the sphere at He bate it to the turfaee of the sphere. 



SHOBTEST LINE ON THE SURFACE OF A SPHEBE 
BETWEEN TWO POINTS. 

PEOPOSITION XXXIV.— THEOREM. 

105. TIte shorted line that can be drawn on the mrface of a epliere 
between Ivio points is the arc of a great circle, not greater than a semi- 
idraimference, joining the two points. 

Let AB be an arc of a great circle, less than 
a semi-cireumference, joining any two points A 
and B of the sar&ce of a sphere ; and let C 
be any arbitrary point taken in that arc Then 
we say that the shortest line from A to £, on 
the surface of the sphere, must pass through 0. 

From A and B as poles, with the polar dis- 
tances J (7 and BG, describe circumferences on the surface; these 
circumferences touch at G and lie wholly without each other. For, 
let 3f be any point in the circumference whose pole is A, and draw 
the arcs of great circles AM, BM, forming the spherical triangle 
AMB. We have, by (82), AM+ BM> AB, and subtracting from 
the two membeiB of this inequality the equal arcs AM and A C, we 
have BM > BC; therefore, M lies without the circumference whose 
pole is B. 

Now let AFQB be any line from A to £, on the surface of the 
sphere, which does not pass through the point C, and which therefore 
cute the two circumferences in different paints, one in F, the other in 
Q. Whatever may be the nature of the line AF, an equal line can 
be drawn from j1 to C; for, if AC and AF be conceived to be drawn 
on two equal spheres having a common diameter passing through A, 
and therefiire having their surfaces in coincidence, and if one of 
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these spheres be turned upon the common diameter as an axis, tihe 
poiQt A will be fixed and the point F will come into coincidence with 
C; the surfaces of the two spheres continuing to coincide, the line 
AF will then lie on the common surface between A and d For the 
same reason, a line can be drawn from JS to C, equal to BO. There- 
fore, a line can be drawn from Ato B^ through Q equal to the sum 
of AF and BO, and consequently less than any line AFOB that does 
not pass through C. The shortest line from Aix> B therefore passes 
through C, that is, through any, or every, point mAB; consequently 
it must be the arc AB it8el£ 
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MSASUREHEST OF THE THREE BOUND BODIES. 



THE CYLINDER 




1. DxFnriTiorr. The area of the conv^, or lateral, sur&ce of a 
cylinder is called its lateral area. 

2. Definition, A prism is interihed in a 
cylinder when its bases are inscribed in the 
bases of the cylinder, 

Jf a polygon ABCDEF is inscribed in 
the base of a cylinder, planes passed 
through the sides of the polygon, parallel 
to the elements of the cylinder, intersect 
the cylinder in parallelograms, ABB'A', 
etc. (VUL 6), which evidently determine " ^ 

a prism inscribed in the cylinder. 

3. DefSntftbn. A prism is arcMmaeribed abovi a cylinder when iti 
bases are circumscribed about the bases of the cylinder. 

If a polygon ABCD is circumscribed 
about the base of a cylinder, planes 
passed through the sides of the polygon, 
parallel to the elements of the cylinder, 
will evidently contain the elements, aa,', 
U', etc., drawn at the points of contact, 
and be tangent to the cylinder in these 
elements. The intersection of these 
planes with the plane of the upper base 
of the cylinder will there&re determine 
a polygon A'B'C'D', equal to ABCD, 
circumflcribed about the upper base, and a prism will be fitrmed whicb 
it dimiiHcrtbed about the cylinder. 
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BEOKXIBT. 



4. D^ition. A right teetion of a cylin- 
der is a section made by a plane perpen- 
dicular to its elements ; as abcdef. 

The intersection of ttie same plane with 
an inscribed or circumscribed prism is a 
right section of the prism. 



5. Dejmitum. ^milar eylindert of revolution are those which 
are generated by similar rectangles revolving about homologous 




PE0P08ITI0N I.— THEOREM. 

6. A eylinder is the limit of the inacribed and eiretanserihed pritnu, 
the number of whose faces is indejmitely increased. 

Let any polygon abed be inacribed in the base of the cylinder ae' 
and at the vertices of this polygon let 
tangents be drawn to the base of the 
cylinder forming the circumscribed poly- 
gon ABCD. Upon these polygons aa 
bases let prisma be formed, inscribed in, 
and circumscribed about, the cylinder. 
We shall assume, as evident, that the 
convex surface of the cylinder is greater 
than that of the inscribed prism and 
less than that of the circumscribed 
prism.* 

Suppose the arcs oh, be, etc., to be bisected and polygons to !>• 
formed having double the number of sides of the first; and upon 
these as bases suppose prisms to be constructed, inscribed and circum- 
scribed, as before; and let this process be repeated an indefinite 
number of times. The difi'erence between the convex surface of the 
inscribed prism and that of the corresponding circumscribed prism 
will continually diminish and approach to zero as its limit. There 
* A proof, however, can be giveo snUogous to that of (V. 32). 
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fbre tbne convex fiut-faces themselves approach to the convex surface 
of the cylinder as their common limit 

At the same time, it is evident that the volumes of the inscribed 
and circumscribed prisms approach to the volume of the cylinder as 
their common limit 

7. Scholivm. In the preceding demonstration, the base of the cylin- 
der is not required to be a circle, but may he any closed convex 
curve. We have, however, tacitly assumed that the curve is the 
limit of the perimeters of the inscribed and circumscribed polygons ; 
a principle which was rigorously proved in the case of regular poly- 
gons inscribed in a circle. 



PROPOSITION U.— THEOREM. 

8. The lateral area of a cylinder u equal to (he product of fA« 
perimeler of a right section of the cylinder by an dement of the 
turfaee. 

Inst ABCDEF be the base and AA ' any v x- 

element of a cylinder, and let the curve 
abedefbe any right section of the sur&ce. 
Denote the perimeter of the right section 
by P, the element A A ' by E, and the lat- 
eral area of the cylinder by S, 

Inscribe in the cylinder a prism 
ABCDEFA' of any number of faces. 
The right section, abedef, of this prism will 
be a polygon inscribed in the right section ^ ° 

of the cylinder formed by the same plane. 

Denote the lateral area of the prism by «, and the perimeter of ila 
right section by j>; then, the lateral edge uf the prism being equal 
to E, we have CVU. 16), 

»=p XE 

liet the number of lateral faces of the prism be indefinitely increased, 
as in the preceding proposition.; then s approaches indefinitely to 3 
as its limit, and p approaches to P; therefore, at the limit, we havF- 
(V.Sl), 

S=PX K 
23»» s 
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9. ChroBary L The lateral area of a right cylinder ie equal to tb« 
product of the perimeter of Its base by its altitude. 

10. Corollary II. ]>t a cylinder of revolution be 
generated by the rectangle whose sides are R and S 
revolving about the side H. Then, R is the radius of 
the base, and H is the altitude of the cylinder. The 
perimeter of the base is 2r£ (V. 40), and hence, Jbr 
the lateral area 8 we have the expression ^'- — -^ 

8=2^RJS. 

The area of each base is kR* (V. 43) ; hence the total area T of 
the cylinder of revolution, is expressed by 



11. CkavOary III. Let <S Mid « de- 
note the Ial«ra] areas of two similar 
cylinders of revolution (4) ; T and t 
their total areas ; R and r the radii 
of thdr bases ; ff and h their alti- 
tudes. The generating rectangles be- 
ing umilar, we have (III. 12) 






k r *+r ' 




S iiEB B H H^ B- 




< 2w* r 4 *• i-'" 


T_ 
t 


2»r(4 + r) r 4 + r V 



That is, the lateral areat, or the total area*, of timilar eylinden of rew- 
Iviion are to each oth^ aa the eqaarea of thHr altUudee, oraathe tquartt 
, of Ae radii of their baaet. 
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KIOPOSITION III.— PROBLEM. 

12. The vokane of a cylinder u equal to the product of iis baae by tit 
tUtittide. 

Let the volume of the cylinder be denoted 
by V, itH base by B, and its altitude by S. 
Let the volume of an inecribed priam he de- 
noted by V, and its base by B'; its altitude 
will also be .B; and we aball have (VIL 38) 

V' = B'X H. 
Let the number of feces of the prism be 
indefinitely increased, as in (8) ; then the limit 
of r' is F, and the limit oS B'wB; therefore (V. 31), 




13. Corollary I. Let V be the volume of a cylinder of revolution, 
B the ladiuB of its base, and H its altitude ; then the area of ita 
base is nB^ (V. 43); and therefore 

F= "B'H, 

14. QnvUary II. Let V <ind v be the volumes of two similar cyl- 
inders of revolution ; S and r the radii of their bases ; H and h 
their altitudes; then, the generating rectangles beuig similar, we 
have 

?=^ 

h 7 
and 



jrr'A 



ii' S S' 



that is, the tohanet of eimUar cylinderi of rewlvtion are to each other 
at Ae tnAm iff 1A«h- aUiiudet, or aa the cubee of their radii. 
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THE CONE. 

15. Definition. The area of the convex, or lateral, surface of a cone 
is called its lateral area. 

16. Definition. A pyramid is inscribed in a 
cone when its base is inscribed in the base of 
the cone, and its vertex coincides with the 
vertex of the cone. 

If a polygon ABCD is inscribed in the base 
of a cone and planes are passed through its 
sides and the vertex 8 of the cone, these 
planes intersect the convex surface of the 
cone in right lines (VIII. 18) and determine 
a pyramid inscribed in the cone. 

17. Definition. A pyramid is dreum- 
scribed about a cone when its base is cir- 
cumscribed about the base of the cone, and 
its vertex coincides with the vertex of the 
cone. 

If a polygon ABCD is circumscribed 
about the base of a cone, its points of con- 
tact with the base being a, i, e, e2, and 
planes are passed through its sides and the 
vertex 8 of the cone, these planes will be tangent to the cone m 
the elements Sa, Sb, etc. (VIII. 21), and will determine a pyramid 
circumscribed about the cone. 

18. Definition. A truneaied cone is the portion of a cone included 
between its base and a plane cutting its convex surface. 

When the cutting plane is parallel to 
the base, the truncated cone is called a 
frustum of a cone; as ABCD-abcd. The 
altitude of a frustum is the perpendicular 
distance Tt between its bases. 

If a pyramid is inscribed in the cone, 
the cutting plane determines a truncated 
pyramid inscribed in the truncated cone; 
and if a pyramid is circumscribed about 





-f 
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the cone, the cuidng plane deternaines & tniDcated pyramid circum- 
Bcribed about the truncated cone. 

19. J)efintiion. In a cone of revolution, as 
S~ABC, generated by the revolution of the 
right triangle SA about the axia SO, all the 
elements, SA, SB, etc., are equal ; and any ele- 
ment 18 called the ilant height of the cone. 

In a cone of revolution, the portion of an ele- 
ment included between the parallel bases nf a 
frustum, as Aa, or Bb, ia called the »lant height 
cf the fivilum. 

20. Definition. SimilaT eonet of revolution are those which are 
generated by similar right triangles revolving about homologous 
sides. 

PBOPOSITION IV.— THEOREM. 

21. A cone u the HmU of the inMfribed iMid eireumter^ed pyramids, 
the number of whose facet is indefinite increased. 

The demonstration is precisely the same as that of Proposition I,, 
auhstituUng a cone for a cylinder, and pyramids for prisms. 

22. Corollary. A frustum of a cone ia the limit of the frustums of 
the inscribed and circumscribed frustums of pyramids, the number 
of vhose faces ia indefinitely increased. 



PBOPOSITION v.— THEOREM. 

23. The lateral area of a cone of revolution is equal to the prodvet 
of the eireumferen.ee of its base by half its slant height. 

Let 8-MNPQ be a cone generated by the ^ 

revolution of the right triangle SOM about 
the axis SO. Denote its lateral area by S, 
the circumference of its base by C, and its 
slant height iSlf by L. 

Circumscrilie about the base any regular 
polygon ABCB, and upon this polygon as a 
base construct a regular pyramid S-ABCD 
fircumscribed about the cone. Denote the 
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lateral area of ibe pyramid hy i, and the perimeter of its base oj 
p ; its slant height is the same as ^at of the cone, since it is an ele- 
ment of contact, as 8Mor SN; dierefore, we have (VIL 47), 
L 



The number of lateral faces of the pyramid being indefinitely in- 
creased, $ approaches indefinitely to i^ and p approaches indefinitely 
to C; therefore, at the limit, we have (V. 31), 



24 Corollary L If £ is the radius of the base, we have C = 2jsJt 
CV. 40); hence 

The area of the base being n^, the total area T of the cone is 

r= kRL + nB' = »fi (£ + R)- 
25. CaroUary II. Hence, by the same process as was employed in 
(11), we can prove that the lateral areat, or Ike total areas, of Hmilar 
cones of revolution are to each other at the gquaret of their ilant heights, 
or aa the tquarei of tAetr altitudee, or at the tgvares of <&« radii of 
Iheirhaaei. 

PEOPOSITION Vi.-THEOREM. 

28. The laieral area of a frustum of a cone of revolution it equal to 
the half mm of the circumfer&uxs of its bases muUiplied by its tlanl 
heighL 

The plane which cuts ofi" the frustum » 

MNPm, from tlie cone S-MNP, also cuts 
off from any circumscribed pyramid a 
frustum, as ABCDa, the lateral area of 
which is equal to the half sum of the pe- 
rimeters of its hoses multiplied by its slant 
height Mm (VII. 48). When the number 
of &ces of the frustum of the pyramid is 
indefinitely increased, its lateral area ap- 
proaches indefinitely to that of the frustum 
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of the cone, and the perimeters of its bases approach indefinitely to 
the circumferences of the bases of the frustum of the cone; and the 
slant height Mm is common. Hence, if we express by area Mm^ 
the area of the surface generated by the revolution of Mm about 
the axis, which is the lateral area of the frustum of the cone ; and 
by drc. OMy and drc. om, the circumferences of the bases whose radii 
are OM and om ; we shall have, at the limit, 

area Mm = ^ (eire. OM -f" cvf^ <wfi) X Mm. 

27. Corollary. Let IK be the radius of a 
section of the frustum equidistant from its 
bases; then,IK'=i(OJf + om), (1. 124), and 
since circumferences are proportional to their 
radii, dre. IK=i(joirc. OM -{- dre. om); 

therefore, 

area Mm = drc IK X Mtn; 

that is, the lateral area of a frustum of a cone of revohUion is equal 
to the dreumference of a section equidistant from its bases multiplied by 
Ha slant heighL 

PROPOSITION VIL— THEORIEM. 

28. The volume of any cone is equal to one-ihird of the product of 
its base by its altitude. 

Let the volume of the cone be denoted by 
F, its base by B, and its altitude by H. 

Let the volume of an inscribed pyramid be 
lenoted by F', and its base by JS'; its alti- 
tude will also be H, and we shall have 
(VII 64), 

r = iB'XH. 

When the number of lateral fitces of the 
pyramid is indefinitely increased, V approaches indefinitely to Vf 
and JB' to JB; therefore, at the limit, we have 




V=iBXB. 



280 OEOHETRT. 

29. CoroUary I. If the coDe is a cone of revolution, let Rbetkt 
radius of the base, then B ^ jtR', and we have 

30. Corollary II. Let R and r be the radii of the bases of twa 
BimiUr cones of revolution ; H and k their altitudes, V and v their 
volumes; then, the generating triangles being similar, we have 



and hence 

V_ i^.R\S _R' M^B^^R*, 
V ^t.r'.h r'' A A' r* ' 

that is, eimilar eonee of revolution are to each other at tha cuies of (Aeir 
altitiides, or aatke cubee of the radii oj their bases. 

PEOPOSITION VIII.— THEOREM. 

31. Afivetum of any eone is equivalent to the sum of three const 
vihoee common altitude is tlie altitude of the frustum, and whose bases 
are the lower base, the upper base, and a mean proportional between 
the bases of the frustum. 

Let V denote the volume of the frustum, -^y^j^ 

B its lower base, i its upper base, and h its y' /// 

altitude. /^-'''''r--^^ 

Let F' denote the volume of an inscribed v^-,, / .^"^ 
frustum of a pyramid, B' its lower base, and h' 
its upper base; its altitude will also be Ar *°d we shall havu 
(VIL 59), 

y = \h{B' •{.},' •{■VWV). 

When the number of lateral feces of the frustum of a pyramid is 
indefinitely increased, V, 5'and 6', approach indefinitely to F, £ 
and h, respectively ; therefore, at the limit, we have 

F=iA(B + ft + ,/56), 
which is the algebraic expression of the theorem. 
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32. (hroUary. If the frustum is that of a cone of revolution, and 
ihe radii of its bases are 12 and r, we shall have 

and consequently, 

r=l^.h{B' + r' + Rr). 




THE SPHERE. 

33. Defmition. A spherical segment is a portion of a sphere in- 
cluded between two parallel planes. 

The sections of the sphere made by the parallel planes are the 
bctses of the segment ; the distance of the planes is the altitude of the 
segment. 

Let the sphere be generated by the revolution of 
the semicircle £BF about the axis EF; and let Aa 
and Bb be two parallels, perpendicular to the axis. 
The solid generated by the figure ABba is a spheri- 
cal segment ; the circles generated by Aa and Bb are 
its bases ; and ah is its altitude. 

If two parallels Aa and TE are taken, one of 
which is a tangent at E, the solid generated by the 
figure EAa is a spherical segment having but one 
base, which is the section generated by Aa, The segment is still in- 
cluded between two parallel planes, one of which is the tangent 
plane at E, generated by the line ET. 

34. Definition, A zone is a portion of the surface of a sphere in- 
cluded between two parallel planes. 

The circumferences of the sections of the sphere made by the 
parallel planes are the bases of the zone ; the distance of the planes 
is its altitude. 

A zone is the curved surface of a spherical segment. 

In the revolution of the semicircle EBF about EF, an arc AB 
generates a zone ; the points A and B generate the bases of the zone ; 
and the altitude of the zone is ab. 

An arc, EA, one extremity of which is in the axis, generates a 

24* 
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zone of one base, which is the circumference described by the ex- 
tremity A, 

35. Definition, When a semicircle revolves about its diameter, the 
solid generated by any sector of the semicircle is called a spherical 
sector. 

Thus, when the semicircle EBF revolves about EF, the circular 
sector COD generates a spherical sector. 

The spherical sector is bounded by three curved surfaces ; namely, 
the two conical surfaces generated by the radii OCand OD, and the 
zone generated by the arc CD. This zone is called the base of the 
spherical sector. 

PROPOSITION IX.— LEMMA. 

36. The area of the surface generated by a straight line revolving 
aboid an axis in its plane, is equal to the projection of the line on the 
axis multiplied by the circumference of the circle whose radius is the 
perpendicular erected at the middle of the line and terminaied by the 
axis. 

Let AB be the straight line revolving about 
the axis XY; ab its projection on the axis ; 01 

the perpendicular to it, at its middle point 7, -^a 

terminating in the axis ; then, iL\ 

area AB =z ab X dre. OL ^ — -i— ^v^ 

For, draw IK perpendicular, and AH par- 
allel to the axis. The area generated by AB is 
that of a frustum of a cone ; hence (27), 

area AB = AB X circ IK. 

Now the triangles ABH and lOK, having their sides perpendicular 
each to each, are similar (III. 33), hence 

AH or ab:AB = IK: 01, 

or, since circumferences are proportional to their radii, 

ah : AB = drc IK: dre. 01, 
wbeMice 
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therefore^ 



ABXdrc IK^ abXcirc 01 



area AB = ab X drc 01. 



If AB is taken parallel to the axis, the result is 
the same, and in fact has already been proved, since 
in this case the surface generated is that of a cylin- 
der whose radius is 01 and whose altitude is <d> (9). 



A 
1 



a 
O 
b 



PROPOSITION X.— THEOREM. 

37. The area of a zone is eqtial to the product of Us aUiiude by the 
circumference of a great circle. 

Let the sphere be generated by the revolution of 
the semicircle fJ^i^ about the axis EF\ and let the 
arc AD generate the zone whose area is required. 

Let the arc AD be divided into any number of 
equal parts, AB, BC, CD. The chords AB, BC, 
CD, form a regular broken line, which differs from a 
portion of a regular polygon only in this, that the 
arc subtended by one of its sides, as AB, is not 
necessarily an aliquot part of the whole circumfer- 
ence. The sides being equidistant from the centre, a circle described 
with the perpendicular 01, let fall from the centre upon any side, 
would touch all the sides and be inscribed in the regular broken line. 
Drawing the perpendiculars Aa, Bb, Cc, Dd, we have by the preced- 
ing Lemma, 

area AB = cJ> X circ. 01, 
area BC = bc X circ. 01, 
area CD = ed X drc 01, 

the sum of which is 




or 



area ABCD = (ab + be + cd) X eirc. 01, 



area ABCD = ad X circ OL 



This being true whatever the number of sides of the regular broken 
line, let that number be indefinitely increased ; then area ABCD^ 



tO 
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generated by the broken line, approaches indefinitely to the area of 
the zone generated by the arc AD, and dre. 01 approaches indefi- 
nitely to circ, OE, or the circumference of a great circle ; hence, at 
the limit, we have 

area of zone AD = od X circ. OE^ 

which establishes the theorem. 

38. Corollary I. Let 8 denote the surface of the zone whose alti- 
tude is Hf the radius of the sphere being R ; then, 

8 = 2r.RH. 

39. Corollary II. Zones on the same sphere, or on equal spheres, 
are to each other as their altitudes. 

40. Corollary III. Let the arc AD generate a zone ^ 
of a single base ; its area is d/^^^ 

AdX2n.OA = 7:.AdXAB = 7:. AD^ (IIL 47) ; / 

that is, a zone of one basie is equivalent to Vie circle \ 
whose radius is the chord of the generating arc of the \ 
zone. ^^ 

PROPOSITION XL— THEOREM. 

41. The area of the surface of a sphere is equal to the product of its 
diametertiy the circumference of a greaJt circle. 

This follows directly from the preceding proposition, since the sur- 
face of the whole sphere may be regarded as a zone whose altitude is 
the diameter of the sphere. 

42. Corollary I. Let 8 denote the area of the sur&ce of a sphere 
whose radius is R ; then 

flf=27rjBx 2jB = 47rjB«; 

that is, the surface of a sphere is equivalent to four great circles. 

43. Corollary II. Let 8 and 8' be the surfaces of two spheres 
whose radii are R and R' ; then, 

8 ^ 47rR* (2Ry R* 

8' "" 47ri2'« "" (2jB')' "~ ii"' 
hence, the surfaces of two spheres are to each other as the squares of 
their diameters, or as the squares of their radii. 
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PROPOSITION XIL— LEMMA. 

44. If a triangle revolves ahaut an cuna situated in its plane and 
passing through the vertex uoitiiovi crossing its surface, the volume 
generated is equcU to the area generated by the base multiplied by one' 
third of the altitude, 

liCt ABC be the triangle revolving about an axis XY passing 
through the vertex A ; then, the volume generated is equal to the 
area generated by the base BC multiplied by one-third of the alti- 
tude AD. 

We shall distinguish three cases : 

1st When one of the sides of the triangle, as AB, lies in the axis. 
(Figs. 1 and 2.) 



llg.1. llg.2. 



c 




G 



A E 



D 

Draw CE perpendicular to the axis. According as this perpen- 
dicular fitlls within the triangle (Fig. 1) or without it (Fig. 2), the 
volume generated is the sum or the difference of the cones generated 
by the right triangles ACE and BCE. The volumes of th^e cones 

are (29), 

vol ACE=in. CE* X AE, 

vol.BCE=in.CE*XBE; 

if we take their sum, we have in Fig. 1, AE + BE=^ AB; if we 
take their difference, we have in Fig. 2, AE — BE = AB; there- 
fore, in either case, 

voLABC=i^.CE'xAB=^i7c.CEX CEXAB; 

or, since CEX AB and BCX AD are each double the area of the 
triangle, (IV. 13), 

voLABC=i7:.CExBCxAD. 

But TT. CE X BC IS the measure of the surface generated hj BO 
(24) ; therefore, 

vol, ABC = area BC X i AD. 
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2d. When the triangle has only the 
▼ertex A in the axis, and the base BO 
when {Produced meets the axb in F 
(Fig. 3). -3 

The volume generated is then the 
difference of the volumes generated by the triangles J. (ZP and ABF^ 
and, by the first case, these volumes are 

volACF= area FC X I AD, 
vol. ABF = area FB X \AD, 

the difference of which is 

vol. ABC= (area FC— area FB) X \AD = area BC X ^AD. 

3d. When the triangle has only the vertex A in the axis^ and the 
base BGia parallel to the axis (Figs. 4 and 5). 



llg.4. 



Flg.fi. 



O D 




K A 




The volume generated is the sum (Fig. 4), or the diffei'ence (Fig. 
5), of the volumes generated by the right triangles ABD and A CD, 

Draw J^^and Cf perpendicular to the axb. The volume gener- 
ated by the triangle ABD is the difference of the volumes of the 
cylinder generated by the rectangle ADBH and the cone generated 
by the triangle ABH; therefore, 

vol. ABD = n . AD* X BD'-i7c.AD*XBD = iic.IS^xBD 
= 2n.ADxBDx \AD, 

or, since 2t: . AD X BD is the lateral area of the cylinder geneiv 
ated by the rectangle AHBD (9), 

vol ABD = area BD X \AD\ 
and in the same manner we have 



vol ACD = area CD X iAD. 
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Taking the sum of these (Fig. 4), or their difierence (Fig. 5), we 

have 

vol. ABC= area BC X i^D. 

llierefore, in all cases, the volume generated by the triangle is equal 
to the area generated by its base multiplied by one-third of its 
altitude. 



PROPOSITION Xin.— THEOREM. 

45. The volume of a spherical sector is equal to the area of the zone 
which forms its base multiplied by one-third the radius of Vie sphere. 

Let the sphere be generated by the revolution of 
the semicircle £J?jP about the axis EF\ and let the 
circular sector AOD generate a spherical sector 
whose volume is required. 

Inscribe in the arc AD a regular broken line 
ABCDf as in Proposition X., forming with the 
radii OA and OD a regular polygonal sector 
OABCD. Decompose this polygonal sector into 
triangles AOB^ BOC, COD, by drawing radii to 
its vertices. Taking the sides AB, BC, CD, as bases, the perpen- 
dicular 01 from the centre upon any side is the common altitude 
of these triangles. 

The volume generated by the polygonal sector is the sum of the 
volumes generated by the triangles, and the volume generated by 
any triangle is equal to the area generated by its base multiplied by 
one-third of its altitude 01 (44) ; therefore, 

vol. OABCD = area ABCD X — 

o 

When the number of sides of the regular polygonal sector is in- 
definitely increased, vol. OABCD approaches indefinitely to the 
volume of the spherical sector OAD, area ABCD to the area of the 
zone ADf and 01 to the radius OA of the sphere ; therefore, at the 
limit, we have 

voL spherical sector OAD = zone -4 2> X \0A ; 

which establishes the theorem. 
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PROPOSITION XIV.— THEOREM. 

46. The volume of a sphere is equal to the area of Us surfa^ce tnufii- 
plied by one-iMrd of its radius. 

This follows directly from the preceding proposition ; for, if a cir- 
cular sector is increased until it becomes the semicircle which gener- 
ates the sphere, the spherical sector which it generates becomes the 
sphere itself, and its surface becomes the surface of the sphere. 

47. Corollary I. If V denotes the volume of a sphere whose radius 
is R, we have (42) 

Or, if 2> is the diameter of the sphere, whence D* = (2/2)" = SR\ 

F=i7r.2>». 

48. Corollary II. The volumes of two spheres are to each other as ths 
cubes of their radii, or as the cubes of their diameters. 



PROPOSITION XV.— THEOREM. 

49. The solid generated by a circular segment revolving about a 
diam^eter exterior to it, is equivalent to one-sixth of the cylinder whose 
radius is the chord of the segment and whose altitude is the projection 
of thai chord on the axis. 

Let ANBIA be a circular segment revolving ^.--^ 

about the diameter EF, and ah the projection of ^^" 

the chord AB on the axis. The volume generated -, / *"*^V 
is the difference of the volumes generated by the """-'"^ 

circular sector A OB and the triangle A OB. Draw- \ 
ing 01 perpendicular to AB, we have (45), (44), \ 

(38) and (36), \^ 



vol. sph. sector A OB ^= zone AB X ^OA = Jw. OA*. ab, 
vol triangle A OB = area AB X ^01 = |7r.'5j*.ai, 

the difference of which gives 

vol. segment ANB = ln[OT —'Ol*) X ab. 
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voL segment ANB = ^ir . AB^ • oi, 

which establishes the theorem, since ir . AB^ • oi is the volu.ne of Uie 
cylinder whose radius is AB and whose altitude b oi (13). 

PBOPOSITION XVI.— THEOREM. 

50. The volvme of a epherieal eegmeni ia equal to the half sum cf its 
banes muUiplied by its altitude plus the volume of a sphere of which 
ikai aUUude is the diameter. 

Lot Aa and Bb be the radii of the bases of a ^ — 

spherical Msgrneat, and «6 its altitude, bo that the Jp— 

segment is generated by the revolution of the figure /J 

ANBba about the axis EF. P^ 

The segment is ih^ sum of the solid generated by y 

the circular segment ANB and the frustum of a cone \ 

generated by the trapezoid ABba ; hencCy denoting ^^^^^ 
the volume of the spherical segment by V, we have 
(49) and (32), 

F= iff . IS*, ab + in. {W + A^* + Bb. Aa) . ab. 

Drawing AH parallel to JEF, we have BH = Bb — Aa, and 
hence 

BE* = BP + Aa' — 2Bb. Aa, 
and 

IF = IE' + BE' = W + BP + Ia—2Bb.Aa. 
Substituting thb value of AB', we have, after reduction, 

V=\{j^.Bb' + '^.1a).ah-\'\n.W, 

which establishes the theorem, since ir rEb' and n . Ia' represent the 

bases of the segment, and ^tt . o^' is the volume of the sphere whose 
diameter is ab (47). 

51. Corollary. Denoting the radii of the bases of the spherical 
segment by 12 and r, and its altitude by h, we have, for its volume, 

V = \n(R^ + r^)h + \n .h\ 
25 T 
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If the po.nt A coincides with E, the upper base becomes zero, and 
the solid generated becomes a segment of one base. Therefore, 
making r = in the above expression, the volume of a spherical 
tegment of one base is 

PROPOSITION XVIL— THEOREM. 

52. The volume of a spherical pyramid is equal to the area of its base 
multiplied by one-third of the radius of the sphere. 

For, let V denote the volume of a spherical pyramid, and s the 
area of the spherical polygon which forms its base. Let V^ 8 and 
R denote the vol une, fiur&ce and radius of the sphere ; then 
(Vm. 104), 

— = -, whence v = « X "r* 
V 8 8 

y 
But -^ = ii2 (46) ; therefore, 
o 

9 = $X\& 
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EXERCISES m ELEMENTARY GEOMETRY. 



In order to make these exercises progressive as to difficulty, and to bring 
them fairly within the grasp of the student at the successive stages of hb 
progress, many of them are accompanied by diagrams in which the necessary 
auxiliary lines are drawn, or by references to the articles in the Geometry 
on which the exercise immediately depends, or by both. These aids are less 
and less freely given in the later exercises, and the student is finally left 
wholly to his own re80uroe& 
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THEOREMS. 



1. The sum of the three straight lines drawn from any point 
within a trian^e to the three vertices, is less than the sum 
and greater than the half sum of the three sides of the tri- 
angle (L 33, 66). 



2. The medial line to any side of a triangle is less than the 
half sum of the other two sides, and greater than the excess 
of that half sum above half the third side (L 66, 67, 112). 



3. The sum of the three medial lines of a triangle is less 
dian the perimeier (sum of the three sides), and greater than 
the srani-perimeter of the triangle. 



4. If from two points, A and B, on the same 
mde of a strught line MN, straight lines, AP, BP^ 
are drawn to a point P in that line, making with it 
equal ai^gles APM and BPN, the sum of the lines 
APvod BPis less than the sum of any other two 
KneSy AQ and BQ, drawn from A and B to any 
other prn^ Q in MN(I. 38, 66). 
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5. If frum two points, A and B^ on opposite sides 
of a straight line MN, straight lines AP, BP, are 
drawn to a pomt Pin that line, making with it equal 
angles APN and BPN, the difference of the lines 
AP and BP is greater than the difference of any 
other two stndght lines AQ and BQ, drawn from A 
and B to any other point Q in MN. 

6. The three straight lines joining the middle points of the sides of a tri 
angle divide the triangle into four equal triangles (L 122). 

D 



7. The straight line AE which bisects the angle ex- 
terior to the vertical angle of an isosceles triangle ABd 
is parallel to the base BC. 



8. In any right triangle, the straight line drawn from 
the vertex of the right angle to the middle of the hy- 
potenuse is equal to one-half the hypotenuse (L 121, 
38, 46). 

9. If one of the acute angles of a right triangle is double the other, the 
hypotenuse is double the shortest ade (Ex. 8), (L 69, 86, 90). 

10. If ABC is any right triangle, and if frt)m 
the acute angle A, AD is drawn cutting BCm E 
and a parallel to AC ia D ao that ED = 2AB; 
then, the angle 2)^(7 is one-third the angle BAC. 
(Ex. 8), (L 69, 86, 49). 





11. 1£ BC ia the base of an isosceles triangle ABC, and BD is dmwQ 
perpendicular to AC, the angle DBC is equal to one-half the mof^A. 
(I. 73). 



12. If fix)m a variable point in the base of an isosceles tn> 
angle parallels to the sides are drawn, a parallelogram is formed 
whose perimeter is constant 



13. If from a variable point P in the base of an isos- 
celes triangle ABC, perpendiculars, PM, PN, to the eddes, 
are drawn, the sum of PM and PN\s constant, and equal jg 
to the perpendicular from C upon AB (L 104, 83). 




What modification of this statement is required when Pis taken in BV 
pjwlucod? 



EXEBOISES. 



2y5 



' 14. If from any point within an equilateral triangle, per- 
pendiculars to the three sides are drawn, the sum of these 
lines is constant, and equal to the perpendicular from any 
vertex upon the opposite side (Ex. 13). 




"What modification of this statement is required when the point is taken 
toUhout the triangle? 



15. If ABC is an equilateral triangle, and if BD and 
CD hisect the angles B and (7, the lines DE, DF^ paral- 
lel to AB^ AC, respectively, divide BC into three equal 
parta 




16. The locos of aU the points which are equally distant from two inter- 
Becting straight lines consists of two perpendicular lines (L 126, 25). 

What is the locus of all the points which are equaUy distant from two 
parallel lines? 



17. Let the three medial lines of a triangle ABC 
meet io 0, Let one of them, AI), be produced to /r, 
making DG^= DOy and join CG. Then, the sides of 
the triangle OCG are, respectively, two-thirds of the 
medial Imes of ABC (L 134). 

Also, if the three medial lines of the triangle OCG 
be drawn, they will be respectively equal to i AB, i BC 
and MCI 

18. In ai^ triimgle ABC, if AD is drawn perpen- 
dicular io BC, and AE bisecting the angle BAC, the 
angle DAlE is equal to one-half the difference of the 
angtoaJSaod C{L 68). 

19. If ^J^bisects the angle ^ of a triangle ABC, 
and CEYaseota the exterior angle A CD, the angle E 
is equal to one-half the angle A. 




/t^ 



B D E 




20. If from the diagonal BD of a square ABCD, BE is 
cnt off equal to BC, and EF is drawn perpendicular to BD, 
dien, Z>J^= EF= FC. 
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21. If J^and Fwre the middle points of the oppo- 
siu) sides, AD^ BC, of & parallelogram ABGD^ the 
straight lines BE^ DF^ triseot the diagonal AC. 



22. The som of the four lines drawn to the vertices of a quadrilateral &om 
any point except the intersection of the diagonals, is greater than the som 
of the diagonids. 

23. The straight lines joining the middle points of a 
the adjacent sides of any quadrilateral, form a paral- 
lelogram whose perimeter is equal to the sum of the 
diagonals of the quadrilateral (L 122). 




24. The intersection of the straight lines 
which join the middle points of opposite sides 
of any quadrilateral, is the middle point of the 
straight line which joins the middle points of 
the diagonals (L 122, 108, 109). 





25. The four bisectors of the angles of a 
quadrilateral form a second quadrilateral, the 
opposite angles of which are supplementary. 



If the first quadrilateral is a parallelogram, the second is a reotuii^ If 
the first is a rectangle, the second is a square. 

A MP 

26. A parallelogram is a (symmetrical figure with re- • /^s^/ 



spect to its centre (intersection of the diagonals), (L 140). 



B F 



27. If in a parallelogram ABCDy E and G are 
any two symmetrical points in the sides AD^ BC, 
and F and H any two (symmetrical points in the 
sides AB, DC, the figure EFGH is a parallelo- 
gram concentric with ABCD, 



28. If the diameters (I. 140) EG^ FH, joining (symmetrical 
points in the opposite sides of a square ABCD, are perpen- 
dicular to each other, the lines joining their extremities form 
% second square, EFGH, concentric with ABCD, 




M D 




B O 



EXEBOISES. 



29. A billioid-ball is placed at an; point Pof a rectangular table A 
In what direction must it be Btnick to cause it to return to the 

Bame point /*, aAer impinging suocesavely on the four sides of — 
the taiJe, the btdl, before and ai1»r impinging on a side, moving 

in lines whioh m^ equal angles vrith the »de? '. 

What is the length of the whole path described by the ball? / 

Show that it ia the ahortest path that can be described I7 the v 

IbftU touching the fiwr ades and returning to the same point M^ 
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THE0BEU8. 
30. The drole is a E^muuetrical figure with respect to a 
with respect to its oentn. 



n. If f !■ a:iy ptnnt within a circle wboee centra is 0, 
and APOB is tlie diameter through P, then, AP is the 
kast, and FB the greatest, distance from F to the di- 



32. Prore the ctHreotiiess of tbe fidlow- 
ingmetliodofdiawingat&ngent to a given 
arcamferenoe 0, from a given point A 
without it. 

With radiua ^ and centre J, desoribe 
aatxoBOB'. With centre 0, and indius 
equal to the diameter of the gjven drde, 
deeoribe aics mteisecting the first in B and 
B'. Join OB, OB', intersecting the 
given drcumference in T, T'. Then AT, 
J7",aretuigenta. 



33. Tlw UeectotB of the angles contdiied 1^ 
Qte opposite ndee (produced) of an inscribed 
faadrilaleni iotenect at right angles. 
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34. If from the middle point ^ of an are BC^ any 
chords ADy AE are drawn, intersecting the chord BG 
in F and G. FDEG is an inscriptible quadrilate- 
ral (11. 99. ) 




35. If -4''^'' C' is a triangle inscribed 
in another triangle ABG, the three cir- 
cumferences circumscribed about the tri- 
angles ^^^C^ BA'G", GA'B', inter- 
sect in a common point P, 

Let P be the intersection of two of the 
circumferences, and prove that the third 
must pass through P (IL 99). 



36. The perpendiculars from the angles upon the opposite sides of a tri- 
angle are the bisectors of the angles of the triangle formed by joining the 
feet of the perpendiculars (TL 58, 99). 




37. If two circumferences are tangent internally, and the radius of the 
larger is the diameter of the smaller, then, any chord of the larger drawn 
from the point of contact is bisected by the circumference of the smaller. 
(IL 15). 



38. If A OB is any given angle at the centre of 
a circle, and if BG can be drawn, meeting AG 
produced in (7, and the circumference in 2), so 
that GB shall be equal to the radius of the circle, 
then, the angle G will be equal to one-third the 
angle A OB, 




Note. There is no method known of drawing BG, under these conditions, 
and with the use of straight lines and circles only, A OB being any given 
angle : so that the tnsection of an angle, in general, is a problem that cannot 
be solved by elementary geometry. 



39. If ABG is an equilateral triangle inscribed in 
a circle, and P any point in the wco BG, then PA = 
PB + PG 
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40. If a triangle ABC ie foimed by tlie 
inteTsectioD of threo tangents to a droiunfer- 
encc, two of whicli, AM and AN, are fixed, 
-vhile the third BC touches the drcumference 
at a variable point P, prove that tiie perimeter , 
of the triangle ^£() is constant, and equal to 
AM+AN,iiT2AN. 

Also, prove thnt the angle BOC is cooetant. 




41. If ABC ia a triangle insoribed in a cirole, and 
from the middle point D of the aro BG a perpen- 
dictUariJfiadnwnto^^; then, (EL 57), (L 87), 

AE=\(AB-\-AC), BE = i{-AB~AO. 

If the perpendicular IfE' is drawn from 
middle point !>' of the aro BAC, then 

AI!' = HAB-AC), BE' = HAB + AC). 

Also join AD and draw the diameter Diy-, tben, 
the angle ADIX is equal to one-half the dificrence of the angles ACB and 
ABC. 




42. If two Btnught lines are drawn through the point of contact of two 
circles, the chords of the intercepted arcs are parallel. 



43." Two drcles are tangent internally at P, and a chord AB of the larger 
rircle tonohes the smaller at G\ prove that PC bisects the angle APB 
(a 62). 



44. If through P, one of the points of in- 
teraection of two drcamfbrences, any two 
seonnte, APB^ CP^ are drawn, the strwght 
Unes, AC, DB, Joining the extremities of the 
secants, make a constant angle E, equal to 
the an^ MPN formed by the tangents at P. 




45, 'is through one of the points of intersection of two circumferences, a 
cUameter of eaohdrde is drown, the sti^ght line which joins the extremities 
of these ^ameters passes through the other point of intersection, is parallel 
to the line Joining the centres, and is longer than any other line drawn 
ihrongh a point of intersection anil terminated by tlie two cii 



300 EXESCISES. 

46. The feet, a, b, e, of the perpendiculars let faL 
from any point i* in a oirouniferenoe 
of an inscribed triangle ABC, are in a stjught line. 

Join /lb, be, and prove that the angle obC^^the 
angle jlbc (IL 99). 



47. Ifequilateraltrioo^eeAfi^T', 
BCA', CAW, are conatroetod on 
the fddea of any trian^e ABC: 
1st. The droumfereQcea circumscrib- 
ed about the equilateral triangles in- 
tersect in the same point /*; 2d. The 
Btnught lines AA', BB', CC, are 
equal and intersect in P\ 3d. The 
centres of the three circomferonceB 
are die vertices of an equilateral tri- 
angle ocyo". 



48. The insoribed and the three escribed rardea of a triangle ABC 
being drawn, as in the figure on p. 86, let D, If, D", D"', be the fbor 
points of contact on the same nde BG. Dengnate the aidu BC, opponte 
to the angle A, by a, the ade AC by b, and the ade AB by c; and le» 
« = i (a + 6 + c). Prove the following properties : 




BD" = CD"' 
BD"' = CD" 
BD =CD' 
BD* =CD 



DD" =D"D' = b, 
DD"" =D'D"- =«, 
DD' =. 6-0, 
D'"D" = b-^e. 



Also, let a oircnmference be circumscribed about the trian^eJBG Prove 
that this circumference bisects each of the sii lines 00", 00", OO"', 
O'O", 0"0"', 0"'0'; and that the points of bisection are the centres 
of circumferences that may be drcumscribed about the qoadriUteialB 
BOCC, COAO", AOBC", ABCO", BCO"0"', GAO^'O', re- 



Finally, deagnadng the radius of the drcnmscribed drde Vy R; tbe radios 
vS the inscribed drcle by r ; the radii of the escribed circles by K, r", r"' ; 
the perpendicolars from the centre of the circumscribed circle to tho tltrea 
ndes by j>', p", p"' ; prove the following relations : 

r'+r"-|-r"' = 4ff + i-, 

1>' + P"+P'"= ■« + »■. 



£X£&CI6ES. 
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LOCI. 

49. ilnd the locos of the centre of a circumference which passes through 
two given points. 

50. Find the locus of the centre of a circumference which is tangent to two 
given straight lines. # 

51. find the locos of the centre of a circumference which is tangent to 
a given straight line at a given point of that line, or to a given circumfer- 
ence at a given point of that circumference. 

52. find the locus of the centre of a oiicomferenoe passing throogh a given 
point and having a given radius. 

53. ilnd the locus of the centre of a circumference tangent to a given 
straight line and having a given radius. 

54. find the locos of the centre of a circumference of given radius, tan- 
gent extemaUy or intemaUy to a given circumference. 

a 



55. A straight line MN^ of given length, is 
placed with its extremities on two given perpen- 
dicular lines, AB^ GD\ find the locus of its 
middle point P (Ex. 8). 




5d. A straight line of given length is inscribed in a ^ven drde ; find the 
Iocu8 of its middle point 



57. A straight line is drawn through a given point 
Ay intersecting a given drcumference in B and G , 
find the locus of the middle point, P, of the inter- 
cepted chord BC. 

Note the special case in which the point ^ is on 
tihe given ciitmmference. 




58. From any point j4 in a given circumference, a straight line AP of 
fixed length is drawn parallel to a given line MN\ find the locus of the 
extremity P. 

59. Upon a >^ven base BG^k triangle ABG is constructed having a given 

vertical angle A\ find the locus of the intersection of the perpendiculars 

from l^e vertices of this triangle upon the opposite sides (II. 97). 
20 
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60. The angle ACB is any inscribed angle in a 
pven segment of a circle \ AC \b produced to P, 
making CP equal to GB: find the locus of P. 



'▼—-•. 




61. From one extremity ^ of a fixed diameter 
A By any chord AC \& drawn, and at (7 a tangent 
CD, From A a perpendicular BD to the tan- 
gent is drawn, meeting ACva P. Find the locus 
of jP. 




62. A triangle ABC is given, right angled at A, 
Any perpendicular, EF, to ^C, is drawn, cutting AB 
in Z), and CA in F, Find the locus of P, the inter- 
section of BF and CZ>. 




63. The base BC of b. triangle w given, and tihe me- 
dial line BE, from jB, is of a given length. Find the 
locus of the vertex A. 

Draw AO parallel to EB. Since BO = BQ is a 
fixed point; and since A0 = 2BE, OA is a constant 
distance. 




64. An angle BAC is given in position, and 
points B and C are taken in its sides so that 
AB '\' AC shall be a given constant length. Find 
the locus of the centre of the circle circumscribed 
about the triangle ABC (Ex. 41). 

Also, if the points B and C are so taken that 
AB — ^ C is a given constant length, find the locus 
of the centre of the circle circumscribing ABC 
(Ex. 41 ). 

Also find the locus of the middle point of BC. 

65. The base BC of n triangle ABCva given in position, and the vertioiJ 




EXEBGISES. 303 

angle J is of a given magnitude ; find the loci of the centres of the inscribed 
and escribed circles- 

In the figure, p. 86, we have the angles i?OC= 90° + M, BC/C^ 
180° — ^OC=90° — M, B(y'C = B(y''G=iA. 

The lod are circumferences whose centres lie in the circumference of the 
circle circumscribed about ABC, 

66. Find the locus of all the points the sum of the distances of each of 
which from two given straight Unes is a given constant length (Ex. 13). 

Show that the locus consists of four straight lines forming a rectangle. 

67. Find the locus of all the points the difference of the distances of each 
of which from two given straight lines is a given constant length (Ex. 13). 

Show that the locus consists of parts of four straight lines whose intersec- 
tions form a rectangle. 

68. If in Ex. 66 by sum is understood algebraic sum, and distances falling 
on opposite sides of the same line have opposite algebraic signs, show that 
Ex. 66 includes Ex. 67, and the locus consists of the whole of four indefinite 
fines whose intersections form a rectangle. 

PROBLEMS. 

The most useful general precept that can be given, to aid the student m 
his search for the solution of a problem, is the following^ Suppose the 
problem solved, and construct a figure accordingly: study the properties of 
this figure, drawing auxiliary lines when necessary, and endeavor to discover 
the dependence of the problem upon previously solved problems. This is an 
analysis of the problem. The reverse process, or synthesis, then frimishes a 
construction of the problem. In the analysis, the student's ingenuity will be 
exercised especially in drawing usefrd auxiliary lines ; in the synthesis, he will 
often find room for invention in combining in the most simple form the 
several steps suggested by the analysis. 

The analysis frequently leads to the solution of a problem by the intersec- 
turn of lod The solution may turn upon the determination of the position 
of a particular point By one condition of the problem it may appear that 
this required point is necessarily one of the points of a certain line ; this line 
is a locus of the point satisfying that condition. A second condition of the 
problem may frimish a second locus of the point ; and the point is then fully 
determined, being the intersection of the two loci. 

Some of the following problems are accompanied by an analysis to illus- 
trate the process. 

69. A triangle ABC being given, to draw DE parallel 
to the ha^BG m that DE= DB + EC. 

Analysis. Suppose the problem solved, and that DE is 
ihe required parallel. Since DE= DB -f EC, we may 
divide it into two portions, DP and PE, respectively equal 
to DB and EC Join PB, PC. Then we have the 
angle DBP= DPB = PBC\ therefore, the line PB bi- 
■octs the angle ABC. In the same manner it is shown that CP bisects 
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the angle ACB. The point jP, then, lies in each of the hisectors of the 
base angles of the triangle, and is therefore the intersection of these bisectors. 
Hence we derive the following construction. 

ConstnictioTL Bisect the angles B and G by straight lines. Through the 
intersection P of the bisectors, draw the line DPE parallel to BG, This 
line satisfies the conditions. For we have, by the construction, the angle 
DBP= PBG= BPD; therefore, PD = DB; and in the same manner, 
PE=^EC\ hence, DE = DB + EG 



We have, however, tacitly assumed that DE is 
to be drawn so as to cut the sides of the triangle 
ABG between the vertex and the base. Suppose 
it drawn cutting AB and AG produced. Then the 
same analysis shows that the point P is found by 
bisecting the exterior angles CBJ), BGE. Thus 
the problem has two solutions, if the position <^ 
DE is not limited to one side of the base BG. 




-.^ 
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70. To determine a point whose ^* 

distances from two given inter- 
secting straight lines, AB^ A'B^^ 
are. given. 

Analysis, The locus of all the 
points which are at a given dis- 
tance from AB consists of two 
parallels to AB, GE and DF, 
each at the given distance from AB, The locus of all the points at a given 
distance from A^B^ consists of two parallels, G^E^ and lYF^^ each at the 
given distance from -^''-5'', The required point must be in both lod, and 
therefore in their intersection. There are in this case four intersections of 
the loci, and the problem has four solutions. 

Gomtraction, At any point of AB^ as J., erect a perpendicular CD, and 
make AG=- AD = thfe given distance fix)m AB ; through G and D draw 
parallels to AB, In the same manner, draw parallels to A^B^ at the given 
distance A'G^ = A'D^, The intersection of the four paralldbs detennineg 
the four points Pi-, /g, /«, JP4, each of which satisfies Uie conditions. 



EG 



71. Given two perpendiculai*s, AB and GD, inter- 
secting in 0. To construct a square, one of whose 
angles shall coincide with one of the right angles at 0, 
and the vertex of the opposite angle of the square 
shall lie on a given straight line EF, (Two solutions. ) 
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/2. In a given rbombns, ABCDy to inscribe 
A aqnare EFGH. (Ex, 71.) 




73. In a given straight line, to find a point equally distant irom two given 
points withont the line. 

74. To construct a square, given its diagonal 

75. In a given square, to inscribe a square of given magnitude. 

76. From two given points on the same side of a given straight line^ tc 
draw two straight lines meeting in the given straight line and making equal 
angles with it. (Ex. 4. ) 

77. Through a given point Pwithin a given angle, to draw a straight line, 
terminated by the sides of the angle, which shall be bisected at P, 

78. Given two straight lines which cannot be produced to their intersec- 
tion, to draw a third which would pass through their intersection and bisect 
their contained angle. 

79. Through a given point, to draw a straight line making equal angles 
with two given straight lines. 

80. Given the middle p<nnt of a chord in a given drde, to draw the 
diord. 

81. To draw a tangent to a ^ven drcle which shall be parallel to a ^ven 
straight line. 

82. In the prolongation of any ^ven diord AB of a circle, to find a point 
P, such that die tangent PT^ drawn from it to the circle, shall be of a given 
length. 

83^ To draw a tangent to a given cirde, such that its segment intercepted 
between the point of contact and a given straight line shall have a given 
length* 

In general, there are four solutions. Show when there will be but three 
solutions, and when but two ; also, when no solution is possible. 

84. Through a given point within or without a given circle, to draw a 
straight line, intersecting the circumference, so that the intercepted chord 
shall have a given length. (Two solutions.) 

85. Through a given point, to draw a straight line, intersecting two given 
circumferences, so that the portion of it intercepted between the circumfer- 
ences shall have a given length. (Two solutions.) 

86. In a given cirde, inscribe a chord of a given length which prodaced 
fchall be tangent to another given cirde. 

87. Construct an angle of 60% one of 120**, one of 30% one of 150**, one 
of 45° and one of 135*^. 

88. To find a point within a given triangle, such that the three straight 
lines drawn from it to the vertices of the triangle shall make three equal 
angles with each other. 

When will the problem be impossible ? 

89. Construct a parallelogram, given, 1st, two adjacent sides and one diago- 
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nal ; 2d, one side and the diagonals ; 3d, the diagoaols and the angle they 
contain. 

90. Construct a triangle, given the base, the angle opposite to the base, 
and the altitude. 

Analysis. Suppose BAG to be the required tri- 
angle. The side BC being fixed in position and 
magnitude, the vertex J. is to be determined. One 
locus of J. is an arc of a segment, described upon 
AB, containing the given angle. Another locus of 
il is a straight line MN drawn parallel to ^C^, at a distance from it equal 
to the given altitude. Hence the position of A will be found by the inter- 
section of these two loci, both of which are readily constructed. 

Limitation. If the given altitude were greater than the perpendicular 
distance from the middle of ^(7 to the arc BAG^ the arc would not inter- 
sect the line MN^ and there would be no solution posable. 

The limits of the data, within which the solution of any problem is pos- 
sible, should always be determined. 

91. Construct a triangle, given the base, the medial line to the base, and 
the angle opposite to the base. 

92. Construct a triangle, given the base, an angle at the base, and the sum 
or difference of the other two sides. 

Analysis. On the sides of the given angle, B^ take 
BC = given base, and BD = given sum or difference 
of the sides. Join CD. The problem is reduced to 
drawing, from G, a line GA, which shall cut BD, or 
BD produced, in a point A, so that CA shall be equal 
to AD, which is obviously effected by making the angle DGA = the angle 
ADG. 

If, when the difference of AB and AG is given, ^C is to be the greater 
side, BD = AG — AB is to be taken in AB produced through B, 

93. Construct a triangle, given the base, the angle opposite to the base, 
and the sum or difference of the other two sides. 

Analysis. Suppose ABG is the required triangle. 
First, when the sum of AB and AG is given, produce 
BA to D, making BD = AB + AG. Jom GD. The 
angle D is one-half of BAG, and is therefore known. 
Hence the following construction. Make an angle / 

BDG equal to one-half the given angle. Take 
DB = given sum of sides. From B as centre, and with racUus equal to the 
given base, describe an arc cutting DG in G. Draw GA, Tnalring tihe 
angle DGA= the angle BDG. 

Secondly, when the difference of AB and AG is given; take BD^-^ 
AB — AG, and join GD^. The angle AD^G is one-half the supplement 
of BA G, and hence the construction can readily be found. 

This problem can also be solved by an application of Ex. 41. 
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94 Construct a triangle, given the base, the sum or difference of the other 
two sides, and the difference of the angles at the base. 

Analysis. In the preceding figure, the angle BCiy = } (ACB — ABC)^ 
and BCD = 90° + BCiy ; and hence a construction can readily be found. 

95. Construct a triangle, ^ven, 1st, two angles and the sum of two sides ; 
2d, two angles and the perimeter. 

96. Construct a triangle, given, 

1st Two sides and one medial line 
2d. One side and two medial lines ; 
3d. The three medial lines. 

See Exercise 17. 

97. Construct a triangle, given an angle, the bisector of that angle, and 
the perpendicular i^om that angle to the opposite side. 

98. Construct a triangle, given the middle points of its sides. 

99. Construct a triangle, given the feet of the perpendiculars from the 
angles on the opposite sides. (Ex. 36. ) 

100. Construct a triangle, given the perimeter, one angle, and one 
altitude. 

101. Construct a triangle, given an angle, together with the me^al line 
and the perpendicular from that angle to the opposite side. 

102. Construct a triangle, given the base, the sum or the difference of the 
other two sides, and the radius of the inscribed circle. (Ex. 48. ) 

103. Construct a triangle, given the centres of the three escribed circles. 

104. Construct a triangle having its vertices on two given concentric cir- 
cumferences, its angles being given. 

105. Divide a given arc into two parts such that the sum of their chords 
shall be a given length. (Ex. 41.) 

106. Construct a square, given the sum or the difference of its diagonal 
and i^de. (Ex. 20. ) 

107. With a given radius, describe a circumference, 1st, tangent to two 
given straight lines ; 2d, tangent to a given straight line and to a given cir- 
cumference ; 3d, tangent to two given circumferences ; 4th, passing through 
a given point and tangent to a given straight line ; 5th, passing through a 
given point and tangent to a given circumference ; 6th, having its centre on a 
given straight line, or a given circumference, and tangent to a given straight 
line, or toa given circumference. (Exs. 52, 53, 54.) 

108. Describe a circumference, Ist, tangent to two given straight lines, and 
touching one of them at a given point (Exs. 50, 51) ; 2d, tangent to a given 
circumference at a given point and tangent to a given straight line ; 3d, tan- 
gent to a given straight line at a given point and tangent to a given cir- 
cumference (Ex. 51) ; 4th, passing through a given point and tangent to a 
given straight line at a given point ; 5th, passing through a given point and 
tangent to a given circumference at a given point. 

109. Draw a straight line equally distant from three given points. 
When will there be but three solutions, and when an indefinite number of 

solutions? 
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110. Describe a circumference equally distant from four given ^points ; the 
distance from a point to the drcumference being measured on a radius, or 
radius produced. 

In general there are four sohitions. If three of the ^ven points are in a 
straight line, one of the four curoomferenoes becomes a straight line. 




111. An angle A is given in position, and a point 
P in its plane. It is required to draw a straight line 
through P, intersecting the sides of the angle and 
forming a triangle ABC of a given perimeter. 
(Ex, 40.) 



112. With a ^ven point as a centre, describe a drcle which shall be 
divided by a given straight line into segments containing given angles. 

113. Through a given point without a given circle, draw a secant, so that 
the portion of it without the circle shall be equal to the portion within. 
(Ex. 96.) 



114. Inscribe a straight line MN, of ^ven 
length, between two given straight lines ABj 
CDj and parallel to a given straight line EF, 




115. Inscribe a straight line of given length between two given drcumfer 
cnces, and parallel to a given straight line. 

116. Through P, one of the points of intersection of two circumferences 
draw a straight line, terminated by the circumferences, which shall be bi- 
sected in P. 

117. Through one of the points of intersection of two drcumferencod, 
draw a straight line, terminated by the drcumferenoes. which ehaiH have a 
given length. 

118. Given two parallels AB, CDy and two other parallels A^B^^ C^I/^ 
mdined to the first ; through a given point P, in their plane, draw a straight 
line such that the portion of it intercepted between the parallels AB^ CDy 
shall be equal to the portion of it intercepted between the parallels A^B\ 
C'Jy. (Ex. 77.) 

119. From two given points, A^ B, on the same ade of a given straight 
line MNj draw straight lines, meeting in a point P of J/iV, so that the angle 
APM shall be equal to double the angle BPN. 

Analysis, The solution of Exercise 76, suggests the possible advantage of 
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employing the (symmetrical i)oiiit of one of the given points. Let B^ be 
the symmetrical point of B with respect 
to J/i\r(I. 135). Join ^^JPand produce 
it toward E. Then, since AFM^=^ 
2 BPN^ 2 B'PN=^ 2 MPE, B'PE bi- 
sects the angle APM, Therefore, thQ 
problem is reduced to finding a point 
P m MN such that B^PE shall bisect the angle APM, With B' as centre 
describe an arc through A<, cutting MN in G. The perpendicular B^E upon 
AC^ evidently intersects MN in the required point 

120. With the vertices of a given triangle as centres, describe three cir- 
cumferences each of which shall be tangent to the other two. (Four solu- 
tions.) (Ex. 48.) 

121. Construct a quadrilateral, given its four sides and the straight line 
joining the middle points of two opposite sides. (Ex. 24.) 

122. Construct a pentagon, given the middle points of its »des. 

The middle points of all the diagonals can be determined by the principle 
of Ex. 23. 

123. ilnd a point in a ^ven straight line, such that tangents drawn from 
it to two given drcumferences shall make equal angles with the line. (Four 
fM^uUons:) Compare Ex. 76. 

124. If a figure is moved in a plane, it may be brought from one position 
to' any other, by revolving it about a certain fixed point (that is, by causing 
each point of the figure to move in the circumference of a circle whose centre 
is the fixed point). £lnd that point, for two given positions of the figure. 
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125. If three parallels AA^^ BB\ CG\ intercept on two 
staight lines J. (7, A^C^y the segments AB and BC^ or 
A^B^ and B^C^^ in a ^ven ratio m : n, that is, if 

AB : BC= A'B' : B'C = m:n\ 

then, <m + n). BB' = n.AAf + m. CC\ 

(in. 25, 10.) 



126. In any triangle ABG^ if from the vertex A^ 
AE is drawn to the circumference of the circumscribed 
drde, and AD to the base BG<i making the angles 
CAE and BAD equal to each other, then (IH 25), 

ABXAG=ADXAE. 
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127. From the preceding theorem, deduoe as a oorol- 
laiy the following : In any triangle ABC^ if firom the 
vertex A, AE is drawn bisecting the angle A^ meeting 
the circumference of the drcomscribed drole in ^and 
the base BC vn Dy then 

ABXAC = ADXAE. 

Also deduce (HE. 65). 

128. If ABCD is a given parallelogram, and AN a variable straight line 
drawn through A cutting BG vck M and CD in N\ then, the product 
^JKDJV is constant (IIL 25.) 

129. If ABCD is any parallelogram, and from any point P in the diago- 
nal AC (or in AC produced) PM is drawn cutting BA in My BC in JV, 
AD'mM'nadi DC in N' ; then, PM.PN= PM\PN\ (HI 25.) 

130. If a square DEFG is inscribed in a right triangle ABC^ so that a 
side DE coincides with the hypotenuse BC (the vertices F and G being in 
the sides AC and AB) ; then, the side DjE^is a mean proportional between 
the segments BD and EC of the hypotenuse. (UL 25.) 

131. If a straight line AB is divided at G and D so that AB,AD = 

AC^y and if from A any straight line AE is drawn equal to AC \ then, EG 
bisects the angle DEB. (UL 10, 32, 23.) 

132. If a, &, c, denote the three perpendiculars from the three vertices of 
a triangle upon any straight line MN in its plane, and p the perpendicular 
from the intersection of the three medial lines of the triangle upon the same 
straight Une MN\ then, (Ex. 125,) 

a + h + c 

P 3 

133. If ABC and A^BC are two triangles having a common base BG 
and their vertices in a line AA^ parallel to the base, and if any parallel to 
the base cuts the sides AB and AC in D and E^ and the sides A^B and 
A'CmD" and E' ; then DE = D'E'. 

134. If two sides of a triangle are divided proportionally, the straight 
lines drawn from corresponding points of section to die opposite angles inter- 
sect on the line joining the vertex of the third angle and the middle of the 
third side. 

135. The difference of the squares of two sides of any triangle is equal to 
the difference of the squares of the projections of these rades on the liiiid 
side. (in. 48.) 

136. If from any point in the plane of a polygon, perpendiculars are drawn 
to all the sides, the two sums of the squares of the alternate segments of the 
sides are equal. (Ex. 135.) 

137. If is the centre of the circle circumscribed about a triangle ABG^ 
and P is the intersection of the perpendiculars from the angles upon the 
oppodte sides; the perpendicular from upon the side BC la equal to one* 
half the distance AP (I. 132), (HI. 25, 30.) 
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138. In any triangle, the centre of the drcumscribed circle, the interseo- 
tion of the medial lines, and the intersection of the perpendiculars firom the 
angles upon the opposite rades, are in the same straight line ; and the dis- 

^Aoe of the first point from the second is one-half the distance of the second 
•om the third. 

139. H d denotes the distance of a point P from the centre of a circle, 
md r the radius; and if any straight line drawn through P cuts the cir- 
tunf(!rence in the points A and B; then, the product PA,PB is equal to 
** — d^ if P\b within the drde, and tod^ — r* if JPis without the circle. 

140. In any quadrilateral, the sum of the squares of the diagonals is equal 
10 twice the sum of the squares of the straight lines joining the middle points 
of the oppofflte sides. (IH 64) and (Ex. 23.) 

141. In any quadrilateral ABCD inscribed in a cir- 
cle, the product of the diagonals is equal to the sum 
of the products of the opposite sides ; that is, d^ 

AaDB = AD,BG^-AB,DC. 

(Make the angle DAE = BAG, and prove that 
AD.BC=AC.DE, and AB,DC=AC.BE.) 

142. In an inscribed quadrilateral ABCD, if jP is the intersection of the 
diagonals AC and BB; then 

AD.AB AF fjjj ., . 

143. In an inscribed quadrilateral ABCD, 

AD.AB+CB.CD ^AC 
BABG+DADG BD' 

144. In an inscribed quadrilateral, the product of the perpendiculars let 
fall from any point of the circumference upon two opposite sides is equal to 
the product of the perpendiculars let fall from the same point upon the other 
two sides. (HL 65.) 

145. If from a point P in a circumference, 
any chords PJ., PB, PC^ are drawn, and any 
straight line MN parallel to the tangent at P, 
cutting the chords (or chords produced) in a, 
A, c; then, the products PA,Pa^ PB.Ph^ 
PC.Pc, are equal. 

146. If two tangents are drawn to a drcle at the extremities of a diameter, 
the portion of any third tangent intercepted between them is divided at its 
point of contact into segments whose product is equal to the square of the 
radius. 

147. If on a diameter of a drde two points are taken equally distant frt)m 
the centre, the sum of the squares of the distances of any point cf the cir* 
cnmftrenoe from these two points is constant 
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148. If a point P on the circumferenoe of a circle is taken as tihe «entro 
of a second circle, and any tangent is drawn to the second drcjie catting the 
first in M and N\ then, the product PM,PN is constant 

149. The perpendicular from any point of a drcumfercnoe upon a chofd is 
a mean proportional between the perpendiculars from the same point Kipon 
the tangents drawn at the extrcmities of the chord. 

IM). If AB is the chord of a quadrant of a circle whose centre is O, and 
ai^ chord MN parallel to AB cuts the radii OA^ OB in P and Q ; then 

MP* + PN* = 15«. (m. 48) and (Ex. 139.) 

151. If ABGD is any parallelogram, and any circumjference is described 
passdng through A and cutting AB^ Ad AD^ in the points F, G, Mt re- 
spectively; then 

AF.AB + AKAD = AG. AG. 

152. In any isosceles triangle, the square of one of the equal sides is eciual 
to the square of any straight line drawn from the vertex to the base pLua the 
product of the segments of the base. 

153. JfA and B arc the centres of two cirdes which touch at (7, and jPis 
a point at which the angles APC and BPC arc equal, and if from P tan- 
gents PD and PE arc drawn to the two circles ; then, 

PD, PB=PU\ (in. 21 and 66. ) 

154. If two circles touch each other, secants drawn through their point of 
contact and terminating in the two circumfercnces are divided proportionaUy 
at the point of contact 

155. If two circles arc tangent externally, the portions of their common 
tangent included between the points of contact is a mean propcnrtional be- 
tween the diameters of the drdes. 

156. Two drcles arc tangent internally at A, and from any point P in llie 
drcumfercnce of the exterior circle a tangent PM is drawn to the int^i<» 
circle ; prove that the ratio PA : PM is constant 

157. If two circles intersect in the points A and .S,'and through A Bsxy 
secant CAD is drawn terminated by the drcumfercnoes at C and 2), 
the straight lines BC and BD arc to each other as the diameters of the 
circles. 

158. If a fibbed circumfercnce is cut by any circumferenee which passes 
through two fixed points, the common chord passes through a fixed point 

159. Two chords AB and CD, perpendicular to each other, intersect in a 
point P either within or without the cirde, and the line OP is drawn finom 
the oentrc 0. Prove that if 2> is the diameter of the <»role, 

Pa* + PS* + W* + PD* = Z>«, 
and AE* + CD* +4UF*=2D\ 
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160. If any number of circumferences pass tlirongh the same two points, 
and if through one of these points any two straight lines are drawn, the cor- 
responding segments of these lines intercepted between the circumferences 
are propordonaL 

- 161. If a triangle ABC is inscribed in a cirde, and &om the vertex A^ 
AD and AE are drawn parallel to the tangents at B and (7 respectively and 
cutting the base BC in D and E\ then 

BD.DE=13^ = AE\ 

BD:DE=AB^:AC\ 

162. Let AB be a given straight line. At A erect 
the perpendicular AD = AB ; in BA produced take 
A0 = hAB\ with centre and radius OD describe 
a circumference, cutting AB and AB produced in G 
and C^ ; prove that AB is divided in extreme and 
mean ratio, internally at (7, and externally at C^. 
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163. If a rhombus ABCD is circumscribed about a circle, any tangent 
UN determines on two adjacent sides ABj AD, two segments BM^ DK, 
whose product is constant 

164. If in a semicirde whose diameter is AB^ any two chords AC and 
BD are drawn intersecting in P, then 



AB* = AGAP+ BD.BP. 

165. If is the intersection of the three medial lines of a triangle ABC, 
prove the relations 

AB* + JU* + Wl* = 3(53* + ^' + W*\ 
BV* + 3*53* = AG* + 3 ag« = TB* +ZOC\ 

166. If is the intersection of the three medial lines of a triangle ABC^ 
and P any point in the plane of the triangle ; then, 

TA* +TB* +TU* =-'01* + WS* + ^* + 3 P0\ 

167. If Ry r, r^, r^^, r^^^, are respectively the radii of the cinnunscribed, 
the insCTibed, and the three escribed circles in any triangle, and if <f, d\ df\ 
^^'^ are respectively the distances from the centre of the circumscribed 
circle to the centres of the inscribed and escribed circles, prove the relationf; 



^* = 
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LOCI, 

168. From a fixed point 0, a Btraigbt Hne OA is drawn 
iD any point in a given straight line MN^ and divided at 
JP in a given ratio m : n (il e., so that OP: PA = m : «) ; 
find the locus of P, 



N 




169. From a fixed point 0, a straight line OA 
is drawn to any point in a given circamferenoe, 
and divided at P in a given ratio ; find the locos 
of P. 



170. Find the locus of a point whose distances ftom two given stnught 
lines are in a given ratio. (The locus consists of two straight lines. ) 

171. Find the locus of the points which divide the various chords of a 
given circle into segments (external or internal) whose product is equal to a 
given constant, h^, (111. 56, 59.) 

172. Find the locus of a point the sum of whose distances from two given 
straight lines is equal to a given constant h, 

173. Find the locus of a point the difference of whose distances from two 
given straight lines is equal to a given constant h^ 

174. Find the locus of a point such that the sum of the squares of its dis- 
tances from two given points is equal to a given constant, k*. (m. 62.) 

175. Find the locus of a point such that the difference of the squares of 
its distances from two given points is equal to a given constant h^. (UL 62. ) 

176. Jf A, B and C are three given points in the s^me stnught line, find 
the locus of a point P at which the angles APB and BPC are equal 
(Ex. 131.) 

177. Through A^ one of the points of intersection of two ^ven drdes, 
any secant is drawn cutting the two circumferenoes ia the points jB and G; 
find the locus of the middle point of BC. 

178. Through Ay one of the points of interseotion of two giv^i circles, 
any secant is drawn cutting the two circumferences in the points B and G, 
and on this secant AP is laid off equal to the sum of AM and AG; find the 
locus of P. 

179. From a given point 0, any straight line OA is drawn to a givoo 
straight line JfJVJ and divided at P (internally or externally) so that the 
product OA, OP is equal to a given constant ; find the locus of P. (Ex. 145. ) 

180. From a given point in the circumference of a given cirde, any 
chord A is drawn and divided at P (internally or externally) so that the 
produd OA. OP is equal to a given constant ; find the locus of P. 
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181. From a given point 0, any straight line OA a 
drawn to a given straight line MN^ and OF is drawn 
making a given angle with OA^ and such that OF is to 
OA in a given ratio ; find the locos of F. 

With the same construction, if OF is so taken that the 
inodact OF. OA is equal to a ^ven constant ; find the 
loeosof jP. 




N 




182. From a ^ven point 0, any straight line 
0^1 is drawn to a given circmuference, and OF 
b drawn making a given angle with OA^ and 
Boch that OF is to OA in a given ratio ; find 
the locos of F, 

With the same construction, if OP is so taken 
that the product OF OA is equal to a given constant ; find the locus of jP 

183. One vertex of a triangle whose angles are given is fixed, while the 
second vertex moves on the circumference of a given circle ; what is the 
locus of the third vertex ? 

184. Given a circle and a point A ; find the locus of the point F such 
that the distance FA is equal to the tangent from F to the circle 0. 

186. find the locus of a point from which two given cirdes are seen under 
equal angles. 

Note, The angle under which a drde is seen from a pcnnt is the angle 
contained hy the two tangents from that point 

18d. "Fmd the locus of a point, such that the sum of the squares of its dis- 
tances frtun the vertices of a given triangle is equal to the square of a given 
line. (Ex. 166.) 

187. From any point A within a given circle, two straight lines AM and 
ANtLve drawn perpendicular to each other, intersecting the circumfereni^e in 
M and N; find the locus of the middle point of the chord MNl 

PROBLEMS. 

188. To diyide a given straight line into three segments, A^ Bstnd (7, such 
that A and B shall be in the ratio of two given straight lines M and K, and 
B and C shall be in the ratio of two other given straight lines Pand Q. 

189. Through a given point, to draw a straight line so that the portion of 
it intercepted between two given straight lines shall be divided at the point 
in a given ratio. 

190. Through a given point, to draw a straight line so that the distances 
from two other ^ven points to this line shall be in a given ratio. (Two solu- 
tions.) 

191. Through a given point P, to draw a straight line cutting two ^ven 
parallels in M and N, so that the distances AM and BN of the poinid of 
intersection from two giver, joints A and B on these parallels shall be m a 
given ratio. 
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192. To d termine a point whose distances from three given i oints shall be 
proportional to three given stnught lines. (UL 79.) 

193. To determine a point whose distances from three ^ven indefinite 
straight lines shall be proportional to thi'ee given straight lines. (Ex. 170.) 

194. Given two straight lines which cannot be produced to their intersec- 
tion, to draw a straight line through a giVen point which would, if sufficiently 
produced, pass throufi^h the unknown point of intersection of the given Imes. 
(m. 35.) 

195. In a given triangle ABC to draw a paraUel EF to the base BU^ 
intersecting the sides AB and AC in E and F respectively, so that 
BE+CF=BC', or eoth&t BE— CF=BC (IIL 19, 21.) 



196. In a given triangle ABC^ to inscribe a square 
DEFG. (Exs. 71 and 133.) 



197. In a given triangle ABC, to inscribe a paral- 
lelogram DEFG, such that the adjacent sides DE 
and DG shall be in a given ratio and contain a given 
angle. (Remark, that the solution of this problem 
includes that of the preceding.) 




FO 
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198. Construct a triangle, given its base, the ratio of the other two ades, 
and one angle. (IIL 79. ) 

199. To determine a point in a given arc of a drde, such that the chords 
drawn from it to the extremities of the arc shall have a given ratio. 

200. To find a point P in the prolongation of a given chord CD of a 
^vcn circle, such that the sum of the two tangents PA and PB, drawn &om 
it to the circle, shall be equal to the entire secant PC. 

201. To divide a given straight line into two segments, such that the sum 
of their squares shall be equal to the square of a given straight ine. 

202. Given an obtuse-angled triangle ; it is required to draw a straight line 
from the vertex of the obtuse angle to the opposite side, the square of which 
shall be equal to the product of the segments into which it diirides that 
side. 

203. Through a ^ven point P to draw a straight line intersecting a given 
circumference in two points A and B, so that PA shall be to PB in a given 
ratio. 



204. Given two circumferences intersecting 
in J. ; to draw through A a secant, BAC, sudi 
that AB a lall be to J.6^ in a given ratio. 





205. Given two drcumferencea interseoting ia A ; 
to draw through A a aecaht ABC, such that the 
product AB.AC ehall he equal to ihe square of a 
given Kne, 

ContlnictKm. Produce the oomman chord AD, 
and take E so, that AD. AE = the square of the 
given fine (III 71). Make the angle AEC equal 
to the angle inscribed in the segment ABD, and 
let EG cut the circomference in C and C" Join 
AC and AC. Esther of these liuea satisfies the 
conditions of the proUem. 

206. To describe a circumference passing 
through two ^ven points A and B, and tan- 
gent to a given drcumference 0. 

Anah/tu. Suppose JT^ is the required cir- 
cumference tangent to the given drcomference 
at T, and A CDB any dreumferenco pasdng 
through A and B and cutting the given cir- 
cumi^nce in C and D. The common chords 
AB and CD, and the common tangent at T, 
all pass throngb a common point P (Ex. 158) ; 

from irhich a mmple construction may be inferred. There are two solutiona, 
given by the two tangents that can be drawn from P. 

207. To describe a drcumfcrence pasmng through two given points and 
tangent to a ^ven straight line. (Two solutions.) 

208. To describe a dnnimference pasdng through a ^ven p<nnt and tan- 
gent to two given straight lines. 

209. To describe a dtcnmference 
passing through a given point P, and 
tangent to a given straight line J^N 
and to a given drcumference 0. 

Analytit. Suppose EPD is one of 
the circumferences which satisfy the 
conditions, pas^ng throngb P, touch- 
ing MN at E and the circumference 
at D. Through the centre 0, draw 
COBA perpendicular to MN; join 
Ci' meeting the drcumference EPD 
in Q; alHo join 6!£. It can be proved 
that CE passes tbrongh D, and that 

CP. CQ =CE.GD= CA. CB ; 

the point Q is therefore determined, and the problem ia reduced to that of 
Ex. 206 or 207. The point ^ may be taken either in PC or m PC pro- 
ducod through C, and thus ''lere will be obtained, in all, four solutions. 
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210. To describe a drcumfer- 
ence passing through a given 
point A and tangent to two given 
circumferenoes, Oand (/. 

Analysis, If AGDB is one of 
the circum&renoes satisfying the 
conditions, we can show that the 
line CA joining the points of con- 
tact with the given circles, passes 
through P, the intersection of the 
line of centres, 00^, with a com- 
mon tangent TT^^ and that 
PaPD = PT.PT\ Hence, joining PA, we have P±PB = PT.PT\ 
and PB is known ; or ^ is a known point on the required drcumference. 
The problem is thus reduced to Ex. 206. By employing also the internal 
common tangent, we find, in all, four solutions. 

211. To describe a circle tangent to two given straight lines and to a given 
circle. 

This is reducible to Ex. 208. If both the given straight lines intersect the 
given circle, there may be eight solutions. 

212. To describe a circle tangent to two given dides, and to a given 
straight line. 

This is reducible to Ex. 209. There may be eight solutions. 

213. To describe a circle tangent to three given circles. 
This is reducible to Ex. 210. There may be eight solutions. 

^14. To describe a circumference which shall bisect three ^ven droum- 
ferences. 

*215. To construct a triangle, given its base in portion and mi^gnitude, 
and the sum (or the difference) of the other two ffldes, the locus of the vertex 
opposite the base being a given straight line. 

^216. To construct a triangle, given the product of two sides, the medial 
line to the third side, and the difference of the angles adjacent to the third 
side. 

*2\1, To construct a triangle, similar to a given triangle, and having its 
three vertices on the circumferences of three given concentric drdes. 

The same problem, substituting three parallel straight lines for the three 
circumferences. 

*21§. In a given circle, to inscribe a triangle, such that 

1st. Its base shall be parallel to a given straight line, and its other two 

sides shall pass through two given points in that line ; or, 
2d. Its base shall be parallel to a given straight line, and its other two 

sides shall pass through two given points not in that line ; or, 

3d. Its three sides shall pass through three given points. 

J ' — ^la^i^a^ 

^ Bxorcisea 214 to 218 are intended only for the most advanced strdenta. 
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GEOMETRY.—BOOK IV. 

THEOBEMS. 

219* Two triangles which have an angle of the one equal to the supple- 
ment of an angle of the other are to each other as the products of the sides 
including the supplementary angles. (IV. 22.) 

220. Prove, geometrically, that the square described upon the sum of two 
straight lines is equivalent to the sum of the squares described on the two 
lines phu twice their rectangle. 

Note. By the "rectangle of two lines'^ is here meant the rectangle of 
which the two lines are the adjacent sides. 

221. Prove, geometrically, that the square described upon the difference 
of two straight lines is equivalent to the sum of the squares described on the 
two lines mvrms twice their rectangle. 

222. Prove, geometrically, that the rectangle of the sum and the differ- 
ence of two straight lines is equivalent to the difference of the squares of 
those lines. 

223. Prove, geometrically, that the sum of the squares ob two lines is 
equivalent to twice the square on half their sum plus twice the square on 
half their difference. 

Or, the sum of the squares on the two segments of a line is equivalent to 
twice the square on half the line plus twice the square on the distance ox the 
point of section from the middle of the Hue. 

224 The area of a triangle is equal to the product of half its perimeter by 
the radius of the inscribed circle ; that is, if a, & and c denote ^e sidcd op- 
posite the angles Ay B and G respectively, r the radius of the insciibed 
circle, S the area, and 

9 = semi-perimeter =" i (a + h + c\ 
then 

Also, if r^, r^'', r^^^^ denote the radii of the three escribed circles, rrove, 
by Ex. 48 with Hhe figure of (H 95), that 



_r 8 — h 



^_ , rr^/=(a — a) (,_c), 



and hence the following expressions for <S, r, r^, r^^, i/^^^ 

iS=i/«(« — a) (8 — b) (« — c), 

8 8 — a 8 — 6 M — e 

Also prove that 
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EXERCISES 



225. The area of a triangle is equal to the produot of its three aides 
divided by four times the radius of the drcumscribed dide ; that is, de- 
noting this radius by R, 

(IV. 13) and (HI. 65.) 

226. The area of a triangle is equal to the product of the radius of the 
eircumscribed circle by the semi>perimeter of the triangle formed by jdning 
the feet of the perpendiculars drawn from the vertices of the given triangle 
to the opposite sides. 

227. The area of the triangle formed with the three medial lines of a 
^ven triangle is three-fourths of the area of that triangle. (IV. 20) and 
(Ex. 17.) 

228. The two opposite triangles, formed by joimng any point in the interioi 
of a parallelogram to its four vertices, are together equivalent to one-half the 
parallelogram. 

229. The triangle formed by joining the middle point of one of the non- 
parallel sides of a trapezoid to the extremities of the opposite side, is equiva- 
lent to one-half the trapezoid. 

230. The figure formed by joining consecutively the four middle points of 
the sides of any quadrilateral is equivalent to one-half the quadrilateraL 

231.^ If through the middle point of each diagonal of any quadrilateral a 
parallel is drawn to the other diagonal, and &om the intersection of these 
parallels straight lines are drawn to the middle points of the four sides, these 
straight lines divide the quadrilateral into four equivalent parts. 

232. Two quadrilaterals are equivalent if their diagonals are equal, each 
to each, and contain equal angles. 

233. K in a rectangle ABGD we draw the 
diagonal AC^ inscribe a circle in the triangle 
ABC, and from its centre draw OE and OF 
perpendicular to AD and DG^ respectively, the 
rectangle OD will be equivalent to one-half the 
rectangle ABGD, 

234. Let ABC be any triangle, and upon 
the sides AB^ AG, construct parallelograms 
AD^ AF^ of any magnitude or form. Let 
their exterior sides DE^ FG meet in M\ join 
MA^ and upon BG construct a parallelogram 
BK^ whose side BH is equal and paraUel to 
MA. Then the parallelogram BK is equiva- 
lent to the sum of the parallelograms AD 
fuoAAF, 

From this, deduce the Pythagorean Theo- 
rem. (IV. 25.) 
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235. Upon tho rades of any triangle 
ABC, conatruct squares AJ}, AG, BH; 
join EF, GIf, DK\ from A draw AF 
perpendicular ia BC, and produce it to Q, 
making ^$=5(7; join BQ, CQ, BG, 
CD, and from i> and (?, draw DM, GN, 
perpendicular to £C. Prove the following 
propertiea : 

let The triangles AEF, CGH, DKB, 
are eacli equivalent Xa ABC. 

2d. DM+GN=BC. 

3d. BQ is perpendicnlar to CD, and 
CQ^oBG. 

4tli. CD and BG intersect on the pei- 
pendicalar AP 

5th. The lines AQ mA EF bisect each 
other at R. J^ 

6th. EF, GH, DK, are respectively 
equal to twice the medial lines of the triangle ABC. 

236. If three Btnught lines Aa, Bl, Cc, drawn 
from the vertioes of a triangle ABC to the opposite 
sides, pass through a common point withio the 
triangle, then 




Oa ,^ , 
Aa^ Bb^ 



1. 



What modification of this statement is 
out the triangle? 

237. If from any point within a triangle 
ABC, any three strwght lines, Oa, Ob, Oc, are 
drawn to the three sides, and through the vertices 
of the triangle three straight lines Aa', Bb', Cc", 
are drawn parallel respectively to Oa, Ob, Oc, 
Uien 



Oa . Ob . 



Oc. 



if the point is with- 




What modificatioii of this statement is necessaiy if the point is taken 
without the triangle? 
Deduce the preceding theorem from this. 

238, If from the vertioes of a triangle ABC, three straight lines, AA', 
BB', CC, are drawn to the opposite Mdes (or these mdes produced), each 
equal to a given line L, and from any point within the tnangle, Oa, Ob. 
27** V 
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Oc^ are drawn parallel respectively to AA^^ BB^, CC^, and terminaiang 
in the same sides, then, the sum of Oa, Ob and Oc is equal to the given 
length L, 

A 




^^A' 



239. If a,b^ c ana d denote the four sides of any quadrilateral, m and n 
(to diagonals, and S its area, then 

S = Wl^rnn + a^ — 6» + c^ — d^) (2 wn ^ a^ •{. h^ — c* '\- <P). 

If the quadrilateral Ls inscrihed in a circle, this formula becomes 
8 = i/(p-a) {p-b) {p-c) (p-d), 

in which p = ^(a + 6 + c + <f). 

If thft quadrilateral is such that it can be circumscribed about a circle and 
also inscribed in a circle, then tiie formula becomes 



S = ^abcd. 



PROBLEMS. 

240. To construct a triangle, given one angle, the side opposite to that 
angle, and the area (equal to that of a given square). 

241. To construct a triangle, given its angles and its area. 

242. To construct a triangle, given one angle, tiie medial line £rom one of 
the other angles, and the area. 

243. To construct a triangle, given its area, the radius of the inscribed 
circle, and the radius of one of the escribed circles ; or, given its area and 
the radii of two escribed circles. (Exercises 48 and 224.) 

244. Given any triangle, to construct an isosceles triangle of the same 
area, whose vertical angle is an angle of the given triangle. 

245. Given any triangle, to construct an equilateral triangle of the same 
area. 

246. Given the three straight lines EF^ GH and DK^ in the figure of 
Exercise 235, to construct the triangle ABC, 

247. Bisect a given triangle by a parallel to one of its sides. 

Or, more generally, divide a given triangle into two or more parts propot^ 
tionaH to given lines, by parallels to one of its sides. 
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848. KsMli A triangle l^ a straight line drawn through a given point in 
one of its sides. 

S49. Through a given point, draw a straight line which shall form wiUi 
two given intersecting straight lines a triangle of a given area. 

Bemark that the area and an angle being known, the product of the rides 
including that angle is known. (lY. 22.) 

250. Bisect a trapezoid by a parallel to its bases. 

251. Inscribe a rectangle of a given area in a given circle. 

252. Inscribe a trapezoid in a given circle, knowing its area and the 
common length of its inclined sides. (See Ex. 229.) 

253. Given three points, A, B and (7, to find a fourth point P, such that 
the areas of the triangles APB^ APCy BPC^ shall be equal (Four solu- 
tions.) 

254. Given three points, A^ B and (7, to find a fourth point P, such that 
the areas of the triangles APB^ APQ BPC^ shall be proportional to three 
given lines L, M^ N. (Four solutions. ) 

See Exercise 170. 



GEOMETRY.— BOOK V. 

THEOREMS. 

255. An equilateral polygon inscribed in a circle is regular. 

256. An equilateral polygon circumscribed about a circle is regular if the 
number of its sides is odd, 

257. An equiangular polygon inscribed in a circle is regular if the number 
of its ffldes is odd, 

258. An equiangular polygon circumscribed about a circle is regular. 

259. The area of the regular inscribed hexagon is three-fourths of that 
of the regular circumscribed hexagon. 

260. The area of the regular inscribed he2Uigon is a mean proportional 
between the lU'eas of the inscribed and circumscribed equilateral triangles. 

261. A plane surface may be entirely covered (as in the construction cf a 
pavement) by equal regular polygons of either three, four, or six sides. 

262. A plane surface may be entirely covered by a combination of squares 
and regular octagons having the same side, or by dodecagons and equilateral 
triangles having the same side. 

263. The area of a regular inscribed octagon is equal to that of a rectangle 
whoae adjacent sides are equal to the sides of the inscribed and circumscribed 
squares. 

264. The area of a drcle is a mean proportional between the areas of any 
two similar polygons, one of which is circumscribed about the circle and the 
other isoperimetrical with the circle. ( Galileo's Theorem. ) 
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265. Two diagonals of a regular pentagon, not drawn firom a common 
vertex, divide each other in extreme and mean ratio. 

266. K a = the aide of a regular pentagon inscribed in a drole whose 

radius is J?, then, 

p „ 

a = -gVlO — 2i/5, 

267. If a = the dde of a regular octagon inscribed in a circle whoBS radius 
is R, then, 

a = RV^2 — 1/2. 

268. If a = the side of a regular dodecagon inscribed in a oirde whose 
radius is 7?, ttien, 

a = 22/2 — 1/3. 

269. If a = the side of a regular pentedecagon inscribed in a circle whose 
radius is R, then, 

a = ^(1/10 + 21/5 + >/3 — 1/15). 

270. K (f = the diagonal of a regular pentagon inscribed in a circle whose 

radius is R^ then, 

R ____—__-— 

271. If a = the side of a regular polygon inscribed in a drde whose radius 
is i?, and A = the side of the »milar circumscribed polygon, then, 



A = 



2aR 



l/(4R^—a^) 



a = 



2AR 



l/(4^« + A^) 



272. If a = the side of a regular polygon inscribed in a circle whose radius 
is i?, and a^ = the side of the regular inscribed polygon of double the 
number of sides, then, 

273. If AB and CD are two perpendicular di- 
ameters in a circle, and E the middle point of the 
radius 00^ and if EF is taken equal to EA^ then 
OF is e(iual to the side of the regular inscribed 
decagon, and ^jP is equal to the side of the regular 
inscribed pentagon. 

Corollary. If a = the side of a regular pentagon 
and a^ = the side of a regular decagon, inscribed 
\\i a circ)^ whose radius is R, then, 




a' 



— a^« = i?«. 
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274 In two circles of different radii, angles at the centres subtended by 
arcs of equal length are to each other inversely as the radiL 

275. From any point within a regular polygon of n sides, perpendiculars 
are drawn to the seyeral sides ; prove that the sum of these perpendiculars 
is equal to n times the apothem. ( Y. 22. ) 

What modification of this statement is required if the point is taken with- 
out the polygon? 

275. If perpendiculars are dropped from the vertices of a regular polygon 
upon any diameter of the circumscribed circle, the sum of the perpendicu- 
lars which fall on one dde of this diameter is equal to the sum of those which 
fall on the opposite ade. 

277. If n is the number of sides of a regular polygon inscribed in a circle 
whose radius is /?, and a point P is taken such that the sum of the squares 
of its distances from the vertices of Ihe polygon is equal to a given quantity 
k^^ the locus of P is the circumference of a circle, concentric with the 
given circle, whose radius r is determined by the relation 

n 
(DX 52 and 53), (Ex. 276.) 

PBOBLEMS. 

278. Divide a given circle into a given number of equivalent parts, by con- 
centric circumferences. 

Also, divide it into a given number of parte proportional to given lines, by 
concentric circumferences. 

279. A circle being given, to find a given number of circles whose radii 
shall be proportional to given lines, and the sum of whose areas shall be 
equal to the area of the given circle. 

280. In a given equilateral triangle, inscribe three equal circles tangent to 
each other and to the sides of the triangle. 

Determine the radius of these circles in terms of the side of the trianfle. 

281. In a given circle, inscribe three equal circles tangent to each other 
and to the given circle. 

Determine the radius of these circles in terms of the radius of the given 
circle. 
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THEOREMS. 



T 282. If a straight line AB is parallel to a plane MN^ any plane perpen- 
i dicolar to the line AB is perpendicular to the plane MIT, 

283. K a plane is passed through one of the diagonals of a parallelogram, 

the perp^idiculars to this plane from ihiQ extremities of ih» other diagonal 

are equaL 

28 
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284. If the interaeotions of a number of planes are parallel^ all tih^ put' 
pendiculars to these planes, drawn from a common point in space, lie in one 
plane. 

* 285. If the projections of a number of points on a plane aie in a straight 
line, these points are in one plane. 

286. J£ each of the projections of a line AB upon two intetseoting planes 
is a straight line, the line AB is a straight line. 

287. Li)t A and B be two points, and M and iV two plane& If the sum 
of the two perpendiculars from the point A upon the planes M and U" h 
equal to Ihe sum of those frx)m B upon these i^nes, this sum is the same 
for every other point in the straight line AB, (Ex. 125.) 

Extend the theorem to any number of planes. 

288. Let Af B and C be three points, and M and N two planes. If the 
sum of the two perpendiculars from each of the points A, B and 67, upon 
the planes M and JV^ is the same for the three points, it will be the same 
for every point in the plane ABC, (Ex. 287.) 

Extend the theorem to any number of planes. 

289. A plane passed through the middle point of the common perpen- 
dicular to two straight lines in space (YL 63), and paraUel to both these 
lines, bisects every straight line joining a point of one of these lines to a 
point of the other. 

290. In any triedral angle, the three planes bisecting the three diedral 
angles, intersect in the same straight line. 

291. In any triedral angle, the three planes passed through the edges, per- 
pendicular to the opposite faces respectively, intersect in the same straight 
line. 

292. In any triedral angle, the three planes passed through the edges and 
the bisectors of the opposite face angles respectively, intersect in the same 
straight line. 

293. In any triedral angle, the three planes passed through Uie bisectors 
of the face angles, and perpendicular to these &ce8 respective^yy intersect in 
the same straight line. 

294. If through the vertex of a triedral angle, three straight lines are 
drawn, one in the plane of each face and perpendicular to the opposite edge, 
these tliree straight Hnes are in one plane. 



LOCI. 

295. Find the locus of the points in space which are equally distant frt)m 
two given points. 

296. Locus of the points which are equally distant from two given planes ; 
or whose distances from two given planes are in a given ratio. (Compare 
Ex. 170.) 

297. Locus of the points which are equally distant from two given straight 
lines in the same plane. 

298. Locus of the points which are equally distant from three given 
^toints. 
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2^. LocuB of the points wliicli are equally distant from tbreie given 
planes. 

Ck>0. Locus of the points which are equally distant from three given 
straight lines in the same plane. 

301. Locus of the points which are equally distant from the three edges 
of a tnedial angle. (Ex. 293.) 

302. LooUB of the points in a given plane which are equally distant from 
two given points out of the plane. 

303. Locub of the points which are equally distant from two given planes, 
and at tiie samo time equally distant from two given points. (Exs. 295 and 
296.) 

.304. Locus ot % point in a given plane such that the straight lines drawn 
from it to two gifon points out of the plane make equal angles with the 
plane. (III. 79.) 

305. Locus of a point such that the sum of its distances from two given 
planes is equal to a given straight line. 

306. Locus of a point such that the difference of the squares of its dis- 
tances from two given points is equal to a given constant 

307. Locu» of a point in a given plane such that the difference of Uie 
squares of its distances from two given points is equal to a given constant 

308. A straight line of a given length moves so that its extremities are 
constantly upon two given perpendicular but non-intersecting straight lines ; 
what is the locus of the middle point of the moving line? 

309. Two given non-intersecting straight lines in space are cut*fey an 
indefinite number of parallel planes, the two intersections of each plane 
with the given lines are joined by a straight line, and each of^these joining 
lines is divided in a given ratio m : n; what is the locus of the points of 
division? 

PROBLEMS. 

In the solution of problems in space, we assume — 1st, that a plane can be 
drawn passing through three given points (or two intersecting straight lines) 
and its intersections with given straight lines or planes determined — and 2d, 
that a perpendicular to a given plane can be drawn at a given point in the 
plane, or from a given point without it ; and the solution of a problem wiH 
consist, not in giving a graphic construction, but in determining the con- 
ditions under which the proposed problem is solved by the application of 
these elementary problems. The graphic solution of problems belongs to 
Descriptive Geometry. 

310. Through a given straight line, to pass a plane perpendicular to a 
given plane. 

311. Through a given point, to pass a plane perpendicular to a given 
straight line. 

312. Through a given point, to pass a plane parallel to a given plane. 

313. To determine that point in a given strai/?ht line which is equidistant 
from two given points not in the same plane with the given line. 
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314. To find a point in a plane which shall be eqmdistant from three ^yob 
points in space. 

315. Through a given point in space, to draw a straight line which shaU 
cat two given straight lines not in the same plane. 

316. Given a straight line AB parallel to a plane M; from any point A 
in AB, to draw a straight line AP, of a ^ven length, to the plane M, 
making the angle BAP equal to a given angle. 

317. Through a given point J. in a plane, to draw a straight line ATm 
that plane, which shall be at a given distance PT from a given point P 
without the plane. 

318. A given straight line AB meets a given plane at the x>oint A ; to 
draw through A a straight line AP in the given plane, making the angle 
BAP equal to a given angle. 

31 9. Through a given point A, to draw to a ^ven plane M a straight line 
which shall be parallel to a given plane JV and of a given length. 

320. Through a given point A, to draw to a given plane M a straight line 
which shall be parallel to a given plane N and make a given angle with the 
plane M. 

321. Given two straight lines, CD and EF, not in the same plane, and 
AB any third straight line in space ; to draw a straight line PQ from AB to 
EF which shall be parallel to CD, 

322. Given two straight lines AB and CD^ not in the same plane ; to 
draw a straight line PQ from AB to CD which shall make a given angle 
^th AB. 

323. Given two straight lines, AB and CD, not in the same plane, to find 
a point in AB at a given perpendicular distance from CD. 

324. Through a given point , to draw a straight line which shall meet a 
given straight line and the circumference of a given drcle not in the same 
plane. 

325. In a given plane and through a ^ven point of the plane, to draw 
a straight line which shall be perpendicular to a given line in space. 
(VL 62.) 

326. In a given plane, to determine a point such that the sum of its dis^ 
tances from two given points on the same «dde of the plane shall be a 
minimum. 

327. In a ^ven plane, to determine a point such that the difference of its 
distances from two given points on opposite sides of the plan^ shall be a 
maximum. 

328. To cut a given polyedral angle of four faces by a plane so that tli« 
section shall be a parallelogram. 
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THEOREMS. 



329. The Tolmne of a triangular prism is equal to tike ^uduct of the area 
of a kteral face hy one-half the perpendicular distance of that face firom the 
opposite edge. 

330. In any quadrangular prism, the sum of the squares of the twelve 
edges is equal to the sum of the squares of its four diagonals plus eight 
times the square of the line joining the common middle points of the diago- 
nals taken two and two. 

Deduce (VII. 20) from this. 

331. Of all quadrangular prisms havuig equivalent surfaces, the cuhe has 
the greatest volume. 

332. The lateral surface of a pyramid is greater than the hase. 

333. At any point in the hase of a regular pyramid a perpendicular to the 
base is erected which intersects the several lateral faces of the pyramid, or 
these faces produced. Prove that the sum of the distances of the points of 
intersection from the base is constant 

(See Ex. 275.) 

334. In a tetraedron, the planes passed through the three lateral edges 
and the middle points of the edges of the base intersect in a straight line. 
The four straight lines so determined, by taking each face as a base, meet in 
a point which divides each line in the ratio 1 : 4. 

Note, This point is the centre of gravity of the tetraedron. 

335. The perpendicular from the centre of gravity of a totraedron to any 
plane is equal to the arithmetical mean of the four perpendiculars from the 
vertices of the tetraedron to the same plane. (Ex. 125.) 

336. In any tetraedron, the straight lines joining the middle pomts of the 
opposite edges meet in a point and bisect each other in that point 

337. The plane which bisects a diedral angle of a tetraedron divides tho 
opposite edge into segments which are proportional to the areas of the adja- 
cent &ces. 

338. Any plane passing through the middle points of two oppodte edges 
of a tetraedron divides the tetraedron into two equivalent solids. 

339. K one of the triedral angles of a tetraedron is tri-rectangular 
(i e., composed of three right angles), the square of the area of the face 
opposite to it is equal to the sum of the squares of the areas of the three 
other faces. 

340. If a, 5, c, d, are the perpendiculars from the vertices of a tetraedron 
upon the opposite faces, and a^, Vy c^, cZ^, the perpendiculars from any point 
within the tetraedron upon the same faces respectively, then, 



a^ ,¥.</, d' 



^-f ~- + -+y = l. 
a o c a 
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341. If ABGD is any tetraedron, and any point within it ; and if the 
straight lines J. 0, BO^ COy DO^ are produced to meet the &oes in the 
points OyhyCydy respeodvely ; then 

Aa^Bh^Cc^Dd 

342. The volume of a truncated triangular prism is equal to the product 
of the area of its lower base by the perpendicular upon the lower base let 
&11 from the intersection of the medial lines of the upper base. 

343. The volume of a truncated parallelopiped is equal to the product of 
the area of its lower base by the perpendicular from the centre of the upper 
base upon the lower base. 

344. The volume of a truncated parallelopiped is equal to the product of 
a right section by one-fourth the sum of its four lateral edges. (YIL 62.) 

345. The altitude of a regular tetraedron is equal to the sum of the four 
perpendiculars let &11 from any point within it upon the four faoea. 

346. Any plane passed through the centre of a parallelopiped divides it 
into two equivalent solids. 



PROBLEMS. 

347. To cut a cube by a plane so that the section shall be a r^ilMt 
hexagon. 

348. Given three indefinite straight lines in space which do not intersect, 
to construct a parallelopiped which shall have three of its edges on these 
lines. 

349. A parallelopiped is given in position, and a straight line in space ; to 
pass a plane through the line which shall divide the jmrallelopiped into two 
equivalent solids. 

350. To find two straight lines in the ratio of the volumes of two given 
cubes. 

351. WitHn a given tetraedron, to find a point such that planes passed 
through this point and the edges of the tetraedron shall divide tiie tetraedron 
into four equivalent tetraedrons. 

352. To pass a plane, either through a given point, or parallel to a given 
straight line, which shall divide a given tetraedron into two equivalent 
solids. 

353. Find the difference between the volume of the frustum of a pyramid 
and the volume of a prism of the same altitude whose base is a section of 
the frustum parallel to its bases and equidistant from them. 

The difference may be expressed in the form — -(|/B^ — l/S) i if B and 
h Are the areas of the bases, and h the altitude of the frustimu 
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GEOMETRY.— BOOKS VHI and IX. 

THEOREMS. 

354. If througli a fixed point, within or without a sphere, tiiree straight 
lines are dicawn perpendiookr to each other, interseoting the sur&oe of the 
sphere, the sum of the squares of the three interoepted chords is constant 
Also, the sum of the squares of the six segments of these chords is 
constant 

355. K three radii of a sphere, perpendicular to each other, are projected 
upon any plane, the sum of the squares of the three projections is equal to 
twice the square of the radius of the sphere. (Ex. 339.) 

356. If two dides revolve ahout the line joining their centres, a common 
tangent to the two dicles generates the smface of a common tangent cone to 
the two spheres generated by the circles. The vertex of the cone generated 
by an external common tangent may be called an extemcd vertex, and that 
of the cone generated by an internal common tangent may be called an 
internal vertex. These terms being premised, prove the following theorem : 

If three spheres of different radii are placed in any position in space, 
and the six common tangent cones, external and internal, are drawn to these 
spheres taken two and two, 1st, the three external vertices are in a straight 
line ; 2d, each external vertex lies in the same straight line with two internal 
vertices. 

357. The volumes of a cone of revolution, a sphere, and a cylinder of 
revolution, are proportional to the numbers 1, 2, 3, if the bases of the cone 
and cylinder are each equal to a great cirde of the sphere, and their altitudes 
are each equal to a diameter of the sphere. 

358. An equ^teral cylinder (of revolution) is one a section of which 
through the axis is a square. An equilateral cone (of revolution) is one a 
section of which through the axis is an equilateral triangle. These defi- 
nitions premised, prove the following theorems : 

I. The total area of the eqmlateral cylinder inscribed in a sphere is a 
mean proportional between the area of the sphere and the total area of the 
inscribed equilateral cone. The same is true of the volumes of these three 
bodies. 

IL The total area of the equilateral cylinder circumscribed about a sphere 
is a mean proportional between the area of the sphere and the total area of 
the dicumscribed equilateral cone. The same is true of the volumes of 
these three bodies. 

359. If A is the altitude of a segment of one base in a sphere whose 
radius is r, the volume of the segment is equal to irh^{R — J7i). 

360. The volumes of polyedrons circumscribed about the same sphere are 
proportional to their surfaces. 
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LOCI. 

361. Locus of the points in spaoe which are at a given distance from a 
given straight line. 

362. Locus of the points which are at the distance a from a point J., and 
at the distance 6 from a point B, 

363. Locus of the centres of the spheres which are tangent to three given 
planes. 

364. Locos of a point in space the ratio of whose distances from two fixed 
points is a given constant 

365. Locus of the centres of the sections of a given sphere made by planes 
passing through a given straight line. 

366. Locus of the centres of the sections of a given sphere made by planes 
passing through a given point 

367. Locus of a point in space the sum of the squares of whose distances 
from two fixed points is a given constant (Ex. 174.) 

368. Locus of a point in space the difference of the squares of whose dis- 
tances from two fixed points is a given constant (Ex. 175.) 



PROBLEMS. 

369. To cut a given sphere by a plane passing through a given straight 
line so that the section shall have a given radius. 

370. To construct a spherical surface with a given radius, 1st, passing 
through three given points ; 2d, passing through two given points and tan- 
gent to a given plane, or to a ^ven sphere ; 3d, passing through a ^ven 
point and tangent to two given planes, or to two given spheres, or to a given 
plane and a given sphere; 4th, tangent to three given r.ilanes, or to three 
given spheres, or to two given planes and a given sphere, or to a given plane 
and two given spheres. 

371. Through a given point on the surface of a sphere, to draw 'a great 
drcle tangent to a given small drcle. 

372. To draw a great circle tangent to two given small circles. 

373. At a given point in a great circle, to draw an arc of a great circle 
which shall make a given angle with the first 

374. To find the ratio of the volumes of two cylinders whose convex areas 
are equal. 

375. To find the ratio of the convex areas of two cylinders whose volumes 
are equal. 

376. To find the ratio of the volumes generated by a rectangle revolving 
successively about its two adjacent sides. 
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TRANSVEBSAIA 

1. Definition. Any straight line catting a eygtem of lines is called a 
transvenaJL 

PROPOSITION I,— THEOREM. 

2. If a traruversal cuts the sides of a triangle {produced \f necessary), the 
product €f three non-ad$acent segments of the sides is equal to the product 
of the other three segments. 

Let ABC be the given triangle, 
and ahc the transversal. When the 
transversal cuts a side produced, as 
the side BC stc^ the segments are 
the distances, aBy aC, of the point 
of section from the extremities of 
the line (m. 22). The segments 
a^, 6(7, cJ., having no extremity 
in common, are non-a4}aoent 

Draw CN parallel to AB. By 
similar triangles, we have 




and mnltiplyiog, 



whence. 



aB_eB 



hC_NG 
hA cA' 



aB X hC _ eB 
aCXhA cA' 

aBXhCXcA^aCXhAXcB. 



3. Corollary. Conversely, (f three points are taken on the sides of a tri- 
angle {one of the pomts, or aU three, lying in the sides produced), so that 
the product of three non-adjacent segments of the sides is equal to theprodua 
of the other three, then the three points lie in the same straight line. 

Let a, 6, c, be so taken on the sides of the triangle ABC, that the relar 
tion [I] is satisfied. Join ah, and let ab produced be supposed to cut 
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AB m % point which we shall call c^i Then by the above theorem, we 
have 

aBXhCXe'A^aCXhAX CB, 

r nd since by hypothecs we also have 

a£XbCXcA=^aCXbAXeB, 

lere follows, by division, 

c;a^^ 

cA cB' 

which can evidently be trae only when {/" ooinddes with c; that is, the 
three points a, b and c are in the same straight line. 

4. Scholium. The principle in the corollary often serves to determine, in a 
^ery simple manner, whether three points lie in the same straight line. 

For example, take the following theorem : 

The middle points of the three diagonals of a complete quadrilateral art 
in a straight line, 

A complete quadrilaieral is the figure formed by four strught lines inter- 
secting in six points, as ABGDEF. The line EF is called the Mrd 
diagonal. 



Let L, M, N^he the middle points of the three diagonals. Let Gj H, f , 
be the middle points of the sides of the triaiigle FDG. The sides of i^ie 
triangle GffK pass through the points LNN, respectively (L 121 and 122). 
Tlio line ABEj considered as a transversal of the triangle CDF, gives 

ARBFEC = AFBG.ED. 

Dividing each factor of this equation by 2, and observing that we have 
iAI) = LK, \ BF= MG, etc. (L 121), we find 

LKMGNH^ LRMK.NG] 

therefore, the points X, J(f, JV, lying in the sides of the triangle GHK^ 
satisfy the condition of the preceding coroUaiy, and are in a straight fine. 
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PROPOSITION II.— THEOREM. 

5. Three straight lines^ dravm through the vertices of a triangle and any 
point in its jAane^ divide the sides into segments such thai the product qf 
three nonrodjajoent segments is equal to the product of the other three. 



Let ABC be the triangle, and any point 
in its plane, through which Aa, Bb^ Cc^ are 
drawn. 

The triangle J. (7a is cut by the traosversal 
Bh ; hence, by (2), 

aB,hC.AO= BahAaO\ 

and the triangle ABa^ cut by the transv«nnl 
jCbigires 

BCaOxA = aCAO.cB. 

Multiplying these equations together, and omitting the common &ctors, we 

obtain 

aB.hacA = aCbAcB. 

6. CoroUary, Conversdy, if three points are taJeen on the sides of a tri- 
angle {aM the points being on the sides themselves or two on the iddes pro- 
duced), so that the product of three non-adjacent segments of the sides is 
equal to the product qf the other threes the straight lines joining these points 
with the opposite vertices of the triangle meet in one point 

The proof is similar to that of (3). 

7. Scholium. The principle of this corollary often serves to determine 
whether three straight lines meet in a point For example, if Aa^ Bh^ Cc^ 
are the bisectors of the angles of the triangle ABG^ we have by (ILL 21), 

oB^aC^ bC^hA cA ^ cB 

AB AC' BC aJ AC B& 

and the product of these equalities, omitting the common denominator 
AHXBCXAC,\b 

aB.hCcA = aC.hA.cB\ 

therefore, the three bisectors of the angles of a triangle pass through the same 
point. 

With the same duality, it can be shown that the straight Unes joining the 
points of contact of the inscribed circle with the opposite vertices of the tri- 
angle meet in a point ; that the three perpendiculars from the vertices of a 
triangle to the opposite sides meet in a point; and that the three medial Jine^ 
of a triangle meet in a point 

29 W 
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ANHABMONIC BATIO. 

8. Definition, If four points are taken in a straiglit line, the quotient 
obtained by dividing the ratio of the distances of the first two fix)m the third 
by the ratio of the distances of the first two from the fourth, is called the 
anharmonic ratio of the four pointa 

Thus the anharmonic ratio of the four i 1 1 1 

points A,B, C,D,'ia ^ bo 9 

CA. DA 
CB ' DB' 

which for brevity is denoted by \ABCD\ 

In applying the definition the points may be taken in any order we pkase, 
but the adopted order is always to be indicated in the notation. Thus, the 
same points, conddered in the order J., (7, j8, i>, give the anharmonic ratio 

9. The anliarmonic ratio of four pomta t< not changed m value token two 
of the points are interchanged^ provided the other tuoo are interchanged at 
the same Hme, 

Thus 

r A nnTY] — CA , DA_ CA.DB 
l^^m--GB'DB-CKDA 

iRAnri--^^. eg- CA.DB 
^^"^^^'DA'CA-CRDA 

irnA m-^0 . BG _ AC.BD 
[CDAB]-j^: ^^^^-^ 

xnnnA^^^^ . AD^AOBD 
^^^^"^^-BGAC^BOlD 

Therefore, [ABGD] = [BADG] = [GDAB] = [DGBA]. There m 
then four different ways in which the same anharmonic ratio can be ex- 
pressed. 

There are, in all, twenty-four ways in which the four letters may be 
written, and therefore four points give rise to six anharmonic ratios 
differing in value. Three of these six are the reciprocals of the other 
three. 

10. Definition, A system of straight lines diverging from a point is caDed 
a pencil; each diverging line is called a ray; and the point from which th^ 
diverge is called the vertex of the pencil 
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PBOPOSITION III.— THEOREM. 

11. ^ a pencil of four rays is cut by a transversal^ any anharmonic nxHo 
of the fom points of intersection is constant for aU positions of the tranM' 
versaL 

ViC.1. Vig.& 





Let a-MNPQ be the penteU; and let ABCD, A'B'C^IT, be any two 
positions of a transversal ; then 

[ABCn\ = [A'B'C'Jyi 
For, drawing Bod parallel to OM^ we have by similar triangles, 

CA OA DA OA 



CB cB 



DB dB 



Dividing the first of these equations by the second, we have 

[ABCD] = g. 

Drawing B^tfd^ jmrallel to Jf, we have in the same manner, 

d'B' 



[A'B'C'iy] = 



c'B' 



The second members of these two equations being equal (IIL 35), we have 

[ABCD] = [A'B'CIX]. 

It Is important to observe that the preceding demonstration applies when 
the transversals cut one or more of the rays on opposite sides of the vertex, 
as in Fig. 2. 

12. Definition, The anharmonic ratio of a pencil of four rays is the 
anharmonic ratio of the four points on these rays determined by any trans- 
versal. Thus, [ABCD]y [ACBD], etc., are the anharmonic ratios of the 
l»encil formed by the rays OM, ON^ OP, OQ, in the preceding figure. To 
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distiDguish the pencil in which the ratio is considered, the letter at the 
vertex is prefixed to the ratio; thus, [O.ABCD], [O.ACBD]^ etc. 

1^ The ao^es of a pendl are the six angles which the rays, taken two 
and two, form with each other. It follows from the preceding pnH)ositioD 
that the values of the anharmonic ratios in two pencils will he equal, if tho 
angles of the pendls are equal, each to each. 

14. Definition. The anJiarmontcrcUio of four fijced 
points Af Bf (7, Dy on the circumference of a circle^ 
is the anharmonio ratio of the pencil formed hy join- 
ing the four points to any variahle point on the 
drcumferenoe. 

PROPOSITION IV.— THEOREM. 

15. The anharmonic ratio of four fixed points on the circumference of a 
circle is constant 

For, the angles of the pencil remain the same for all positions, 0, 0% 
etc., of its vertex, on the circumference. (IL 58.) 

16. Definition. If four fixed tangents to a drde are cat by a fiith (vari- 
able) tangent, the anharmonic ratio of the four points of intersection is 
called the anharmonic ratio of the four tangents. 




PROPOSITION V. 

17. The anharmonic ratio of four fixed tangents to a cirde is constant 

For, let four tangents, touch- 
ing the circle at the points 
A, B, (7, D, be intersected by 
any fifth tangent in Jbf, JVJ P, Q. 
The pencil formed by the rays 
OM, ON, OP, Oe, will have 
constant angles for all positions 
of the variable tangent, since 
(as the reader can readily prove) 
the angle MON will be meas- 
ured by one-half of the fixed arc AB, the angle NOPhy one-half of the arc 
BC, and the angle POQ by one-half of the arc CD. The angles of the 
pencil being constant, the anharmonic ratio [O.MNPQ] is constant 

18. CoToUary. The anharmonic ratio of four tangents to a drde is egwai 
to the anharmonic ratio of the four points of contact 

For, if any point 0^ in the ciicum&r^ice be joined to J^ jS, ^ 2>, the 
pencil formed will have the same angles as the pencil formed by ihe nys 
OM, ON, OP, OQ, since these angles will also be measured by one-half 
the arcs AB, BCf CD, respectively. 
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19. The properties of anharmonic ratios can be applied to the demonstra- 
tion of two classes of theorems, in one of which certain points are to be 
shown to He in the same straight line, and in the other certain straight lines 
are to be shown to meet in the same point Corresponding theorems in these 
two daases are j^aoed side by side, in the following propodtionsi in order to 
•xhiUt their analogy. 



PROPOSITION VL 



Theorem, 



2C. When tivo pencOs O-ABCDj 
CZ-A^B' C^iy^ have the same anhar- 
numic ratio and a homologous ray 
OA common^ the intersections &, c, c?, 
of the other three pairs of homologous 
rays^ are in a straight Une. 




For, let the straight line joining b 
and c meet OA in a, and let the 
points in which it meets OB and 
O^jy be called d and d^, respectively. 
By hypothesis we have (11), 

[abed] = [abcd^], 

which can be tnie only when d and y 
coincide ; but ^ and y being on the 
different lines OD and O^iy can co- 
incide only when they are identical 
with their intersection d. Therefore, 
a, &, c, c2, are in a straight line. 



22. Corollary, Ifoneoftheanliar- 
monic ratios of a pencil is equal to 
one of those of a second pencil, the 



Theorem, 



21. Wlien two right-lined figures 
of four points Ay B^ C, D, and 
Ay B^y G^y lyy have the same an^ 
harmonic ratio and a homologous 
point A commony the straight luies 
joining the other three pairs of ho- 
mohgous points meet in the same 
point 0. 




For, let be the point of meeting 
of BB' and CO' ; draw OA and 
Ol/y and let the point in which 01/ 
meets AD be called d. 
Then we have (11), 

[AB'G'iy] = [ABC^'ly 

and, by hypot^eas, 

[AB'C'iy]^[ABGDy, 



henoe, 



[ABGd] = [ABGD\. 



Therefore d coincides with 2>, and 
the straight line Diy also passes 
through the point 0. 

23. GoroUary, If one of the an- 
harmonic ratios of a system of four 
points is equal to one of those of a 



remaining anharmonic ratios of the second system, the remaining anhar- 
29* 
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fini pencH are equal to those of the 
' $€amd, each to each. 

For, let the pencils be placed so as 
to have a common homologous ray. 
Since one of the ratios has the same 
value in both pencils, the intersec- 
tions of the other three pairs of ho- 
mologous rays lie in a straight line, 
which is a common transversal ; and 
then any two corresponding anhar- 
monic ratios in the two pencils will be 
equal to that of the four points on the 
common transversal (11), and there- 
fore equal to each other. 



montc ratioB of the two tj/stettu art 
equal, each to each. 

For, let the two systems be placed 
so as to have a common homologous 
p<ttnt Since one of the anhannoiiio 
ratios has the same value in both sgrs- 
tems, the straight lines joining the 
other three pairs of homologous points 
meet in a point; and then any two 
corresponding anharmonic ratios in 
the two systems are equal, being de- 
termined in the same pendl (11). 



PBOPOSITION VII. 



Theorem. 



24. If two triangles, ABC, A'B'C, 
are so situated that the three straight 
lines, AA^, BB^y CG\ joining their 
corresponding vertices, meet in a point, 
0, the three intersections, a, h, c, of 
their corresponding sides, are in a 
straight line. 



Theorem. 



25. If two triangles, ABCA^B^C 
are so situated that the three intersec- 
tions, a, h, e, of their corresponding 
sides are in a straight line, the three 
straight lines, AA^, BB\ CC^, joinr- 
ing their corresponding vertices^ meet 
in a point, 0, 




For, let BA and B^A^ meet OC 
in D and D^, and suppose Oc to be 
drawn. The pencil Oc, OB, OA, 



For, let the straight line ahc meet 
CCiad, Taking C and C^ as the 
vertices of pencils having the com 
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0(7, interseeted by the transversals 
cD and cjy^ gives 

[cBAD] = [cB'A'IX], 

or oonndering these ratios as belong- 
iog to^pendls whose yertioes are C 
and C^ respectiyely, 

[CcBAD] = {C'.cB'A'iyi 

These pencils having a oommon an- 
harmonio ratio and a common ray 
CC^^ the intersections a, h^ c, of the 
other three pairs of homologous rays 
are in a straight line (20). 



mon transversal ac, we have, iden- 
tically, 

[acdba] = [C^.cdba]. 

The first pendl being cat by the trans- 
versal cBADj and the second by the 
transversal cB^A^IX^ the preceding 
equation gives (11), 

[cDAB] = [cI/A'B'l 

The two qrstems, c, B^ A^ 2>, and 
c, B^^ A\ Jy^ having a common an • 
harmonic ratio and a common ho- 
mologous point c, the lines BB^^ 
AAf, Diy (or ceo, meet in the 
same point (21). 



26. D^^'an. Two triangles ABQ A'B'C\ which satisfy the con- 
ditions of the preceding two theorems, are called homoloffuxd; the point 
is called the centre of homology; the line ahc is called the axis of homology. 



PROPOSITION VIIL 



Theorem, 



27. In any heocagon ABGDEF 
uucribed in a <xrde^ the intersections^ 




Theorem. 



28. In any heocagon ABGDEF 
circumscribed abovJt a drde^ the three 
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X, M, Nj of the three pain of oppo- 
iite gidesj are in a straight Une. 

For, consideriDg two pencils formed 
by joining B and F as y^oes, with 
ii, C D and E^ we have (15), 
[B.ACDE] =»= [F.ACDB]. 

Guttmg the first pencil by the iiuns- 
verFial LPDE^ and the seoond pendl 
by the transversal NQDC^ the pre- 
ceding equation gives (11), 

[LPDE] = [NCDQl 

Since the two systems of points 
LPDE and NGDQ have a eommon 
anharmonic ratio and a common ho- 
mologous point D, the lines LN^ PC^ 
EQi joining the other three pairs of 
homologous points, meet in a common 
point Jf (21). Therefore L, Jf, N, 
are in the same straight line. 

This theorem is due to Pascal. 

29. CoroUary 1, K the vertex D 
is brought nearer and nearer to the 
vertex C, the side CD will approach 
to the tangent at 6'; therefore, when 
the point D is finally made to coin- 
cide with C, the theorem will still 
apply to the resulting pentagon if we 
substitute the tangent at G for the 
ade CD, The theorem then takes 
the following form. 

In any pen tagon AB CEF inscribed 




dtagandb, AD, BE, CF, joining iJk 
opposite vertices^ intersect m the samu 
point. 

For, regawtng AB, BC, CD and 
EF^ M fixed tangents cat \fj the tan* 
genti;i>inP« N, D, E^rnA bytht 
tangent FA in A, L, M, F^ we here 

(17), 

[PNDE]^[ALMF], 

cft^ oonffldering these anharmonic nh 
ties as belonging to penoiLs whose ver^ 
tioes are B and (7, req>ective]y, 

[B.PNDE] = [CALMF]. 

These two pendls, having a eommotl 
anharmonic ratio and a common ho- 
mologous ray LN, the intersections, 
Ai Di O, of the other thtise t)aiT8 of 
homologous rays are in a straight 
line (20). Therefore ADj BE an^ 
CF, meet in the same point 0, 

This theorem is due to Brianchon. 

30. Corollary 1. If a vertex C is 
brought into the circumference, the 
sides BC and CDwH become a single 
line touching the circle at C The 
theorem will still apply to the result- 
ing pentagon if we regard the point 
of contact of this side as the vertex 
of a circumscribed hexagon. The 
theorem then takes the following 
form. 

In any pentagon ABDEF circum- 
scribed about a drde, the line joining 




a vertex and the point of contact of 
the opposite side, and the diagonals 
jommg the other non-conserutive rer- 
tices meet in a point. 
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m a cirde^ tht intersection Nofa side 
with the tangent drawn at the oppo- 
nte vertex, and the intersections L^ M^ 
of tJie other non-consecutive sides are 
three points in a straight line. 

By the same process we can reduce the hexagon to a quadrilateral and 
finally to a triangle ; whence the following corollariesL 



31. CoroUary IL In any quadri- 
lateral inscribed in a circle^ if tan^ 




gents are drawn at two consecutive 
vertices, the point of intersection of 
each of them with the side passing 
through the point of contact of the 
other, and the intersection of the other 
two sides, are three points in a straight 
Une. 
33. CoroUary IIL In any quadri- 




32. CoroUary IL In any quadri'' 
lateral carcamscribed about a circle, 
if we take the points of contcuU of two 




ac^acent sides, and join the point of 
contax^t of eouch side with the vertex on 
the other side, and if the remaining two 
vertices are joined, the three straight 
lines so drawn m^et in a point. 



34. CoroUary III. In any quadri- 




29** 



lateral circumscribed about a cirde^ 
the straight lines joining the points of 
contact of opposite sides, and the di- 
agonals^ are four straight lines which 
m£et in a point. 
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lateral inscribed in a circle, the inter- 
sections of the tangents dravm at op- 
posite vertices and the intersections 
of the opposite sides are four points 
in a straight line. 

35. CoroUary IV. In any triangle 
inscribed in a circle^ the intersections 




36. CoroUary IV, In any triangk 
circumscribed about a cirde, the 
straight lines joimng thepcint oftxmr 




tact of each side with the opposite 
tex meet in a point. 



of each side with the tangent drawn 
at the opposite vertex are in a straight 
line. 



37. Scholium. Pascal's Theorem (27) may be applied to the figure 
ABODE FA, fonned by joimng any six points of the 
circumference by consecutive straight lines in any order 
whatever, a figure which may still be called a hexagon 
(non-convex), but which for distinction has been called a 
hexagram. 

The demonstration (27) applies to this figure, word for 
word. 

Brianchon's Theorem (28) may also be extended to a 
circumscribed hexagram, formed by six tangents at any 
six points taken in any assumed order of succession. 
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HARMONIC PROPORTION. 




38. Definition, Four points J., B^ (7, 2), • 1 1 1 

are called four harmonic points when their -* o B D 
anharmonic ratio [A BCD] is equal to 

unity ; that is, when 

CA^DA^. CA^DA 

CB ' DB ' CB Di 

which agrees with the definition of harmonic points in (III. 76). 

39. Definition, A harmonic pencil is a pencil of four rays whose anhar- 
monic ratio is equal to unity; that is, a pencil 0, which determines upon 
any transversal a system of four harmonic points 
A, B, <7, D, From (11) it follows that if one 
transversal of a pencil is divided harmonically, all 
other transversals of the pencil are also divided 
harmonically. 

The points A and B are called ooi^ugate points 
with respect to C and 2>, that is, they divide 
the distance CD harmonically; and C and D 

are called, ooiy'ugate points with respect to A and By that is, they diidde the 
distance AB harmonically (ILL 76). In like manner, the rays OA and OB 
are called conjugate rays with respect to the rays OC and 02>, and are said 
to divide the angle COD harmonically; and the rays OC anid OD are co^i- 
jugcUe rays with respect to OA and OB^ and dwide the angle A OB har- 
mofMcaXHy^ 

PROPOSITION IX,— THEOREM. 

ASS, If a straight line AB is divided harmonically at the points C and 2), 
the half of AB is a mean proportion^ between the distances of its middle 

point from the conjugate points C and D; thai tli, SB' -=00, OD 

For, the harmonic proportion, 

GA:GB = DA'. DB, ^ ' j, ^ j, 

gives, by composition and division (TIT. 10) 
and (III 9), 

CA—CB . CA+ CB ^ DA-^DB . DA±DB^ 
2*2 2 ' 2 ' 



or. 



OC: OB==OB: OD. [Ij 



41. Corollary, Conversely, if toe have given AB and its middle point 0, 
and if C and D are so taken that OB* = OC. OD, then^ A, B, C and D 
are four harmonic points. 
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For, the proportion [1] gives 

0B+ OC: OB—OC^ 0D+ OB: OD— OB; 

that is, CA: CB = DA: DB. [2] 

42. SchoUum, The three stratgJu Unes AC^ AB, AD, are tn harm.m{o 
progressunu For, the harmonic proportion [2] may be written thus, 

AC : AD^ AB — AC : AD" AB, 

or, AC, AB, AD, are such that the fir^t is to the third as the diffeience 
between the first and second is to the difference between the second and 
third ; that is, they are in harmonic progression, according to the definition 
commonly given in algebra. 

Of three straight lines AC, AB, AD, in harmonic progresaon^ the second 
AB is called a harmonic mean between the extremet AC and AD. 



PROPOSITION X— THEOBEM. 

43. Tn a complete quadnlateral, each diagonoA it dmded hmmomeany 2y 
the other two. 

Let ABCDEF be a complete quadri- ^ 

lateral (4), and X, M, N, the intersections //X 

of its three diagonals. In the triangle // \ „ 

AEF, the transversal DBM gives (2), S^'^^^A. 

DR BA. ME = DA,BE, MF, ^^iz^il^^l^lJ^^ 

and since the three lines AL, FB, ED, 

pass through the common point C, we have by (5), 

DF.BA.LE ^ D±BRLF. 

Dividing one of these equations by the other, we have 

ME^MF ME^LE. 

LE LF' ^^ MF LF 

therefore, EF is divided harmonically at M and L, Hence, if AM be 
joined, the four rays AM, AE, AL, AF, will form a harmonic pencil ; con- 
sequently M, N, B, D, are also four harmonic points, or the diagonal BD is 
divided harmonically at M and N, Finally, if FN be joined, the four rays 
FM, FB, FN, FD, will form a harmonic pencil ; consequently L, JV, G, A, 
are four harmonic points, or the diagonal AC \& divided harmonicaQy tt £ 
i^nd N 
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POLE AND POLAR IN THE CIRCLE. 

44. Defimtim, If through a fixed point Pin the plane of a circle (either 
without the ckcle, Fig. 1, or within it, Kg. 2), we draw a secant and deter- 
mine on this secant the point Q the harmonic coryugate of F with respect 
to the points of intersection C and 2>, the locus of Q, as the secant turtts 
ahout P, is called the polar of the point P, and P is called the pole of tliia 
locos, with respect to tibe ditde. 



Fig. 1. 



Fig. 2. 





PROPOSmOlT XI.— tHEOREM. 

45. Hie polar of a given point with respect to a cirde is a straight line 
perpendicular to the diameter drawn through the given point. 

Let P be the given point (Figs. 1 and 2), the centre of the circle, C 
and D the points in which any secant drawn through P cuts the circumfer- 
ence, Q the harmonic conjugate of P with respect to C and D, Draw QN 
perpendicular to the diameter AB which passes through P. Draw DN 
meeting the circumference in C^. Join CWi DA^ DB, 

Since PNQ is a right angle, the circumference described upon PQ as a 
diameter passes through N, and since CD is divided harmonically at P and 
Q, the line NP bisects the angle CNG^ (III. 79 and 23) ; therefore the 
arcs AG and AG^ are equal Hence the line DA bisects the angle PZ)JVJ 
and DBy perpendicular to DA^ bisects the angle exterior to PDN\ there- 
fore PN is divided harmonically at A and B (III. 79), or W is the har- 
monic conjugate of P with respect to A and B, Gonsequenldy JV is a fixed 
pointy and Q is always in the perpendicular to the diamet^ ABy «:«cted at 
y ; that is, QN is the polar of P 

46. GoroIUiry I. Hence, to construct the polar- of a given point P, with 
respect to a given circle, find on the diameter J. 5 drawn through Pthe har- 
monic conjugate JV* of P with respect to A and B, and draw KQ perpen- 
dicular to that diameter ; then NQ is the polar of P 

47. Corollary U. To find the pole of a given straight Une NQ^ draw a 
diameter AB perpendicular to the given line intersecting it in N^ and oo 
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Uiis diameter take P the hannoiiio ooi\jagate of N with respect to A and 
B ; then P is the pole of NQ, 

48. CordUary IIL Smoe AB is divided harmonically at P and iV, and 
OJL = } AB, we have (40), 

al* = OPON, 

hence, the radius is a mean proportional between the distances of the polar 
and its pole from the centre of the drde. 

This principle may he used to determine the point N from P, or P from 
N, instead of the methods of (46) and (47). 

49. CoroUary IV. When the point P is withotU the circle, its polar is the 
line TT^ joining the points of contact of the tangents drawn from P. For 
the secant PCB turning ahout P approaches the tangent PT as its limit 
(11. 28) ; and at the limit, the points (7 and D and hence also Q (which b 
always hetween C and D) all coincide with T» Therefore T and T^ are 
points of the polar. 

50. CoroUary Y. The polar of a point on the circumference is the tangent 
at thai point. For, as the point P approaches the circumference, the point 
N also approaches the circumference (since OP, ON = ^3*) ; and when 
OP becomes equal to OA, ON also becomes equal to OA. 



PROPOSITION XII.— THEOREM. 



51. 1st The polars of aU the points of a straight Une pass through the 
pole of that Une. 2d. The poles ofaUthe straight lines which pass through 
a fixed point are situated on the polar of that point 





Let XT be any straight line, P its pole with respect to the circle O, and 
N^ any point of the line. Drawing OPN, which is perpendicular to XY, 

we have OP. ON = 'OA^ (48). Let PP^ be drawn perpendicular to 0N^\ 
then, the similar triangles OPP\ ONN\ give 

0P\ ON' = OP. ON = 0A\ 

therefore, PP' is the polar of N' (48). Hence, Ist, the polar of any point 
N' of the line XY passes through the pole Pof that line ; 2d, the pole P 
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of any stniglit line XT wliick pasBes tliroogh the point N' is ratiuted on 
die polar PP' of that point 

52. CoTDVar}). The poh of a itraight line is the uUenection of the pohn 
of any two ofiU pmnU. The pdar ofanjf point it the ttmight line joining 
the poke of any two itraiglu Hues pasting through that point. 



PEOPOaiTION IIII^THEOKEM. 

53. ff through a fixed point P, in the pZon* of a drde, any tux secant* 

PCD, PC'Jy, are drauin, and their interseetiim* loith the drcumference art 

Joined by chords CC, DIX, CJy, CD, the locus of the itileriections, M 

astdN, of these chords, it the polar of the ,fixed point P. 
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For, let £" and J?' be the points in which CD and C'ly intorBeot MNl 
Then, conaidering the complete qnadrilaterol MCC'NDD', the sygtems 
PCKD, PC'K'D', are harmoQio (43); therefore T and £^' are on the 
pcJar of P (44) ; that is, MN is the polar of P. 

54. CoroUary I. The seoantB NCD', NC'D, being drawn through N, 
die line PM ia the polar of N; and in like manner PN is the polar of M; 
therefore, in any quadrilaiereU, CC'D'D, imscril)ed m, a circle, tlie interseo- 
tum Pqf the diagonals and the intersections M and Nqf the opposite sides, 
determine a triangle MNP each vertex of tchich is the pole of the opposite 
tide. 

66. OoroUary II. As the transreissl PCS' approaches to PCD, the 
aecants MC, MD, approach to the tangents at C and D as their limits; 
therefore, at the limit, the tangents at C and D intersect on the polar of P. 
Hence, \f through a fixed point P in the plane of a drde any secant PCD 
A drawn, and tangents GT and DT to the circk are draion at the points of 
HiterMcfion, the locus of the intertedum T of these tangents is the polar of the 
fixed point P. 

56. CoroRary lEL Prom the last property it follows, that if wa draw tan- 
gentf to the drole at the vertjoes of the inscribed quadrilateral CC'Diy, 
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tiie complete circumscribed qnadrilateral thus fbrmcd will hare for its dUgfr 
nals the three iodefinite ndea of tlie triangle MNP. Hence, in any eomjAot 
^adrikiteral circumtcribed ab<ml a drde, the three diagcmaU fvrm a (ri- 
anffle each vertex nf which it ihi pok of the opposite tide. 

57. Corollary IV. Combining (54) and (56), we arrive at the following 
proposition : I/al the vertices of an inicribal gvadrilateral, tangents to ike 
cireU are drawn forming a drcumserHed qaadrSateral, then, 1st, the interinr 
diagonals of the Hoo qaadrilaterals interseet in the same point and form a 
harnttinic pencil; 2d, the third diagonah of the oompUled quadrilatertdsart 
situated on the same straight Uae, and their extremitiet are four Jtarvumit 




EECIPKOCAL POLABa 

58. D^nition. From (51) itfbl- * 

lows that if the points M, N, P, Q, 
are the poles of the sides of a poly- 
gon ABCD, then the points A, B, 
C, D, are the poles of the sides of 
the polygon MNPQ. Each of the 
two polygons dtns related ia colled 
the redprocal polar of the other, 
with respect to the turcle, which re- 
ceives the name of atmluiriv drde. 

It will be observed that either of 
the two reciprocal polars may be 
derived from the other by either of 

two processes. If the polygon ABCD is given, the polygon JUNPQ 
may be derived fkim it, lat, by taking the poles M, N, P, Q, of the sittes 
of the given polygon as the vertices of the derived polygon, or 2d, the 
polars MN, NP, PQ, QM of the vertices of the given polygon may te 
taken as the sides of the derived polygon. In like manner, if the polygon 
JiNPQ is given, the polygon ABCD may be derived from it by eith^ of 
these processes. 

&9. Method of reciprocal polar*. Since the rdation between two redp- 
rocal polars is such that for each Une of one figure there ezista a orarespond- 
ing pmnt in the other, and redprocally, any theorem in relation to the Hues 
or points of one figure may be converted at once into a theorem in relatioD 
to the points or lines of the other. This is called ree^proca^iff the (hooreto. 
The fecnndity of this method ia espedally proved in its applicatioii to the 
theory of curves which do not belong to elementary geometry ; but we can 
give some simple illnstrations of the nature of the method by applying itio 
rectilinear figures. 

The student will have no difficulty in showing that the theorems whidi we 
have placed agtdnst each other, in Proportion VIIL, are ledprocal thoo- 
nms. T^uB, the redprocal polar of an inscribed hexagon being the droom- 
■oribed hexagon formed by drawing tangents at the vertices of the fir<4 
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(49), (50), we can immediately infer Briancbon's Theorem (28) from Pa» 
cal's Theorem (27); for, the diagonals joining opposite vertices of the 
circumscribed hexagon will be the polars of the intersections of opposite 
sides of the inscribed hexagon (56), and therefore pass through the pole of 
the straight line in which these intersections lie (51). Similarly, the theorem 
of Pascal may be directly inferred from that of Brianohon. 

The three following propoeitkms aM of firequent use in dedudng reciprocal 
ihe<»em& 



PROPOSITION XIV.— THEOREM. 

60. The angle contained by two straight lines is equal to the angle can- 
tamed by the straight lines Joining their poles to the centre of the avxUiary 
drcU. 



Fojr, the poles P and Q of two straight lines 
AB and CD are situated respectively on the 
perpendicutars let fall ^m the centre of the 
auxiliaty drde upon the lines AB and CD 
(45). 




PROPOSITION XV.— THEOREM. 

61. The ratio of the distances of any two points from the centre of the 
avxiUaiy circle is equal to the ratio of the distances of each point from the 
polar of the other. (Salmon's Theorem. ) 

Let F and Q be the points, AB and CD 
their polars, FF the distance of P from C/>, 
and QE the distance of Q from AB^ and O 
the centre of the auxiliary drde. Draw 
OFM and OQN, which will be paraUel to 
QEsjid FF respectively; draw FM perpen- 
dicular to ONwad QJT perpendicular to OJd, 
rf 22 is the radius of the circle, we have 
Ri = OR 0M= OQ. Oiyr(48), whence 



OP 

OQ 



ON 

om' 



The dmilar triangles FOH and Q OK giYe 
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llierefia« (IIL 12), 

gP^ 0N+ OH ^ HN_ PF 
OQ OM+OK KM QE 

PBOPOSITION ZTI^THEOBEM. 

63. TheankarmonicTatioiiffowpoiMtwaMtraightUaeiMeqiudtoSat 
iif the pencil /ormai 6y the four polan of ikete poCntt. 

For, the pencil formed by joining the foor points to the centre of tha 
rircle has tlie same aoglea as the peacil formed by th^ polare (60), and 
these pendia have equal anhannonio »dos (13). 



PROPOSITIOIT XVir^PBOBLEM. 

63, It it a hnown theorem that the thrte perpendteulart from the vert&et 
of a triangle to the oppotUe nde* meet m a poatt ; it it required to detenmne 
ill reciproad theorem by the method of reaproeai polan. 

Let the perpendiculars from the 
angles upon the oppoate rides of tha 
triangle^BCmeetini* Let^'^'C 
be the reciprocal polar triangle oiABC, j 
A' being the pole of BC, i(' the p 
of AC, and C the pole of AS. The 
pole of the perpendicular ^/"ie a point 
L on the line B' C, mnce B' C is the 
polar of A (51) ; the pole of £P is a 
point Jf on J' C", and the pole of CP 
is a point N on A'B'. The ^rect 
theorem being that the three lines AP, 
BP, CP, meet in a point, the redpro- 
cal theorem vill be that (Jieir poles L, 
M, ^, are in a Btraight line, the polar of P; bat ve must express the 
reciprocal theorem in relation to the triangle A'B'C. Now joining OL, 
OM, ON,miOA', OB', OC", theangle J'Oi-iaarightangle.by (60); 
and BO also B'OM and CON are right angles. Hence, the redprocil 
theorem may be expressed as follows : 

Jffrom org/ povU O in the plane of a triangU A'B'C, ttraight Una 
OA', OB', OC, are dTcam to iU vertica, the Hue* OL, OM, ON, rfroion 
at perpendicular retptctivdy to the Unee OA', OB', OC, meet the ttdei 
retpectively oppotite to the corre»p<mMng verticei in three point*, L, M, N, 
ichich are in a straight 2mm. 
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RADICAL AXIS OF TWO CERCLEa 

64. Definiiion. If through a point P, in the. plane of a drole, a straight 
line is drawn catting the circumference in the points A and jB, the product 
of the segments into which the chord AB is divided at P, namely, the 
product PA,PB^ is constant; that is, independent of the direction of the 
secant (III. 61 ). This constant product, 

depending upon the position of the point 
P with respect to the circle, is called the 
povoer of the point loith respect to the 
circle. 

If we consider especially the secant 
PCD, drawn through P and the centre 
of the drde, and designate the dis- 
tance PO hy d and the radius of the 
Gurde hy r, we have, when the point P 
is without the circle, PC = d — r, PD = d + r, and hence the power of 
the point is expressed by the product {d — r) {d + r) or d^ — r*. 

If the point P is within the circle, the absolute values of PC and PD 
are r — d and r + d\ but the segments PC and PD lying in oppoate 
directions with respect to P, are conceived to have opposite algebraic signs, 
so that the product PC.PD must be negative ; hence the power of the point 
Pis expressed by the product — (r — d) (r + cQ = — (r* — d^) = d^ — r*. 
Thus, m aU cases, whether the point is without or toithia the circle, its pomest 
is expressed hy the square of its distance from the centre diminished hy the 
square of the radius, 

65. When thepoint P is without the circle, its power is equal to the square 
of the tangent to the circle drawn from that point. 

When the point is on the drcumference, its power is zero. 





PROPOSITION XVIII.— THEOREM. 

66. The locus of aU the points whose powers with respect to two given 
circles are equal, is a straight line perpendicular to the line joining the centrts 
of the circles, and dividing this line so that the difference of the squares of 
tJte two segments is equal to the difference of the squares of the radii. 

liCt and (X be the centres of the two circles whose radii are r and r^; 
let P be any point whose distances from and (y ared and d^, then the 
powers of P with respect to the two circles are d^' — r* and c?^ • — r^*, and 
these being equal, by hypothesis, we have d* — r* = d^* — r^ •, whence 
d* — d^* = r* — r^ '. Now, drawing PX perpendicular to 0^, we have 
from the right triangles POX, PCX, 



5X» — "O^T* = PO* — F(F^ = c?» — d'* ^r^^r'*; 
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therefore, the quantity OX* — (yX*, being equal tor* — r' *, in cooebuit, 
■od X b a fixed point. Hence the point P is bIwi^ in tlie perpendiculai 





67. Definition. The locus, PX, of tlie pointe whose powers with respeet to 
two given drdes O and 0' are equal, ia called the radical axis of the two 
drdea. 

63. Corollary L V the two drdea have no point in common, tbe ndiol 
KDB does not intersect either of them. Fig. 1. 

If the didea interaeot, the power of each of the points of intersection !■ 
equal to lero ; therefore, each of these points ts a point in the radical axis ; 
hence, m the cote of tico aiter*eeti7ig carles, ihdr common chord u their 
radical axis. fig. 2. 

If the drdes touch each other, either externally or internally, their common 
tangent at the point of contact is tlieir radical axis. 

69. CoroUary IL From (65) and (67) it follows that tha tangents PT, 
PT', draum to the two cavles/rom anj/ point qf the radical axil tdthout the 
eircUt, are egaal. 

Hence, if SS' is a common tangent to the two drdes, intersecting the 
radical axis in ^ we have NS = NS', Therefore, the radical axia can be 
conatmcted by joining the middle pointe of any two common tangents. 



PROPOaiTIOH XIX.— THEOREM. 
70. The radical dxes of a system of ikrte circles, lahen boo and two, meet 

Let 0, C, 0", be the given drdes. Designate the radical axis irf (/ 
and O" by X, that of and O" 'tis X', and that of and 0' by X". 
The three centres not being in the same straight line, tho axes X and X'. 
perpendicular to the intersecting Hnes 00" and 0"0', will meet in ■ 
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eertain point V, This pobt will liaye equal powers with respect to (/ and 
(y^i and with respect to and 0^^ oonsequently it will also have equal 





powers with respect to and O", and is therefore a point in their radical 

71. Definition, The point in which the radical axes of a system of three 
drcles meet is called the radical centre of the system. 

If the three centres of the circles are in a straight line, the three axes are 
parallel, and the radical centre is at an infinite distance. 

72. Definition. Two circles and (y intersect 
orthogonaUj/f that is, at right angles^ when their 
tangents at the point of intersection are at right 
angles, or, which is the same thing, when their 
radii, OT^ (yT, drawn to the common point, are 
at right angles. 

Denoting OCX hy d, and the radii hy r and r^, 
we have in the right triangle 0T0\ d^ — r* = r' • ; hence, when two cir- 
cles intersect orthogonally, the square of the radius of either is equal to the 
power of its centre toith respect to tJie other circle. 




PBOPOSITION XX.— THEOBEM. 

73. The radical cms of two given circles is the locus of the centres :f a 
system of circles which intersect both the given circles orthogonally; and the 
Une joining the centres of the given circles is the common radical cads of all 
*he circles of that system. 

Let P he the centre of any drcle which cuts the two given circles and 
(y orthogonally ; then, by (72), the powers of the point P with respect to 
the two elides are each equal to the square of the radius of the circle P<t 
that is, equal to each other ; therefore, the centre P is in the radical axis of 
the two given circles. 

AguiL let Pand Q be the centres of any two of the circles which out boilk 
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MOBEBN GEOMETBY. 



and (y ordiogonally. Since the oirole cuts ihe two cudoB P and Q 
orthogonally, its centre lies in the radical axis of P and Q; and for the 



Fig.1. 



rig.x 





same reason the centre 0^ lies in the radical axis of -P and Q; therefore, the 
line O" is that radical axis, and is consequently the common radical axis 
of all the circles which cut both and (/ orthogonally. 

74. Scholium. When the given circles intersect, Mg. 1, the radius of any 
one of the circles P, Q, ^tc., is evidently less than the distance of its centre 
from 00^ J and therefore no one of these circles cuts OCX. 

But when the cirdos have no point in common, Ilg. 2 (whether one circle 
is wholly without the other, as in Fig. 2, or wholly within the other), all the 
circles, P, Q, etc, cut the line 00^; and since 0(y la their common radical 
axis, it is their common chord ; therefore, these circles all pass through inro 
fixed points L and 1/ in the line (X. 

Also, since 03" is a tangent to the circle P, we have OL. 01/ = OT* = 

OB^ ; therefore, the diameter AB is divided harmonically at i/ and 1/ (41). 
For a like reason, A^B^ is divided harmonically at L and I/, 



CENTRES OF SIMILITUDE OF TWO CIRCLES. 

75. Definition, If the straight line joining the centres of two drdes is 
divided externally and internally in the ratio of the corresponding radii, the 
points of section are called, respectively, the external and the internal centrei 
of dmilitfude of the two circles. 



PBOPOSITION XXI.— THEOREM. 

76. If in two drdes two paraUd radii are drawn^ one in each cmje, the 
itraight line joining their extremities intersects the line of centres in the extern 
not centre of similitude if the parallel radii are in the same direction^ and in 
the internal cent/re of similitude if these radii are in opposite directions. 
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For, OA and (XA^ being any two parallel radii in the same direction, and 




the line A^A intersecting the line of centres in ^S^, the similar triangles 
SOA, SaA', give 

SO : Sa= OA: O'A', 

and therefore, by the definition (75), S is the external centre of similitude. 
Also, OA and O^A-i being parallel radii in opposite directions, and the 
line AAx intersecting the line of centres in T, tJie similar triangles TOA^ 
T(yA^, give 

T0\ Ta=OA: aAu 

and therefore T is the internal centre of similitude. 

77. CoroUary I. It is easily shown that, conversely, if any transvenal i$ 
drawn through a centre of similitude^ the radii drawn to the points in which 
it cuts the drcumferences vnU be parallel^ two and two. 

Of the four points in which the transversal cuts the circumferences, two 
points at the extremities of parallel radii, as A and A^^ or B and B^<, are 
called homologous points; and two points at the extremities of non-parallel 
radii, as A and B\ or B and A^^ are called anti-homologous points. 

78. GoroUary 11. Hence, if a transversal drawn through a centre of 
similitude is a tangent to one of the circles it is also a tangent to the other ; 
so that when one cirde is wholly toithout the other^ the centres of similitude 
are the intersections of the pairs of external and internal common tangents^ 
reipectwdy. 

Flg.1. 

Fig. 2. 

A' 





If the drcles touch each other externally (Tig. 1 \ the \\Qmt q£ c^'o^ac^.V^ 
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dieir internal centre of siimlitiide. If tbey touch intenial]y (Kg. 2)^ tka 
point of contact is their external centre of sinulitade. 

VIg.8. 

At, 



If one drde is wholly within the other (Kg. 3)^ 
both centres of sinulitade lie within both circlefl. 




79. CoroUary HL The dutamxs (as SA and SA\ or TA and TAi, etc) 
of a centre of mniUtvde from two homologous points are to each other as 
the radii of the circles, 

80. Corollary TV. Since we have 

SO : SO'^TO: TO", 

the line 00^ is divided harmonically at S and T; that is, the centra €^ 
two circles and their two centres of similitude are four harmonic pomtt. 



PltOPOSITION XXII.— THEOREM. 



81. The product of the distances of a centre of simiUtude qf two drda 
from two anti-homologous points is constant. 



A^ 


!^ 


?j^.. 


p 


%=>4 


r 


1 ^' -^ 






^ ^ 




/ ^ 


y 






>^^ ^ 


. ^^^^^^"^^^^^^^^ 


/ ^ 


X 




IT U 


% 


\ 


Jif\ ■* ^ 


^ 


nK 




• ^1. 


liV ^ 


I ' ^ 


0' 






h ^ 










av 


> 


n 

\ 


t \ 








^•^^^^^^ 


% 


/ V 










% 












« 

1 


< 

4 




0" 






1 
1 


( 




+ 






1 



B 



Let a transversal through the centre of similitnde B intersect die droum- 
ferences and (Y in the homologous points J., A\ and B^ B\ The lin« 
of centres intersects the circumferences in the hcmiologous points JIf, M\ 
and iVJ N\ respectively. Hence, by (79), 



ON SA 



aN' SA' 



SB ^SM ^SN . 

SB' SM' SN' ' 
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IroDi which equations we deduce 

SA,SB' = SA'.SB = ^, X SA\SB\ 

But SA'. SB" = SM'. SN' (HI. 58) ; therefore we have 

SA:SB' = SA\SB = SM.SN''= SM'.SN: 

The products SM.SN^^ SM^.SN, are constant; therefore, the products 
SA. SB', SA'. SB, are constant 

82. CoroUary L Hence, if A and J5'' are anti-homologous points of one 
secant drawn through S, and b and a' are anti-homologous points of a 
second secant, we have 

SA. SB' ::= Sb. Sa' ] 

therefore, tJie four points A, B', a', 6, lie on the circumference of a 
circle (/', 

83. CoroUary 11. The chords Ah, a'B\ joining pwrs of anti-homologous 
points in the two given circles, may be called anti-homohsfovs chords. 

The chord Ah is the radical axis of the circles and C/'^, the chord a'B' 
is the radical axis of the circles C/ and C (68) ; and these intersect the 
radical axis jPXof the circles and C/ in the same point P {70). Hence, 
pairs of anti-homologous chords in two circles intersect on the radical ojxis 
of the circles. 

84. Corollary ILL. If the secant Sa' Approaches indefinitely to SA', the 
anti-homologous chords a' A', hB, approach indefinitely to the tangents at 
A' and B. Hence, at the Hmit, we infer that the tangents at two anti- 
homologovx points in two circles intersect on the radical axis. 



PROPOSITION XXIII.— THEOREM. 

85. Three circles being given, and considered when taken two and two as 
/""nning three pairs of circles; then, 1st The straight lines joining the 
centre of each circle and the internal centre of similitude of the other two 
meet in a point; 2d. The external centres of similitude of the three pairs 
of circles are in a straight line ; 3d. The external centre of similitude of 
any pair and the internal centres of similitude of the other two pairs are 
in a straight line. 

Let 0, 0', 0", be the given circles ; S and T the external and internal 
centres of similitude of 0' and 0" ; S' and T' those of and O" ; S" 
and T" those of and 0'. I^t R, R' and R" denote the radii of the 
three circles. 

81 
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iBb Br tlie defioitioa (?S] wo lim 



T"0 B 


TO' fi-, 


T'O" «' 


T-'O- ' If 


TO" R" 


T'O « 



tile product of vliich equations giTes 

T"O.TO'.T'0" R.R'.R" ^ 
T"0'.TO".T'0 E'.R".B ' 

or T"O.TO'.T'0"—T"0'.TO".T'Oi 

thereftre, in Uio triangle OO'O" the three Btnught Knee OT, 0"t*, 
0"T", meet in a point (6). 
21 By the definition we also lian 



ST'O 
S-O'' 



SO- 

SO"' 



S'O" 



Vbenoe, by Sndtiplying these equations together, 

S"O.SO'.S'0"- S"0'.SO".S'0; 
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therefore, the pcunts S^ S^^ S^^^ being in the aides (produoed) of die tzi- 
angle 0&(y\ are in a straight line (3). 

3d. The product of the equations 

T''(y R'' TO"' R''' S'O R ' 

gives T''O.T(y.S'(y' = T''ty.T<y'.S'0; 

therefore, the points T, T^^^ iST^ ftre in a sbnight lihe (3). In the same 
manner it is shown that T^ T^^ S''^ aS:e in a straight line ; and T^y T^\ S, 
are in a straight line. 

86. P^mtion, The straight line SS^S^^^ on which the three external 
centres of similitude lie, is called the eoctemal axis of simtlitude of the three 
drcles ; and the fines ST'^T^, ^f% S'^T'f, are called the three wter- 
nci axes of aimiUtude, 



87. Jf avesrkibkdrdetxmc^tunfloadt^^ 
through their eoctemcd centre qf nmiUtude token the contacts Uft of the samt 
kind (both external or both mtemal)^ and through ^leir interned centre of 
simtlitude when the contacts are of different lands. 

Let the drcle C touch the circles and (X in A and B^ ; and let the 
chord of contact AB^ cut the tWo circles again in B and A^. The lines 0(7, 
(yCj pass through the points of contact Drawing the radii OB, (/A^ 

Vlg.1. 




ihe isosceles triangles CAB^^ OAB, (/A^B^ are similar; consequently the 
radii OA and (/A^ are parallel. Therefore (76), the chord AB^ passes 
through the external centre of ramilitude 8^ when the contacts are of the 
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same kind (Fig. 1), and through the mternal oentcp of similitude T^ whes 
the oontacts are of a different kind {Fig, 2). 

ns.2. 




88. CoroUary, If two vartaUe circles C and c tovjch tujo fixed cirdes O 
and (y, their radical axis passes through the external centre of similitude 
of the fixed cirdes when the contacts of each of the two drdes are of the same 
kind^ and throngh their internal centre of similitude when these contacts are 
of different hinds. 

For, the four points of contact J., 5^, l/^ a, (Fig. 1), lie on the circumfer- 
ence of a circle (82) which may he designated as the circle Q, The chord 
AB^ is the radical axis of the circle Q and the circle C\ the chord ah^ is 
the radical axis of the drde Q and the circle c ; and these two axes meet the 
radical axis of the circles G and c in the same point (70), that is, in the 
point S (87). The proof is similar when the contacts are of different kinda 



PROPOSITION XXV.— THEOREM. 

89. The radical axis of two drdes which touch three given cirdes is an 
axis of simiHtude of the three given cirdes. 

Let the circles M and N (figure oh next page) touch the three given 
circles 0, 0^, O^^y the contacts of each of the two circles heing all of the 
same kind, that is, all internal in the case of the circle if, and all external 
in the case of the circle Nl Let S, S^, S^^., be the three external centres 
of similitude of the given circles taken in pairs, so that SS^S^^ is their 
external axis of similitude (86). 

Since the circles M and iV touch the two given circles (X and O^^y and 
the contacts are of the same kind in each case, the radical axis of JIf and N 
passes through S (88). For the same reason, it passes through S^ and 
through S^^. Therefore SS^'S^^ is the radical axis of the circles Jd and N, 

In the same manner it may be shown that if each of the two circles M 
and iV has like contacts with the pair of circles 0^ and 0^^, but xmlike 
contacts with the other two pairs (that is, if M touches both (X and (/^ 
internally and externally, and N touches both 0^ and (X^ externally and 
internally), the radical axis of M and N is the internal axis of similitude 
which passes through the external centre of similitude, 8, of the circles (/ 
and 0'', 
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90. Scholium. There are in general eight different drcles which can be 
drawn tangent to three given circles, and these eight circles exist in pairs 
the four radical axes of which are the four axes of similitude of the three 
^vcn circles. 

91 . CoroUary L When two circles M and N touch three given circles 
0, (Xi O^^y the three chords of contact mn, mfn'^ m^^nf^^ meet in a point 
V, which is a centre of similitude of the two circles M and Kand the radical 
centre of the three given circles 0, 0^, 0^^. 

For, since the drde touches the circles M and N^ and the contacts are 
of different kinds, the chord of contact mn passes through the internal centra 
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of similitude 7 of if and N (87) ; and f<Mr the same reason die dimda 
m^n"^ and mf^-nf^ pass through V, 

Also, since the two circles and (/ touch the two circles M and JV^ and 
the contacts are of different kinds, the radical axis of and (/ passes 
through the internal centre of similitude, FJ of M and N (88). For the 
same reason, the radical axis of (y and 0^^, and the radical axis of (/^ and 
0^, pass through K Therefore, F is the radical centre of the three circles 

92. Corollary EL TAc pofe o/ f^ ratfibaZ oosw o/ ^ cxrde$ M and A\ 
with reference to any one of the three given drdes, Uesmthe chord of contact 
of tluit circle. Thus, in the case represented in the figure, the pole of 
SS^S^' with respect to the circle is a point F lying in the chord of 
contact mn. 

For, let R b< the point of meeting of the tangents to the drde drawn 
at m and n. These tangents are equal and touch the circles M and If; 
therefore, the point i? is on the radical axis of M and i\r, that is, upon the 
Hue SS^S^^. But mn is the polar of the point R with respect to the drde 
(49), and therefore the pole of SS^S^^ with respect to the cirde is a 
point F on the chord of contact mn (51). 



PROPOSITION XXVL—PROBLEM. 

93. To describe a circle tangent to three given circles. 

As remarked in (90), there are in general eight solutions of this problem. 
The solutions may all be brought under two cases : viz. — 

1st A pair of drdes can be found one of which will touch all the given 
drcles internally, and the other will touch all the given circles externally. 

2d. A pair of cirdes can be found one of which Will touch the first of the 
given drcles internally and the other two externally, and the other will touch 
the first externally and the other two internally. 

By taking each of the given cirdes successively as the "first,'* this second 
case gives six drdes, thus making, in all, the eight solution& 

The prindples developed in the preceding proposition Aimish the follow- 
ing simple and elegant solution of the problem, first given by Oerqonne.* 

Let 0, 0^, 0'' (preceding figure) be the three given drdes. Let SS^S^^ 
be their external axis of similitude and V their radical centre^ find the 
poles Fy F\ F^\ of SS^S^^ with respect to each of the given cirdes, and 
draw VF, VF^, VF^\ intersecting the three cirdes in the points m and n, 
m' and n\ m^^ and n'\ respectively. The circumference described through 
the three points m, m^^ m^\ will touch the three given drdes internally; 
and the circumference described through the three points n, n^ n'\ will 
touch the three given circles externally. 

By substituting successively each internal axis of similitude for SS'S^^t 
we obtain the other three pairs of cirdes. 

• Amudei de MatlOmaiiguet, t, IV. 
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94. Scholium. This general solution embraces the solation of ten distinct 
proUems, spedal cases of the general problem, in which one or more of the 
given circles may be reduced to points (that is, drdes of infinitely small 
radius) or to straight lines (that is, drdes of infinitely great radius). 



EXERCISES. 

* 

1. 1£ L and 1/ are two fixed straight lines and a fixed point, and if 
through any two straight lines OAA\ OBB'^ are drawn cutting LxxaA 
and B and U in A' and B\ find the locus of the intersection of the lines 
AB' and A'B (43). 

2. K the three sides of a triangle pass through three fixed points which 
are in a straight line, and two vertices of the triangle move on two fixed 
straight lines, the third vertex moves on a straight line which passes through 
the intersection of the two fixed lines (25). 

3. K the three vertices of a triangle move on three fixed straight lines 
which meet in a point, and two sides of the triangle pass tiirough two fixed 
points, the third side passes through a fixed point which is in a straight line 
with the other two (24). 

4. K Q is any point in the polar of a point F with respect to a given 
circle, the drde described upon PQ as a diameter cuts the given drde 
orthogonally (48). 

5. Let the polars of any point jP, ^th respect to two given cirdes and 
0\ intersect in Q. Then, the cirde described upon FQ as a diameter cuts 
both the given cirdes orthogonally, and its centre is on the radical axis of 
the given cirde& 

6. Describe a circumference which shall pass through a given point and 
cut two given drdes orthogonally. 

7. The polars of any point in the radical axis of two cirdes intersect on 
that axis. 

8. The poles of the radical axis of two cirdes taken ^th respect to each 
cirde, and the two centres of similitude of the drdes, are four harmonio 
points. 

9. The radical axis of two drdes is equally distant &om the two polara 
of either centre of similitude. 

10. If the sides AB^ BC^ CD^ DA, of a quadrilateral circumscribed 
about a circle whose centre is touch the circumference at the points 
E, F, Gi Hy respectively, and if the chords HE and GF meet in P, the 
line FO is perpendicular to the diagonal AC, 

11. If a quadrilateral is divided into two other quadrilaterals by any 
secant, the intersections of the diagonals in the three quadrilaterals are in a 
straight line. 
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12. The anbarmonic ratio of four points on the circumference of a cirde ie 
equal to the ratio of the products of the oppo^te ddes of the quadrilateral 
determined by these points. 

1 3. If a series of circles having their centres in a given straight line cut a 
given circle orthogonally, they have a common radical axis, which is the 
perpendicular let fall from the centre of the given circle upon the given 
straight line. 

14. The three circles described upon the diagonals of a comi^lctc quadri- 
lateral as diameters have a common radical axis and cut orthogonally the 
circle described about the triangle formed by the three diagonals. 

15. Three circles Oi, O2, Oj, being given, any fourth circle Q is described 
and the radical axes of Q and each of the given circles are drawn forming a 
triangle ABC. Another circle Q^ being drawn, a second triangle A'B^C 
is formed in the same manner. Prove that the triangles ABC2jdA A'B'C 
are homological (24), (70). 

16. If two triangles are reciprocal polars with respect to a circle, they are 
homological (51), (62), (20). 

17. If from the vertices of a triangle ABC perpendiculars Aa^ Bh, Cc, 
are let fall upon the opposite sides, the three pairs of sides BC and 5c, 
A C and ac, AB and a6, intersect on the radical axis of the circles circum- 
scribed about the triangles ABC and ahc (64, 67). 

18. Any common tangent to two circles is divided harmonically by any 
circle which has a common radical axis with the two given drcles (41). 

19. If the sides of a quadrilateral ABCD inscribed in a circle are pro- 
duced to meet in E and jP, forming a complete quadrilateral, the square of 
the third diagonal EF is equal to the sum of the squares of the tangents 
from E and F\ and the tangent from the middle point of EF\& equal to 
one-half of EF. 

20. Given the three diagonals of a complete quadrilateral inscribed in a 
given circle, it is required to construct the quadrilateral (4, 48, 49, 57). 

21. Given three circles, it is required to describe a fourth such that the 
three radical axes of this circle, combined successively with each of the 
given ones, shall pass through three given points (Exercises 3 and 15). 
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